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Abstract12

We show that Set-Cover on instances with N elements cannot be approximated within (1−γ) lnN -13

factor in time exp(Nγ−o(1)), for any 0 < γ < 1, assuming the Exponential Time Hypothesis. This14

essentially matches the best upper bound known by Cygan et al. [7] of (1− γ) lnN -factor in time15

exp(O(Nγ)).16

The lower bound is obtained by extracting a standalone reduction from Label-Cover to Set-17

Cover from the work of Moshkovitz [20], and applying it to a different PCP theorem than done18

there. We also obtain even tighter lower bounds that are conditional on certain PCP conjectures.19

We also treat three problems (Directed Steiner Tree, Submodular Cover, and Connected Poly-20

matroid) that strictly generalize Set-Cover. We give a (1− γ) lnN -approximation algorithm for21

these problems that runs in exp(Õ(Nγ)) time, for any 1/2 ≤ γ < 1.22
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1 Introduction34

We show that Set-Cover on instances with N elements cannot be approximated within35

(1− γ) lnN -factor in time exp(Nγ−o(1)), assuming the Exponential Time Hypothesis (ETH).36

This essentially matches the best upper bound known by Cygan et al. [7]. This is obtained37

by extracting a standalone reduction from Label-Cover to Set-Cover from the work of38

Moshkovitz [20], and applying it to a different PCP theorem than done there. We also obtain39

even tighter lower bounds that are conditional on certain PCP conjectures, culminating in a40

time lower bound of exp(Ω̃(Nγ)).41

We also treat the Directed Steiner Tree (Dst) problem that strictly generalizes Set-42

Cover. The input to Dst consists of a directed graph G with costs on edges, a set of43

terminals, and a designated root r. The goal is to find a subgraph of G that forms an44
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11:2 Tight Bounds on Subexponential Time Approximation of Set Cover and Related Problems

arborescence rooted at r containing all the N terminals and minimizing the cost. We give a45

(1−γ) lnN -approximation algorithm for Dst that runs in exp(Õ(Nγ)) time, for any γ ≥ 1/2.46

This algorithm also applies to two other generalizations of Set-Cover. In the Sub-47

modular Cover problem, the input is a set system (U, C) with a cost on each element of48

the universe U . We are given a non-decreasing submodular function f : 2U → R satisfying,49

for every S ⊆ T ⊆ V and for every x ∈ U \ T , f(S + x) − f(S) ≥ f(T + x) − f(T ). The50

objective is to minimise c(S) subject to f(S) = f(U). In the Connected Polymatroid51

problem, which generalizes Submodular Cover, the elements of U are leaves of a tree and52

both elements and sets have cost. The goal is to select a set S ⊆ U so that f(S) = f(U) and53

c(S) + c(T (S)) is minimized, where T (S) is the unique tree rooted at r spanning S.54

1.1 Related work55

Johnson [16] and Lovász [18] showed that a greedy algorithm yields a 1 + lgN -approximation56

of Set Cover, where N is the number of elements. Chvátal [5] extended it to the weighted57

version. Slavik [24] refined the bound to lnn− ln lnn+O(1).58

Lund and Yannakakis [19] showed that logarithmic factor was essentially best possible59

for polynomial-time algorithms, unless NP ⊆ DTIME(npolylog(n)). Feige gave the precise60

lower bound that Set-Cover admits no (1 − ε)-approximation, for any ε > 0, with a61

similar complexity assumption. Assuming the stronger ETH, he shows that lnN−c log logN -62

approximation is not possible for polynomial algorithms, for some c > 0. The work of63

Moshkovitz [20] and Dinur and Steurer [9] combined shows that (1− ε) lnN -approximation64

is hard modulo P = NP . All the inapproximability results relate to two prover interactive65

proofs, via the related Label-Cover problem.66

Recent years have seen increased interest in subexponential time algorithm, including67

approximation algorithms. A case in point is the maximum clique problem that has a trivial68

2n/αpoly(n)-time algorithm that gives a α-approximation, for any 1 ≤ α ≤
√
n, and Bansal69

et al. [1] improved the time to exp(n/Ω(α log2 α)). Chalermsook et al. [3] showed that this70

is nearly tight, as α-approximation requires exp(n1−ε/α1+ε) time, for any ε > 0, assuming71

ETH.72

For Set-Cover, Cygan, Kowalik and Wykurz[7] gave a (1 − α) lnN -approximation73

algorithm that runs in time 2O(nα), for any 0 < α < 1. The results of [20, 9] imply a74

exp(Nα/c)-time lower bound for (1− α) lnN -approximation, for some constant c ≥ 3. An75

unpublished report contains a conditional exp(Ω(Nα))-time lower bound for (1− α) lnN -76

approximation of Set-Cover [6]. In addition to ETH, this also requires the less established77

Projection Games Conjecture (PGC). Unfortunately, the writeup of [6] defies easy verification.78

