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Abstract— We show that, for a particular class of channels
that we believe applies to many physical problems of interest,
the utility of feedback, insofar as channel capacity is concerned,
is simply for allowing the transmitter to perform power control.
This class of channels, which assumes noiseless feedback but
allows for the feedback to be of arbitrary rate, includes channels
that model slow, flat fading channels with variable input power.
Thus our result gives some guidance on the design of effective
transmission schemes for slow, flat fading channels with feedback.
Some technical results relating to the capacity of channels
with noiseless feedback are also demonstrated and a dynamic
programming formulation for the optimal power control policy
problem is proposed.

I. I NTRODUCTION
Many of the information-theoretic results that we currently
have regarding channels with memory assume the presence of
some channel state information (CSI) at the transmitter, the
receiver, or both (see, for example, [1], [2], [3]); but while
the presence of CSI often greatly increases tractability, it also
renders solutions somewhat unsatisfactory since we still need
to consider the problem of obtaining CSI in the first place.
In most situations, CSI at the receiver is obtained by sending
symbols over the channel, so for full generality, such symbols
should be incorporated as part of a codebook designed for a
channel with no CSI; and CSI at the transmitter is obtained
by means of a separate feedback channel. We have several
results that address the scenario where there is no CSI and no
feedback (see, for example, [4], [5], [6]); but without feedback,
we cannot have adaptation at the transmitter, which we expect
to be beneficial. In the scenario where there is feedback and
no CSI, however, results are scant. We have little idea of what
the beneficial effect of feedback can be when there is no CSI
(the case with receiver CSI is quite well understood, at least
for a finite-state Markov channel [3]) and how it is provided.
In short, we have difficulty answering the question, ‘What is
feedback good for?’
In this paper, we show that, for a particular class of channels
that we believe applies to many physical problems of interest,
the utility of feedback, insofar as channel capacity is concerned, is simply for allowing the transmitter to perform power
control. More precisely, we show that if noiseless feedback
of an arbitrary rate is available, then capacity is achieved by
adopting an optimal policy for controlling the power based on
the feedback coupled with appropriate channel coding. Note,

however, that determining the optimal power control policy
is not a straightforward problem in general: In choosing the
amount of energy to use for a particular symbol, we need to
consider not only the amount of information that it conveys,
but also how it will affect the knowledge of the channel state
at both the receiver and the transmitter.
II. C HANNEL MODEL
A block diagram of the channel model is shown in Figure 1.
We assume that the feedforward channel has finite input and
output alphabets, which we denote by X and Y respectively.
The feedback link is assumed to be noiseless with finite input
and output alphabet U.
The channel is used for a total time of N . A message W
is mapped to a sequence of random code-functions F N , each
element of which maps past symbols from the feedback link to
input symbols for the feedforward channel, i.e. Fn : U n−1 →
X , so Xn = Fn (U n−1 ). At the receiver end, there is a
sequence of deterministic functions g N , each element of which
maps output symbols from the feedforward channel to symbols
for the feedback link, i.e. gn : Y n → U, so Un = gn (Y n ). The
symbols that are fed back are received at the transmitter after a
delay of one time unit. When the full output sequence from the
feedforward channel Y N is received, it is decoded to obtain a
message estimate Ŵ . Note that the assumptions placed on the
feedback link are not necessarily unrealistic: first, it is discrete
and not continuous (in which case noiselessness is much more
difficult to justify); and secondly, we place no restriction on
|U| nor do we require gn to be surjective, hence the feedback
link, though it must be noiseless, can be of arbitrary rate.
The state process takes one of a number states at each time
n from a finite set S and the channel output at time n depends
only on the channel input and state at time n; more precisely,
we assume that
PYn |X n ,S n (yn |xn , sn ) = PYn |Xn ,Sn (yn |xn , sn ).

(1)

Moreover, we assume that the state at time n is independent
of previous input/output pairs when conditioned on previous
states, i.e. (X n−1 , Y n−1 ) → S n−1 → Sn forms a Markov
chain. We refer to a channel satisfying the assumptions made
so far on the feedforward channel as a finite-state channel
(FSC). If, moreover, the state process of an FSC is Markov,
we say that it is a finite-state Markov channel (FSMC).
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Block diagram of the channel model.

