
A Matched Approximation Bound for the Sum of a GreedyColoringAmotz Bar-Noy� Magn�us M. Halld�orssony Guy KortsarzzJune 16, 1998AbstractIn the minimum sum coloring problem, the goal is to color the vertices of a graph with thepositive integers such that the sum of all colors is minimal. Recently, it was shown that coloringa graph by iteratively coloring maximum independent sets yields a 4+ o(1) approximation forthe minimum sum coloring problem. In this note, we show that this bound is tight. Weconstruct a graph for which the approximation ratio of this coloring is 4� o(1).Keywords: Analysis of algorithms, graph coloring, maximum independent set, sum coloring.1 IntroductionLet G be an undirected simple graph with n vertices. A coloring of the vertices of G is a mappinginto the set of positive integers, f : G 7! Z+, such that adjacent vertices are assigned di�erentcolors. In the minimum sum coloring problem (MSC), we are looking for a coloring in which thesum of the assigned colors of all the vertices of G is minimized. That is, the value of Pv2G f(v)is minimized.The MSC problems has a natural application in scheduling theory. Consider scheduling nunit-time jobs on a single machine. At any given time the machine is capable to perform anynumber of tasks, as long as these tasks are independent. We model this by a graph G(V;E). Thejobs correspond to the graph vertices, and conicting jobs are joined by an edge. A coloring ofthe graph corresponds to a schedule, where the independent set of color class i corresponds tothe collection of jobs that are executed at time i. When the goal is to minimize the maximumcompletion time of a job this corresponds to the well known minimum graph-coloring problem.This is an optimization goal that favors the system. However, from the point of view of the jobs�Department of Electrical Engineering, Tel-Aviv University, Tel-Aviv 69978, Israel.E-mail: amotz@eng.tau.ac.il.yScience Institute, University of Iceland, IS-107 Reykjavik, Iceland. E-mail: mmh@rhi.hi.is.zDepartment of Computer Science, The Open University of Israel, Ramat Aviv, Israel.E-mail: guyk@tavor.openu.ac.il. 1



themselves, we may wish to �nd the best coloring such that the average waiting time to be servedis minimized. This corresponds to �nding a coloring that minimizes the sum of all colors.A natural greedy coloring algorithm MaxIS is the following. Pick a maximum independent setI1 � V . Color the vertices of I1 by color 1, and iterate. In the ith iteration, pick the maximumindependent set Ii in the graph induced by the yet uncolored vertices (V �[1�j�i�1Ij), and colorthe vertices of Ii by color i. The process terminates when all vertices are colored.In [1] it was proven that MaxIS is a 4 + o(1) approximation algorithm for the MSC problem.That is, for any graph G, MaxIS produces a coloring whose sum coloring is at most 4+o(1) timesthe optimal sum coloring of G. This immediately gives a uniform polynomial time approximationalgorithm with ratio 4+ o(1) for the MSC problem on all graphs where the maximum independentset can be found in polynomial time (e.g.., perfect graphs). In addition, [1] presented a lowerbound of 2�o(1). A graph was constructed for which the approximation ratio of MaxIS is almosttwice the optimum. In this note, we close the gap and show that the upper bound is tight. Weconstruct a graph for which the approximation ratio of MaxIS is 4� o(1).Related work: The minimum sum coloring problem was introduced in [3]. In [5], it wasshown that computing the MSC of a given graph is NP�hard and a polynomial time optimalalgorithm was presented for trees. In [4], it was shown that approximating the MSC within anadditive constant factor is NP�hard. It was also shown there that the �rst-�t algorithm yieldsa ( �d=2 + 1)�approximation for graphs of average degree �d. Lower and upper bounds on thevalue of the sum coloring in general graphs were given in [7]. In [1], it was proven that there is non1���ratio approximation algorithm for the MSC problem for any � > 0 unless NP = ZPP . In [2],the problem was proven to be