The current paper arose from an effort to make it comprehensible.79

Dst can be approximated within N ε-factor, for any ε > 0, in polynomial time [17, 4]. In80

quasi-polynomial time, it can be approximated within O(log2N/ log logN)-factor [13], which81

is also best possible in that regime [14, 13]. This was recently extended to Connected82

Polymatroid [12]. For Submodular Cover, the greedy algorithm also achieves a 1+lnN -83

approximation [25].84

2 Hardness of Set Cover85

We give our technical results in this section. Starting with definitions of ETH and Label-86

Cover in Sec. 2.1, we give a reduction from Label-Cover to Set-Cover in Sec. 2.2, and87

derive specific approximation hardness results in Sec. 2.3. A full proof of the correctness of88

the reduction is given in the following section.89
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2.1 Preliminaries90

The Exponential Time Hypothesis asserts that the 3-Sat problem on n variables and m91

clauses cannot be solved in 2o(n)-time. Impagliazzo, Paturi and Zane [15] showed that any92

3-Sat instance can be sparsified in 2o(n)-time to an instance with m = O(n) clauses. When93

we refer to Sat input of size n, we mean 3-CNF formula on n variable and O(n) clauses.94

Thus, ETH together with the sparsification lemma [2] implies the following:95

I Conjecture 2.1. (ETH) Given a boolean SAT input φ of size n, there is no 2o(n)-time96

algorithm that decides whether φ is satisfiable.97

The intermediate problem in all approximation hardness reduction for Set-Cover is the98

Label-Cover problem.99

I Definition 2.2. In the Label-Cover problem with the projection property (a.k.a., the100

Projection Game), we are given a bipartite graph G(A,B,E), finite alphabets (also called101

labels) ΣA and ΣB, and a function πe : ΣA → ΣB for each edge e ∈ E. A labeling is a102

pair ϕA : A → ΣA and ϕB : B → ΣB of assignments of labels to the vertices of A and B,103

respectively. An edge e = (a, b) is covered (or satisfied) by (ϕA, ϕB) if πe(ϕA(a)) = ϕB(b).104

The goal in Label-Cover is to find a labeling (ϕA, ϕB) that covers as many edges as possible.105

The size of a label cover instance G = (G = (A,B,E),ΣA,ΣB ,Π = {πe}e) is denoted by106

nG = |A|+ |B|+ |E|. The alphabet size is max(|ΣA|, |ΣB |). The Label-Cover instances we107

deal with will be bi-regular, meaning that all nodes of the same bipartition have the same108

degree. We refer to the degree of nodes in A (B) as the A-degree (B-degree), respectively.109

Label-Cover is a central problem in computational complexity, corresponding to110

projection PCPs, or probabilistically checkable proofs that make 2 queries. A key parameter111

is the soundness error :112

I Definition 2.3. A Label-Cover construction Gφ, formed from a 3-SAT formula φ, has113

soundness error ε if: a) whenever φ is satisfiable, there is a labeling of Gφ that covers all114

edges, and b) when φ is unsatisfiable, then every labeling of G covers at most an ε-fraction of115

the edges.116

A Label-Cover construction is almost-linear size if it is of size n1+o(1), possibly with117

extra poly(1/ε) factors.118

2.2 Set Cover Reduction119

We present here a reduction from a generic Label-Cover (a two-prover PCP theorem)120

to the Set-Cover problem. This is extracted from the work of Moshkovitz [20]. The121

presentation in [20] was tightly linked with the PCP construction of Dinur and Steurer [9]122

that was used in order to stay within polynomial time. When allowing superpolynomial time,123

it turns out to be more frugal to apply the older PCP construction of Moshkovitz and Raz124

[21].125

Our main technical contribution is then to provide a standalone reduction from Label-126

Cover to Set-Cover that allows specific PCP theorems to be plugged in.127

Recall that the Õ-notation hides logarithmic factors. We say that a reduction that128

originates in Sat achieves approximation gap ρ if there is a value a such that Set-Cover129

instances originating in satisfiable formulas have a set cover of size at most a, while instances130

originating in unsatisfiable formulas have all set covers of size greater than ρ · a.131
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11:4 Tight Bounds on Subexponential Time Approximation of Set Cover and Related Problems

I Theorem 2.4. There is a reduction from Label-Cover to Set-Cover with the following132

properties. Let G be a bi-regular, almost-linear size Label-Cover for deciding the satisfia-133

bility of a boolean formula φ, with size B-degree poly(1/ε). Let n′ denote its size, and σA(ε)134

the alphabet size as a function of the soundness error ε.135

Then the resulting Set-Cover instance SCG has approximation gap (1− γ) lnN , N =136

Õ(n′1/γ) elements, and M = Õ(n′) · σA(polylog(n)) sets. The time of the reduction is linear137

in the size of SCG.138

2.3 Approximation Hardness Results139

We use the following PCP theorem of Raz and Moshkovitz [21].140

I Theorem 2.5 ([21]). For every ε ≥ 1/polylog(n), Sat on input of size n can be reduced141

to Label-Cover on a bi-regular graph of degrees poly(1/ε), with soundness error ε, size142

n1+o(1)poly(1/ε), and alphabet size that is exponential in poly(1/ε). The reduction can be143

computed in linear time in the size and alphabet size of the Label-Cover.144

We are now ready for our main result. We define the notation õ(f(n)) = {h(n) : ∃c >145