Now, for all (f N , xN , y N , uN ) with xn = fn (un−1 ) and
un = gn (y n ) for n = 1, . . . , N , we have

III. T HE CAPACITY OF CHANNELS WITH NOISELESS
FEEDBACK

The capacity of channels with full noiseless feedback has
been extensively studied by Tatikonda and Mitter [7], [8]. In
this section, we extend their results to channels with noiseless
feedback of arbitrary rate (i.e. channels of the type described
in Section II, but without any assumption on the behavior or
even existence of the state process; in particular, the channel
need neither be a FSC or a FSMC) and discuss some additional
issues.
Theorem 1: The capacity of channels with noiseless feedback of arbitrary rate is given by1
N
1 
C = sup p-liminf
in (Yn ; X n |Y n−1 ),
N n=1
P

PYn |Y n−1 ,X n (Yn |Y n−1 , X n )
PYn |Y n−1 (Yn |Y n−1 )

(2)

(3)

is the sample mutual information or mutual information
density between Yn and X n conditioned on Y n−1 , and P
is the sequence of conditional probability mass functions
PX1 , PX2 |X1 ,U1 , PX3 |X 2 ,U 2 , . . ..
Proof: Since the channel between {Fn } and {Yn } is
feedback-free, we obtain, by applying the results of Verdu and
Han[9],
1
(4)
C = sup p-liminf iN (F N ; Y N ),
N
F
where
iN (F N ; Y N ) = log

PY N |F N (Y N |F N )
PY N (Y N )

PY N |F N (Y N |F N )
PY N (Y N )
N

PYn |Y n−1 ,F N (yn |y n−1 , f N )
= log
PYn |Y n−1 (yn |y n−1 )
n=1
N


PY |Y n−1 ,X n (yn |y n−1 , xn )
=
.
log n
PYn |Y n−1 (yn |y n−1 )
n=1

(6)

Therefore

where
in (Yn ; X n |Y n−1 ) :=

log

(5)

and F denotes the space of probability distributions on {Fn }.
1 We use p-liminfA to denote the liminf in probability of a sequence of
n
random variables {An }, i.e. the supremum of all real numbers α such that
Pr(An ≤ α) → 0 as n → ∞.

N
1
1 
N
N
iN (F ; Y ) =
in (Yn ; X n |Y n−1 )
N
N n=1

a.s.

(7)

The fact that taking the supremum over P is equivalent to
taking the supremum over F is discussed in [8, Section 4.4.1]
and in [7, Section 5.1] for the special case where un = yn .
The generalization to un = gn (y n ) is straightforward.
Remark. The above result generalizes easily for delays greater
than one. We simply incorporate such additional delays into
the sequence of functions {gn }.
Remark. The directed mutual information I(X N → Y N ) is
frequently used in work related to channels with feedback (see,
for example, [7], [8], [10], [11]). We avoid such notation in
our work since we believe that it would be more of a hindrance
than an aid. The reader should note, however, that our work is
consistent with the works cited above that use directed mutual
information.
The problem with the capacity expression (2) is that the
liminf in probability of a general random sequence is very
difficult to evaluate. Hence we are interested establishing
conditions under which the expression simplifies.
Proposition 1: If the sequence of pairs {(Xn , Yn )} is er-

b

godic, then
p-liminf

N
1 
in (Yn ; X n |Y n−1 )
N n=1

1−b

1
= lim I(X n ; Yn |Y n−1 ). (8)
n→∞ n
Proof: The sum of mutual information densities on the
left-hand side of (8) is equal to that that would result if {Xn }
and {Yn } were related by a causal channel without feedback
(i.e. a channel satisfying PY n |X ∞ = PY n |X n for all n). Hence
we obtain the desired result upon application of Theorem 5 of
[12].
For the case of feedforward channels, we know that there
is a large class of channels called ergodic channels (that
includes memoryless channels, block memoryless channels,
output mixing channels [13], and some Markov channels [14])
with the property that {(Xn , Yn )} is ergodic whenever {Xn }
is. Moreover, for stationary channels, it suffices to consider
only ergodic input sequences {Xn } for the computation of
channel capacity [15]. Thus, for stationary and ergodic channels, capacity can be computed without recourse to limits of
mutual information densities. Unfortunately, the same characterization does not apply when feedback is present; at least not
straightforwardly, since whether or not {Xn , Yn } is ergodic
depends both on the channel and the choice of code-functions.
Nevertheless, we know, from Theorem 8 of [9], that
N
1
1 
in (Yn ; X n |Y n−1 ) ≤ lim I(X n ; Yn |Y n−1 )
n→∞ n
N n=1
(9)
for all sequences {(Xn , Yn )}. Hence if we find P ∈ P that
achieves the supremum of limn→∞ (1/n)I(X n ; Yn |Y n−1 ) and
such that {(X n , Y n )} is ergodic, then it is clear that P is a
capacity-achieving input distribution.