MAXSNP�hard on bipartite graphs and a 10=9-approximationalgorithm was presented. In [6], a 2-approximation algorithm was presented for the MSC problemon interval graphs.Future work: It is an interesting open problem to determine the exact performance ratio ofMaxIS for MSC on some graph families. For example, the algorithm has tight performance ratioof 4=3 on bipartite graphs [1]. For interval graphs, we have examples that show that MaxIS hasratio worse than 1:5 (details omitted), while we do not know of a better upper bound than 4. Weconjecture that the approximation factor of MaxIS on interval graphs is 2.2 The chopping procedureWe represent a coloring of a graph G by k colors as a tuple of length k: hc1; : : : ; cki. The size ofthe set Ci of the vertices colored by i is ci. Note that without loss of generality, in any solutionto the sum coloring problem we have c1 � c2 � � � � � ck. Otherwise we could switch color classesand get a better sum coloring. By de�nition, for a given pattern P = hc1; : : : ; cki the sum coloring2



is SC(P ) = kXi=1 i � ci :Given a pattern P = hc1; : : : ; cki, we describe a chopping procedure which constructs a graphGP with n = Pki=1 ci vertices. In each step, we observe the minimum size for a maximumindependent set. Then the chopping procedure forces MaxIS to pick a maximum independent setof this size such that in later steps MaxIS will �nd smaller sets.In GP , there are k independent sets C1; : : : ; Ck that cover all the vertices of the graph suchthat jCij = ci. Hence, there exists a coloring whose representation is hc1; : : : ; cki. We now placethe vertices of the graph in a matrix of size c1�k. The ith column contains ci ones at the bottomand c1 � ci zeros at the top. Each vertex is now associated with a one entry in the matrix.The chopping procedure �rst constructs an independent set I1 of size c1. It collects the verticesfrom the matrix line after line from the top line to the bottom line. In each line, it collects thevertices from right to left. Each one entry that is collected becomes a zero entry. Then it addsedges from I1 to all the other vertices as long as these edges do not connect two vertices fromthe same column. In a same manner the procedure constructs I2. The size of I2 is the numberof ones in the �rst column after the �rst step. At the beginning of the ith step, the procedurealready constructed I1; : : : ; Ii�1, de�ned all the edges incident to these vertices, and replaced allthe one entries associated with the vertices of the sets I1; : : : ; Ii�1 by zeros. During the ith step,the chopping procedure constructs in a similar manner the independent set Ii the size of whichis the number of ones in the �rst column of the matrix at the beginning of the step. Again, eachone entry that is collected becomes a zero entry. Then the procedure connects the vertices of Iiwith the remaining vertices in the matrix as long as these edges do not connect two vertices fromthe same row. The procedure terminates after h steps when the matrix contains only zeros.In the resulting graph, two vertices are connected unless they both belong to some Ci for1 � i � k or both belong to some Ij for 1 � j � h. Moreover, these k + h sets are the onlymaximal independent sets in the graph. To see the last claim, observe �rst that due to the wayIj was constructed it follows that Ci = Ij only if they contain one vertex that is connected to allthe other vertices in the graph. Next observe that if jIj j � 2, then there exist u 2 Ij \ Ci1 andv 2 Ij \ Ci2 for some i1 6= i2. Therefore we cannot add another vertex to Ij because this vertexis either connected to u or to v. A similar argument could be applied for the case jCij � 2.We need to show that Ij is one of the maximum independent sets in the graph induced bythe vertices [j�`�hI` denoted by Gj. To see this, observe that because jC1j � jC2j � � � � �jCkj it follows that I1j � jI2j � � � � � jIhj. This and the maximality of the independent setsC1; : : : ; Ck; I1; : : : ; Ih imply that the maximum independent set in Gj is either Ij or C1 \Gj. Theclaim follows since Ij was chosen to be of the same size as C1 \Gj.After each step of the chopping procedure, the remaining ones in the matrix could be repre-sented by Pi = 