0, h(n) = o(f(n) logc n)} to be the collection of functions that grow slower than some polylog146

factor times the function f .147

I Theorem 2.6. Let 0 < γ < 1. Assuming ETH, there is no (1− γ) lnN -approximation of148

Set-Cover with N elements and M sets that runs in time 2Nγ−o(1) · poly(M).149

More precisely, represent the size of the Label-Cover construction of [21] is n′ =150

Õ(n)h(n), for a sublinear function h, and let g(N) = õ(h(n)). Then obtaining (1− γ) lnN -151

approximation in 2Nγ/g(N) · poly(M)) time is impossible, assuming ETH.152

Proof. We start with the Label-Cover construction G′ of [21] from Thm. 2.5, with153

ε = Θ(1/ log2 n), which has size n′ = n · h(n)poly(1/ε) = Õ(n · h(n)) (where h(n) = no(1)),154

alphabet size σA(ε) = exp(poly(1/ε)) = exp(polylog(n)), a B-degree q .= poly(1/ε) =155

polylog(n). We apply Thm. 2.4 to obtain a Set-Cover instance SCG with N = Õ(n′1/γ)156

elements, M = Õ(n′)σA(polylog(n)) = exp(polylog(n)) and approximation gap (1− γ) lnN .157

Suppose there is a (1 − γ) lnN -approximation algorithm of Set-Cover running in158

exp(Nγ/g(n) · polylog(n))poly(M)) = exp(Nγ/g(n) · polylog(n)) time. Since it achieves159

this approximation, it can decide the satisfiability of φ. Now, Nγ = Õ(n′1/γ)γ = Õ(n′) =160

Õ(n)h(n). By the definition of g(N), g(N) = õ(h(n)). Thus, the running time of the161

algorithm is162

exp(Nγ/g(N) · polylog(n)) = exp(Õ(n · h(n)/g(N)) = exp(o(n)) .163

This contradicts ETH. J164

Note: We could also allow the algorithm greater than polynomial complexity in terms of165

M , such as exp(polylog(M)).166

2.3.1 Still tighter bounds under stronger assumptions167

Moshkovitz [20] proposed a conjecture on the parameters of possible Label Cover constructions.168

We require a particular version with almost linear size and low degree.169

I Definition 2.7 (The Projection Games Conjecture (PGC)). 3-SAT of inputs of size n can170

be reduced to Label-Cover of size n1+o(1), alphabet size poly(1/ε), and bi-regular degrees171

poly(1/ε), where ε is the soundness error parameter.172
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The key difference of PGC from known PCP theorems is the alphabet size. PGC is173

considered quite plausible and has been used to prove conditional hardness results for a174

number of problems [20, 22].175

By assuming PGC, we improve the dependence on M , the number of sets.176

I Theorem 2.8. Let 0 < γ < 1. Assuming PGC and ETH, there is no (1 − γ) lnN-177

approximation, nor a O(logM)-approximation, of Set-Cover with N elements and M sets178

that runs in time 2Nγ−o(1)M1−o(1) .179

Namely, both the approximation factor and the time complexity can depend more strongly180

on the number of sets in the set cover instance. The only result known in terms of M is a181

folklore
√
M -approximation in polynomial time.182

Proof. We can proceed in the same way as in the proof of Thm. 2.6, but starting from183

the conjectured Label-Cover given by PGC, in which the alphabet size is polynomial in184

ε. We then obtain a set cover instance SCG that differs only in that M is now |A||ΣA| =185

n1+o(1) = NΘ(γ). So, a c logM -approximation, with c > 1, leads to a cγ lnN -approximation,186

which is smaller than (1 − γ) lnN -approximation when cγ < (1 − γ) or γ < 1/(2c). Also,187

2M−o(1) = 2o(n), for the right choice of o(1) function. Hence, such a running time again188

breaks ETH. J189

A different hypothesis can be made regarding the size of the Label-Cover’s. While190

the size of the Label-Cover construction of [21] is n1+o(1), it is plausible that it could be191

reduced to npoly(1/ε) = n ·polylog(n). In fact, several constructions with different properties192

indeed have such size bounds (e.g., [8]). This would have the following implication regarding193

the best possible approximation factors.194

I Theorem 2.9. Suppose there are Label-Cover constructions from SAT of size n ·195

polylog(n)poly(1/ε) and degrees poly(1/ε). Then, assuming ETH, there is no (1− γ) lnN -196

approximation of Set-Cover with N elements andM sets that runs in time exp(Nγ/polylog(N))·197

poly(M), for any γ > 0.198

Alternatively, assuming ETH, there is a constant c > 0 such that there is no (1−γ) lnN−199

c log logN -approximation algorithm running in time 2Nγ · poly(M), for any γ > 0.200

Note that alphabet size may remain exponential in 1/ε.201

3 Proof of the Set Cover Reduction202

We extract here a sequence of two reductions from the work of Moshkovitz. By untangling203

them from the Label Cover construction, we can use them for our standalone Set Cover204

reduction.205

Moshkovitz [20] chooses some of the parameters of the lemmas so as to fit her purpose206

of proving the NP-hardness of approximation. As a result, the size of the intermediate207

Label-Cover instance generated grows to be a polynomial of with a degree larger than 1.208

This would lead to weaker hardness results for sub-exponential time algorithms than what we209

desire. We indicate therefore how we can separate a key parameter to maintain nearly-linear210

size label covers.211

A key tool in her argument is the concept of agreement soundness error.212

I Definition 3.1 (List-agreement soundness error). Let G be a Label-Cover for deciding the213

satisfiability of a Boolean formula φ. Let ϕA assign each A-vertex ` alphabet symbols. We say214
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11:6 Tight Bounds on Subexponential Time Approximation of Set Cover and Related Problems

that the A-vertices totally disagree on a vertex b ∈ B if, there are no two neighbors a1, a2 ∈ A215

of b for which there exist σ1 ∈ ϕA(a1), σ2 ∈ ϕA(a2) such that π(a1,b)(σ1) = π(a2,b)(σ2).216

We say that G has a list-agreement soundness error if, for unsatisfiable φ, for any217

assignment ϕA : A→
(
σA
`

)
, the A-vertices are in total disagreement on at least 1− ε fraction218

of the b ∈ B.219

The reduction of Thm. 2.4 is obtained by stringing together two reductions: from Label-220

Cover to a modified Label-Cover with a low agreement soundness error, and from that221

to Set-Cover.222

The first one is laid out in the following lemma that combines Lemmas 4.4 and 4.7 of223

[20]. The proofs of this and the next lemma are given in the upcoming subsection.224

I Lemma 3.2. Let D ≥ 2 be a prime power, q be a power of D, ` > 1, and ε0 > 0. There is225

a polynomial reduction from a Label-Cover with soundness error ε20D2 and B-degree q to226

a Label-Cover with list-agreement soundness error (`, 2ε0D2 · `2) and B-degree D. The227

reduction preserves alphabets, and the size is increased by poly(q)-factor.228

Moshkovitz also gave a reduction from Label-Cover with small agreement soundness229

error to Set-Cover approximation. We extract a more general parameterization than is230

stated explicitly around Claim 4.10 in [20]. The proof, with only minor changes from [20], is231

given in the appendix, for completeness.232

I Lemma 3.3 ([20], rephrased). Let G′ = (G′ = (A′, B′, E′),ΣA,ΣB ,Π′) be a bi-regular233

Label-Cover instance with B′-degree D, for deciding the satisfiability of a boolean formula234

φ. For every 0 < α < 1, and any u ≥ (Dc0 logD log |ΣB |)1/α for a certain absolute constant235

c0, there is a reduction from G to a Set-Cover instance SCG with the following properties:236

1. Completeness: If all edges of G can be covered, then SCG has a set cover of size |A′|.237

2. Soundness: If G has list-agreement soundness error (`, α), where ` = D(1− α) ln u, then238

every set cover of SCG is of size more than |A′|(1− 2α) ln u.239

3. The number N of elements of SCG is |B′| · u and the number M of sets is |A′| · |ΣA|.240

4. The time for the reduction is polynomial in |A′|, |B′|, |ΣA|, |ΣB | and u.241

Theorem 2.4 (restated): There is a reduction from Label-Cover to Set-Cover with242

the following properties. Let G be a bi-regular, almost-linear size Label-Cover for deciding243

the satisfiability of a boolean formula φ, with size B-degree poly(1/ε). Let n′ denote its size,244

and σA(ε) the alphabet size as a function of the soundness error ε.245

Then the resulting Set-Cover instance SCG hasN = Õ(n′1/γ) elements,M = Õ(n′)σA(polylog(n))246

and approximation gap (1− γ) lnN . The time of the reduction is linear in the size of SCG .247

Proof of Thm. 2.4. LetD be a prime power, which we may choose as 2. Let n′′ = n′poly(1/ε)248

be the size of the instance that is formed by Lemma 3.2. Let u = n′′(1−γ)/γ . Let α be the249

largest value such that250

u ≥ (DΘ(logD) log |ΣB |)1/α .251

Let ` = D(1 − α) ln u, ε = α2D−2`−4/4, and ε0 =
√
ε/D = α/(2D`2). Let q be the B-252

degree of G. Observe that log u = Θ(logn), so ` = Θ(logn). The values of 1/α, 1/ε, and253

1/ε0 are polynomially related. Observe that since alphabets are of size at most exp(1/ε),254

1/α = Θ(logn/ log logn). Then, 1/ε and 1/ε are polylog(n).255

We apply Lemma 3.2 to G (with D, q, ` and ε0) we obtain a Label-Cover instance256

G′ = (G′ = (A′, B′, E′),ΣA,ΣB ,Π) with B-degree D and size n′′ = n · h(n)poly(1/ε) =257
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n · h(n)polylog(n), with alphabets unchanged. The list-agreement soundness error of G′ is258