ci1; : : : ; cik� where P0 is the original pattern P . With this notation, in the ith step,the procedure creates the independent set Ii of size ci�11 . Note that since the �rst row represents3



at this stage an independent set of size ci�11 , MaxIS must �nd an independent set of at least thissize. The chopping algorithm forces it to choose an \horizontal" set in order to force smaller sizesets in the next steps.The chopping procedure creates another partition of G into independent sets the pattern ofwhich is A(P ) = hjI1j; : : : ; jIhji for some h � k. The pattern A(P ) is lexicographically less than thepattern P . Therefore, the sum coloring associated with A(P ) is greater than the one associatedwith P . In the above notations, A(P ) = Dc01; : : : ; ch�11 E.We sometimes terminate the chopping procedure before the matrix contains only zeros. Atsome stage, we take as maximum independent sets the k columns from left to right. Assumethat at the end of the ith step we already constructed the pattern Dc01; : : : ; ci�11 E. Then the �nalpattern will be A(P ) = Dc01; : : : ; ci�11 ; ci1; : : : ; cikE.Example: Suppose P = h8; 8; 1i. Then I1 contains 4 vertices from C1 and 4 vertices from C2.We are left with a pattern h4; 4; 1i. Then I2 contains 2 vertices from C1 and 2 vertices from C2and we are left with the pattern h2; 2; 1i. Then I3 contains 2 vertices and I4, I5, and I6 eachcontains one vertex. Therefore A(P ) = h8; 4; 2; 1; 1; 1i.In the next three sections, we demonstrate three lower bounds that apply the chopping pro-cedure technique.3 The 2� o(1) Lower boundThe �rst lower bound, given in [1], assumes that there are k color classes all of them of size x.Therefore, they are represented by the pattern LB2 = hx; x; : : : ; xi where x appears k times. Itfollows that SC(LB2) = kXi=1 ix = k(k + 1)2 x :In the chopping procedure, after choosing I1 of size x in the �rst step, we are left with thepattern Dk�1k x; : : : ; k�1k xE assuming k divides x. De�ne q = k�1k . In the ith step, Ii is of size qi�1xand we are left with the pattern 
qix; : : : ; qix� assuming ki divides x. Choosing x large enough,we approximate A(LB2) by the in�nite pattern A0(LB2) = 
x; qx; : : : ; qix; : : :�. We claim thatSC(A0(LB2))� SC(A(LB2)) < o(k2x). The sum coloring of A0(LB2) is:SC(A0(LB2)) = 1Xi=0 ((i+ 1)qi)x = x(1� q)2 = k2x :It follows that the approximation ratio of MaxIS is:r = (k2x)(1� o(1))k(k+1)2 x = 2� o(1) :4



4 The 3� o(1) Lower boundTo get a better lower bound, we need to construct a more complicated pattern. The idea is to letthe �rst two entries in the pattern to be equal, and to ensure that the �rst three entries be equalafter the �rst chopping step. In general, before the ith step of the chopping procedure, we wantthe �rst i+ 1 entries in the pattern to be equal.Small examples of such patterns are h2; 2; 1i for k = 3 and h6; 6; 3; 2i for k = 4. Note thatfor k = 3, MaxIS produces the pattern h2; 1; 1; 1i and already the approximation ratio is atleast 11=9 > 1:222. For k = 4, MaxIS produces the pattern h6; 3; 2; 2; 1; 1; 1; 1i and then theapproximation ratio is 52=35 > 1:485.More formally, for x > 1, consider the following pattern:LB3 = �x; x; x2 ; x3 ; : : : ; xk � 1 ; xk� :It follows that n = �1 +Pki=1 1i �x = (Hk + 1)x, where Hk is the harmonic sum Pki=1 1i . Wechoose x such that LB3 contains only integral numbers (e.g., x = k!). The sum coloring of thepattern LB3 is: SC(LB3) = x+ kXi=1 (i+ 1)xi= (k + 1 +Hk)x :The chopping procedure forces the MaxIS algorithm to construct the following pattern:A(LB3) = �x; x2 ; x3 ; : : : ; xk � 1 ; xk ; dk+1; : : : ; dk+h� ;where hdk+1; : : : ; dk+hi is lexicographically less than 