(`, 2ε0D2), or (`, α).259

Now, G′, α, and D and u satisfy the prerequisites of Lemma 3.3, which yields a Set-260

Cover instance SCG with N = |B′| ·u = n′′ ·n′′(1−γ)/γ = n′′1/γ elements and M = |A′| · |ΣA|261

sets.262

If φ is satisfiable, then SCG has set cover of size |A′|, while if it is unsatisfiable, then263

every set cover of SCG has size more than |A′|(1 − 2α) ln u. Note that ln u = ln(N/n′′) =264

(1− γ) lnN , while 2α = Θ(log logN/ logN). Hence, the approximation gap is (1− 2α) ln u =265

(1−Θ(log logN/ logN))(1− γ) lnN ≥ (1− γ −Θ(log logN/ logN)) lnN .266

We can get the approximation gap into the form (1− γ′) lnN by working with a slightly267

larger value γ′ = γ + c log logN/ lnN and defining u = n′′1/γ
′ . Then, the approximation gap268

becomes (1− γ′ − c log logN/ logN) lnN = (1− γ) lnN . The effect on the time complexity269

is minimal, since Nγ′ = Nγexp(c log logN) = Nγpolylog(N). Thus, the extra factor folds270

into the polylog factors. J271

3.1 Proof of Lemma 3.2272

We give here a full proof of Lemma 3.2, based on [20], with minor modification.273

When the labeling assigns a single label to each node, i.e., when ` = 1, the list-agreement274

soundness error reduces to a agreement soundness error, which is otherwise defined equiva-275

lently. Moshkovitz first showed how to reduce a Label-Cover with small soundness error to276

one with a small agreement soundness error. The lemma stated here is unchanged from [20]277

except that Moshkovitz used the parameter name n instead of our parameter q. This was278

confusing, since n was also used to denote the size of the Label-Cover (like we do here).279

I Lemma 3.4 (Lemma 4.4 of [20]). Let D ≥ 2 be a prime power and let q be a power of D.280

Let ε0 > 0. There is a polynomial reduction from a Label-Cover with soundness error ε20D2
281

and B-degree q to a Label-Cover with agreement soundness error 2ε0D2 and B-degree D.282

The reduction preserves alphabets, and the size is increased by poly(q)-factor.283

We have underlined the parts that changed because of using q as parameter instead of n.284

The proof is based on the following combinatorial lemma, whose proof we omit. We note that285

the set U here is different from the one used in Lemma 3.3 (but we retained the notation to286

remain faithful to [20]).287

I Lemma 3.5 (Lemma 4.3 of [20]). For 0 < ε < 1, for a prime power D, and q that is288

a power of D, there is an explicit construction of a regular bipartite graph H = (U, V,E)289

with |U | = q, V -degree D, and |V | ≤ qO(1) that satisfies the following. For every partition290

U1, . . . , U` of U into sets such that |Ui| ≤ ε|U | for i = 1, 2, . . . , `, the fraction of vertices291

v ∈ V with more than one neighbor in any single set Ui, is at most εD2.292

Again, we used the parameter name q, rather than n as in [20]. We show how to take a293

Label-Cover with standard soundness and convert it to a Label-Cover instance with294

total disagreement soundness, by combining it with the graph from Lemma 3.5295

Proof of Lemma 3.4. Let G = (G = (A,B,E),ΣA,ΣB ,Π) be the original Label-Cover.296

Let H = (U, V,EH) be the graph from Lemma 3.5, where q,D and ε are as given in the297

current lemma. Let us use U to enumerate the neighbors of a B-vertex, i.e., there is a298

function E← : B × U → A that given a vertex b ∈ B and u ∈ U gives us the A-vertex which299

is the u neighbor (in G) of b.300
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11:8 Tight Bounds on Subexponential Time Approximation of Set Cover and Related Problems

We create a new Label-Cover (G = (A,B × V,E′),ΣA,ΣB ,Π′). The intended assign-301

ment to every vertex a ∈ A is the same as its assignment in the original instance. The302

intended assignment to a vertex 〈b, v〉 ∈ B × V is the same as the assignment to b in the303

original game. We put an edge e′ = (a, 〈b, v〉) if E←(b, u) = a and (u, v) ∈ EH . We define304

πe′ ≡ π(a,b).305

If there is an assignment to the original instance that satisfies c fraction of its edges, then306

the corresponding assignment to the new instance satisfies c fraction of its edges.307

Suppose there is an assignment for the new instance ϕA : A→ ΣA in which more than308

2εD2 fraction of the vertices in B × V do not have total disagreement.309

Let us say that b ∈ B is "good" if for more than an εD2 fraction of the vertices in {b}×V ,310

the A-vertices do not totally disagree. Note that the fraction of good b ∈ B is at least εD2.311