xk ; : : : ; xk � in which xk appears k times. Also,Phi=1 dk+i = x. Indeed, the number of vertices in A(LB3) is Pki=1 xi +Phi=1 dk+i, which is n,the number of vertices in LB3. The sum coloring of the pattern A(LB3) assuming h = k anddk+i = xk for 1 � i � h is: SC(A(LB3)) = kXi=1 ixi + kXi=1 (k + i)xk=  k + k + 1k kXi=1 i!x= (2:5k + 0:5)x :Using larger x and the lower bound from the previous section (namely, the constructions thatyields the lower bound of 2� o(1)), the chopping procedure can achieve values for dk+i such thatSC(A(LB3)) = kXi=1 ixi + kx+ xk (k2 � o(k2))= (3k � o(k))x :5



The �rst term is the sum coloring of the �rst k entries in A(LB3). The second term is the cost ofcoloring the rest of the x vertices in the last h entries in A(LB3) by at least k. The third term isthe sum coloring of the last h entries using the lower bound described in the previous sub-sectionfor xk vertices in each entry instead of x vertices.Since Hk = o(k), it follows that the approximation ratio of MaxIS isr = (3k � o(k))x(k +Hk + 1)x = 3� o(1) :5 The 4� o(1) Lower boundTo achieve the tight bound, we extend the idea from the previous section. We let the �rst twoentries be equal, and after two steps of chopping they should be equal to the third entry. Aftertwo additional chopping steps we want the �rst four entries to be equal, and so on.Small examples of such patterns are h4; 4; 1i for k = 3 and h36; 36; 9; 4i for k = 4. Note thatfor k = 3, MaxIS produces the pattern h4; 2; 1; 1; 1i and already the approximation ratio is atleast 20=15 > 1:333. For k = 4, MaxIS produces the pattern h36; 18; 9; 6; 4; 3; 3; 2; 1; 1; 1; 1i andthen the ratio is 240=151 > 1:589.More formally, for x > 1, consider the following pattern:LB4 = �x; x; x4 ; x9 ; : : : ; x(k � 1)2 ; xk2� :It follows that n = �1 +Pki=1 1i2�x. We choose x such that LB4 contains only integral numbers(e.g., x = (k!)2). The sum coloring of the pattern LB4 is:SC(LB4) = x+ kXi=1 (i+ 1) xi2= x+ kXi=1 xi + kXi=1 xi2< (Hk + 2:65)x :Recall that Pki=1 1i2 < 1:65, and that Hk denotes Pki=1 1i .In the chopping procedure, once we arrive at a pattern of equal size we just take these k + 1columns as the next k + 1 entries. We get thatA(LB4) = �x; x2 ; x4 ; x6 ; x9 ; x12 ; : : : ; x(k � 1)2 ; x(k � 1)k ; xk2 ; : : : ; xk2� ;where xk2 appears k+1 times. The number of vertices in A(LB4) is Pki=1 xi2 +Pk�1i=1 xi(i+1) + k xk2 .Since xi(i+1) = xi � xi+1 , it follows that Pk�1i=1 xi(i+1) = x� xk . Therefore, the number of vertices inA(LB4) is equal to the number of vertices in LB4. The sum coloring of the pattern A(LB4) is:SC(A(LB4)) = kXi=1 2i� 1i2 x+ k�1Xi=1 2ii(i+ 1)x+ kXi=1 (2k � 1 + i) 1k2x6



=  2 kXi=1 1i � kXi=1 1i2 + 2 k�1Xi=1 1i+ 1 + 2k � 1k + kXi=1 ik2!x :Since Pk�1i=1 1i+1 =Pki=1 1i � 1 and since Pki=1 ik2 = 1 + 1k , it follows thatSC(A(LB4)) = 4 kXi=1 1i + 1� kXi=1 1i2 > (4Hk � 0:65)x :It follows that the approximation ratio of MaxIS isr > (4Hk � 0:65)x(Hk + 2:65)x = 4� o(1) :Note that only for k � 8290 does the value of r exceed 3. Furthermore, r � 3:9475 for k = 10100and r � 3:5334 for k = 1010.References[1] A. Bar-Noy, M. Bellare, M. M. Halld�orsson, H. Shachnai, and T. Tamir. On chromatic sumsand distributed resource allocation. In Information and Computation, 140:183{202, 1998.[2] A. Bar-Noy and G. Kortsarz. The minimum color-sum of bipartite graphs. Proc. of the 24thIntl. Colloq. on Automata, Languages and Programming, pp. 738{748, 1997. To appear inJournal of Algorithms. In URL: http://www.eng.tau.ac.il/~amotz/publications.html.[3] E. Kubicka. The Chromatic Sum of a Graph. PhD thesis, Western Michigan University,1989.[4] E. Kubicka, G. Kubicki, and D. Kountanis. Approximation Algorithms for the ChromaticSum. In Proc. of the First Great Lakes Computer Science Conf., Springer LNCS 507, pages15{21, 1989.[5] E. Kubicka and A. J. Schwenk. An Introduction to Chromatic Sums. In Proc. of the ACMComputer Science Conf., pages 39-45, 1989.[6] S. Nicoloso and M. Sarrafzadeh and X. Song. On the sum coloring problem on intervalgraphs. Istituto di Analisi dei Sistemi ed Informatica (IASI-CNR), Report 390.[7] C. Thomassen, P. Erd�os, Y. Alavi, J. Malde, and A. J. Schwenk. Tight Bounds on theChromatic Sum of a Connected Graph. J. of Graph Theory, 13:353{357, 1989.
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