Focus on a good b ∈ B. Consider the partition of U into |ΣB | sets, where the set312

corresponding to σ ∈ ΣB is:313

Uσ = {u ∈ U |a = E←(b, u) ∧ e = (a, b) ∈ EG ∧ πe(ϕA(a)) = σ} .314

By the goodness of b and the property of H, there must be σ ∈ ΣB such that |Uσ| > ε|U |.315

We call σ the "champion" for b.316

We define an assignment ϕB : B → ΣB that assigns good vertices b their champions, and317

other vertices b arbitrary values. The fraction of edges that ϕA, ϕB satisfy in the original318

instance is at least ε2D2. J319

Moshkovitz then shows that small agreement soundness error translates to the list version.320

The proof is unchanged from [20] and is given in the appendix.321

I Lemma 3.6 (Lemma 4.7 of [20]). Let ` ≥ 1, 0 < ε′ < 1. A Label-Cover with agreement322

soundness error ε′ has list-agreement soundness error (`, ε′`2).323

Proof. Assume by the way of contradiction that the Label-Cover instance has an assign-324

ment ϕ̂A : A→
(
σA
`

)
such that on more than ε′`2-fraction of the B-vertices, the A-vertices325

do not totally disagree. Define an assignment ϕA : A→ ΣA by assigning every vertex a ∈ A326

a symbol picked uniformly at random from the ` symbols in ϕ̂A(a). If a vertex b ∈ B has327

two neighbors a1, a2 ∈ A that agree on b under the list assignment ϕ̂A, then the probability328

that they agree on b under the assignment ϕA is at least 1/`2. Thus, under ϕA, the expected329

fraction of the B-vertices that have at least two neighbors that agree on them, is more than330

ε′. In particular, there exists an assignment to the A-vertices, such that more than ε′ fraction331

of the B-vertices have two neighbors that agree on them. This contradicts the agreement332

soundness. J333

Lemma 3.2 follows directly from combining Lemmas 3.4 and 3.6.334

4 Approximation Algorithm for Directed Steiner Tree335

Recall that in Dst, the input consists of a directed graph G with costs c(e) on edges, a336

collection X of terminals, and a designated root r ∈ V . The goal is to find a subgraph337

of G that forms an arborescence Topt = T (r,X) rooted at r containing all the terminals338

and minimizing the cost c(T (r,X)) =
∑
e∈T (r,X) c(e). Let N = |X| denote the number of339

terminals and n the number of vertices.340

Observe that one can model Set-Cover as a special case of Dst on a 3-level acyclic341

digraph, with a universal root on top, nodes representing sets as internal layer, and the342



M.M. Halldórsson and G. Kortsarz 11:9

elements as leaves. The cost of an edge coming into a node corresponds to the cost of the343

corresponding element or set.344

Our algorithm consists of "guessing" a set C of intermediate nodes of the optimal tree.345

After computing the optimal tree on top of this set, we use this set as the source of roots for346

a collection of trees to cover the terminals. This becomes a set cover problem, where we map347

each set selected to a tree of restricted size with a root in C. Our algorithm then reduces to348

applying the classic greedy set cover algorithm on this instance induced by the "right" set C.349

Because of the size restriction, the resulting approximation has a smaller constant factor.350

We may assume each terminal is a leaf, by adding a leaf as a child of a non-leaf terminal351

and transfer the terminal function to that leaf. If a tree contains a terminal, we say that the352

tree covers the terminal.353

Let `(T ) denote the number of terminals in a tree T . Let Tv denote the subtree of tree354

T rooted at node v. For node v and child w of v, let Tvw be the subtree of T formed by355

Tv ∪ {vw}, i.e., consisting of the subtree of T rooted at v along with the edge to w’s parent356

(v).357

I Definition 4.1. A set C ⊂ V is a φ-core of a tree T if there is a collection of edge-disjoint358

subtrees T1, T2, . . . of T such that: a) the root of each tree Ti is in C, b) every terminal is359

contained in exactly one tree Ti, and c) each Ti contains at most φ terminals, `(Ti) ≤ φ.360

I Lemma 4.2. Every tree T contains a φ-core of size at most d`(T )/φe, for any φ.361

Proof. The proof is by induction on the number of terminal in the tree. The root is a core362

when `(T ) ≤ φ. Let v be a vertex with `(v) ≥ φ but whose children fail that inequality. Let363

C ′ be a φ-core of T ′ = T \ Tv promised by the induction hypothesis, and let C = C ′ ∪ {v}.364

For each child w of v, the subtree Tvw contains at most φ terminals. Together they365

cover uniquely the terminals in Tv, and satisfy the other requirements of the definition of366

a φ-core for Tv. Thus C is a φ-core for T . Since `(T ′) ≤ `(T ) − φ, the size of C satisfies367

|C| = |C ′|+ 1 ≤ d(`(T )− φ)/φe+ 1 = d`(T )/φe. J368

A core implicitly suggests a set cover instance, with sets of size at most φ, formed by the369

terminals contained in each of the edge-disjoint subtrees. Our algorithm is essentially based370

on running a greedy set cover algorithm on that instance.371

Let R(v) denote the set of nodes reachable from v in G.372

I Definition 4.3. Let S ⊆ V , U ⊂ X, and let φ be a parameter. Then S induces a φ-bounded373

Set Cover instance (U, CφS,U ) with CφS,U = {Y ⊆ U : |Y | ≤ φ and ∃v ∈ S, Y ⊆ R(v)}. Namely,374

a subset Y of at most φ terminals in U is in CφS,U iff there is a v-rooted subtree containing Y .375

We relate set cover solutions of CC,X to DST solutions of G with the following lemmas.376

For sets F and S, let T (S, F ) = mins∈S T (s, F ) be the optimal tree containing F with a377

node in S as root.378

I Lemma 4.4. Let S be a set cover of CφS,U of cost c(S). Then, we can form a valid DST379

solution TS by combining T (r, S) with the trees T (S, F ), for each F ∈ S. The cost of TS is380

at most c(TS) ≤ c(T (r, S)) + c(S).381

Proof. TS contains all the terminals since the sets in S cover X. It contains an r-rooted382

arborescence since T (r, S) contains a path from r to all nodes in S, and the other subtrees383

contain a path to each terminal from some node in S. The cost bound follows from the384

definition of the weights of sets in CφS,U . The actual cost could be less, if the trees share edges385

or have multiple paths, in which case some superfluous edges can be shed. J386
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Let OPTSC(C) be the optimal set cover of a set system C.387

I Lemma 4.5. Let C be a φ-core of G. The cost of an optimal DST of G equals OPTSC(CφC,X)388

plus the cost of an optimal r-rooted tree with C as terminals: c(TOpt) = OPTSC(CφC,X) +389

c(T (r, C))390

Proof. The subtree of TOpt induced by C and the root r has cost c(T (r, C)). The rest of391

the tree consists of the subtrees Tvw, for each v ∈ C and child w of v. Tvw contains at392

most φ terminals, so the corresponding set is contained in CφC,X . Together, these subtrees393

contain all the terminals, so the corresponding set collection covers CφC,X . Thus, c(TOpt) ≥394

c(T (r, C)) +OPTSC(CC,X)φ. By Lemma 4.4, the inequality is tight. J395

The density of a tree T ′ is defined as c(T ′)/`(T ′).396

Given a root and a fixed set S of nodes as leaves, an optimal cost tree T (r, S) can be397

computed in time poly(n)2|S| by a (non-trivial) algorithm of Dreyfus and Wagner [10].398

I Lemma 4.6. A minimum density set in CφS,X can be found in time nO(max(φ,N/φ)).399

Proof. There are at most 2nφ subsets of at most φ terminals and at most N/φ choices for a400

root from the set C. Given a potential root r0 and candidate core S, the algorithm of [10]401

computes T (r0, S) in time poly(n)22N/φ. J402

Our algorithm for DST is based on guessing the right φ-core C, and then computing403

a greedy set cover of CφS,X by repeatedly applying Lemma 4.6. More precisely, we try all404

possible subsets S ⊂ V of size at most 2N/φ as a φ-core (of Topt) and for each such set do405

the following. Set U initially as X, representing the uncovered terminals. Find a min-density406

set Z of CφS,U and a corresponding optimal cost tree (with some root in S), remove Z from U407

and repeat until U is empty. We then compute T (r, S) and combine it with all the computed408

subtrees into a single tree TS . The solution output, TAlg, is the TS of smallest total cost,409

over all the candidate cores S.410

I Theorem 4.7. Let γ ≥ 1/2 be a parameter, φ = N1−γ, and let C be a φ-core of Topt.411

Then the greedy set cover algorithm applied to CφC,X yields a 1 + lnφ-approximation of412

DST. Namely, our algorithm is a (1− γ) lnn-approximation of DST. The running time is413

nO(max(φ,N/φ)) = exp(Õ(Nγ)).414

Proof. Let Gr be the size of the greedy set cover of CφC,X and O = OPTSC(CφC,X). Let415

tc = c(T (r, C)) be the cost of optimal tree with root r containing C. Since the cardinality416

of the largest set in CφC,X is at most φ, it follows by the analysis of Chvátal [5] that417

Gr ≤ (1 + lnφ)OptSC(CφC,X). Thus,418

c(TAlg) ≤ tC +Gr ≤ tC + (1 + lnφ)O ≤ (1 + lnφ)(tC +O) = (1 + lnφ)c(TOpt) .419

applying Lemma 4.5 in the first inequality and Lemma 4.4 in the last equality. Observe420

that lnφ = (1 − γ) lnn. For each candidate core S we find a min-density set at most n421

times. There are
(
n
N/φ

)
≤ nN/φ candidate cores and the cost for each is n · nO(min(φ,N/φ)), by422

Lemma 4.6. Hence, the total cost is nN/φ · nO(max(φ,N/φ)) = nO(N/φ) = exp(Õ(Nγ)) using423

that φ = N1−γ ≤ N/φ. J424

Now we observe that the same theorem applies to the Connected Polymatroid problem.425

Since the function is both submodular and increasing, for every collection of pairwise disjoint426

sets {Si}i=1k , it holds that
∑k
i=1 f(Si) ≥ f(

⋃k
i=1 Si). Thus, for a given γ ≥ 1/2, at iteration427
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i there exists a collection Si of terminals so that f(Si)/c(Si) ≥ f(U)/c(U). We can guess Si428

in time exp(Nγ · logn) and its set of Steiner vertices Xi in time O(3Nγ ). Using the algorithm429

of [10], we can find a tree of density at most opt/Nγ . The rest of the proof is identical.430
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A Proof of Lemma 3.3486

We give here a proof of Lemma 3.3, nearly verbatim from [20], for completeness.487

We use the following combinatorial construction of Naor, Schulman, and Srinivasan [23]488

(which as appears as Lemma 4.9 of [20]). They construct a universe together with partitions489

of it. Each partition covers the universe, but any cover that uses at most one set out of each490

partition, is necessarily large.491

I Lemma A.1 ([23]). For natural numbersm, D and 0 < α < 1, for all u ≥ (DO(logD) logm)1/α,492

there is an explicit construction of a universe U of size u and partitions P1, . . . ,Pm of U493

into D sets that satisfy the following: there is no cover of U with ` = D ln |U |(1− α) sets494

Si1 , . . . , Si` , 1 ≤ i1 < · · · < i` ≤ m, such that set Sij belongs to partition Pij .495

The following reduction follows Moshkovitz [20], which in turns is along the lines of Feige496

[11].497

Lemma 3.3 (restated). Let G = (G = (A,B,E),ΣA,ΣB ,Π) be a bi-regular Label-Cover498

instance with B-degree D. For every 0 < α < 1, and every u ≥ (Dc0 logD log |ΣB |)1/α for a499

certain absolute constant c0, there is a reduction from G to a Set-Cover instance SCG with500

the following properties:501

1. Completeness: If all edges of G can be covered, then SCG has a set cover of size |A|.502

2. Soundness: If G has agreement soundness error (`, α), where ` = D ln u(1 − α), then503

every set cover of SCG is of size more than |A| ln u(1− 2α).504

3. The number nSC of elements of SCG is |B| · u and the number of sets is |A| · |ΣA|.505

The time for the reduction is polynomial in |A|, |B|, |ΣA|, |ΣB | and u.506

Proof. Let α and u be values satisfying the statement of the theorem. Let m = |ΣB | and let507

D be the B-degree of G. Apply Lemma A.1 with m, D and u, obtaining a universe U of size508

u and partitions Pσ1 , . . . ,Pσm of U . We index the partitions by the symbols σ1, . . . , σm of509

ΣB . The elements of the Set-Cover instances are B × U . Equivalently, each vertex b ∈ B510

has a copy of the universe U . Covering this universe corresponds to satisfying the edges511

that touch b. There are m ways to satisfy the edges that touch b — one for every possible512

assignment σ ∈ ΣB to b. The different partitions covering u correspond to those different513

assignments.514

For every vertex a ∈ A and an assignment σ ∈ ΣA to a we have a set Sa,σ in the515

Set-Cover instance. Taking Sa,σ to the cover corresponds to assigning σ to a. Notive that516

a cover might consist of several sets of the form Sa,· for the same a ∈ A, which is the reason517

we consider list agreement. The set Sa,σ is a union of subsets, one for every edge e = (a, b)518

touching a. If e is the i-th edge coming into b (1 ≤ i ≤ D), then the subset associated with e519

is {b} × S, where S is the i-th subset of the partition Pφe(σ).520

Completeness follows from taking the set cover corresponding to each of the A-vertices521

and its satisfying assignments.522
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To prove soundness, assume by contradiction that there is a set cover C of SCG of size at523

most |A| ln |U |(1− 2α). For every a ∈ A, let sa be the number of sets in C of the form Sa,·.524

Hence, σa∈Asa = |C|. For every b ∈ B, let sb be the number of sets in C that participate in525

covering {b} × U . Then, denoting the A-degree of G by DA,526 ∑
b∈B

sb =
∑
a∈A

saDA ≤ DA|A| ln |U |(1− 2α) = D|B| ln |U |(1− 2α) .527

In other words, on average over the b ∈ B, the universe {b} × U is covered by at most528

D ln |U |(1 − 2α) sets. Therefore, by Markov’s inequality, the fraction of b ∈ B whose529

universe {b} × U is covered by at most D ln |U |(1 − α) = ` sets is at least α. By the530

contrapositive of Lemma A.1 and our construction, for such b ∈ B, there are two edges531

e1 = (a1, b), e2 = (a2, b) ∈ E with Sa1,σ1 , Sa2,σ2 ∈ C where πe1(σ1) = πe2(σ2).532

We define assignment ϕ̂A : A→
(
σA
`

)
to the A-vertices as follows. For every a ∈ A, pick533

` different symbols σ ∈ ΣA from those with Sa,σ ∈ C (add arbitrary symbols if there are not534

enough). As we showed, for at least α-fraction of the b ∈ B, the A-vertices will not totally535

disagree. Hence, the soundness property follows. J536
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