p-liminf

IV. U NIFORMLY- SYMMETRIC VARIABLE - NOISE
VARIABLE - POWER FSC S
We now proceed to specify the class of feedforward channels whose capacities depend solely on the input energy, and
thus for which the utility of feedback is simply for power
control. Our definitions are based on those given in [4] but
are expanded to allow for the concept of power control at the
transmitter.
Definition 1: We say that an FSC is variable-power with L
energy levels if it is associated
Lwith L disjoint, non-empty sets
X1 , . . . , XL such that X = l=1 Xl ; and a sequence of input
energies {En } such that En = l if the input symbol at time
n is from alphabet Xl . The FSC that results when En = l for
all n is called the FSC with input energy l.
We assume that X1 , . . . , XL is indexed in such a way that
the capacity of the FSC with input energy l and perfect CSI
is greater than or equal to that with input energy l if l > l .
Definition 2: For a discrete memoryless channel, let M
denote the matrix of input/output probabilities
Mij = pY |X (j|i),

j ∈ Y, i ∈ X .

(10)
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Gilbert-Elliot channel with two input energy levels.

We call the channel output-symmetric if the rows of M
are permutations of each other and the columns of M are
permutations of each other.
Definition 3: A FSC is uniformly-symmetric if, for every
state s ∈ S, the discrete memoryless channel with input/output
probabilities given by pY |X,S (·|·, s) is output-symmetric.
A variable-power FSC with L energy levels is uniformlysymmetric if the FSC with input energy l is uniformlysymmetric for all l = 1, . . . , L.
Definition 4: Let Xn and Yn denote the input and output,
respectively, of an FSC. We call an FSC variable-noise if
there exists a function ϕ such that Zn = ϕ(Xn , Yn ), Z n is
independent of X n , and Z n is a sufficient statistic for S n (i.e.
(X n , Y n ) → Z n → S n forms a Markov chain).
A variable-power FSC is variable-noise if Z n is independent
of X n when conditioned on E n and (Z n , E n ) is a sufficient
statistic for S n .
We consider the class of uniformly-symmetric variablenoise variable-power FSCs. Note that, in defining FSCs, we
have assumed that (X n−1 , Y n−1 ) → S n−1 → Sn forms
a Markov chain, so the channel cannot explicitly exhibit
intersymbol interference (ISI); and indeed, if the channel did
exhibit ISI, we would not expect the capacity to depend solely
on the input energy. We would expect, rather, the choice of
individual input symbols to be very important and not simply
their energies. Some results regarding a particular ISI channel,
the finite-state machine channel, have been obtained by Yang,
Kavčić, and Tatikonda [16], [17].
Example. The channel illustrated in Figure 2, which we call
the Gilbert-Elliot channel with two input energy levels, is
an example of a uniformly-symmetric variable-noise variablepower FSMC. It has two states, a “good” state designated by G
and a “bad” state designated by B. The state process evolves
as a first-order Markov chain with transition probabilities
between states of g and b. In each state, we can divide the
input alphabet into two disjoint sets, {01 , 11 } and {02 , 12 },
which represent two differing input energy levels. Assuming

that {02 , 12 } represents a higher input energy than {01 , 11 },
we would have pG1 > pG2 and pB1 > pB2 , as well as
pB1 > pG1 and pB2 > pG2 . This channel could constitute a
rather crude model for a slow, flat fading channel with variable
input power. By adding additional states, energy levels, and
alphabet symbols and perhaps increasing the order of the
Markov chain, a more accurate model can be formed [18],
[19], [20], [21].
Example. A slow fading channel with independent frequency
sub-bands can be crudely modeled by several Gilbert-Elliot
channels with two input energy levels in parallel. In this
case, it is not hard to see that we still have a uniformlysymmetric variable-noise variable-power FSMC. Now the state
is described by a vector as are the possible input energies.
The following theorem is our main result.
Theorem 2: Suppose we have a uniformly-symmetric
variable-noise variable-power FSC with noiseless feedback of
arbitrary rate. Let

But PXn |En is uniform over XEn , so

1
PYn |Xn ,Sn (yn |xn , sn )PXn |En (xn |en ) =
|Y|
x

since the channel is uniformly-symmetric and variable-power.
Therefore
1
PYn |Y n−1 (yn |y n−1 ) =
(17)
|Y|
for any y n ∈ Y n , so
H(Yn |Y n−1 )

PY n−1 (y n−1 )
=−
y n−1

·
=−





PYn |Y n−1 (yn |y n−1 ) log PYn |Y n−1 (yn |y n−1 )

yn

PY n−1 (y n−1 ) log |Y| = log |Y|.

y n−1

(18)

Pe := {(PX1 , PX2 |X1 ,U1 , PX3 |X 2 ,U 2 , . . .) |
∃(PE1 , PE2 |X1 ,U1 , PE3 |X 2 ,U 2 , . . .) s.t. for all n

n−1

Hence we see that any P ∈ Pe maximizes H(Yn |Y
).
Let us turn our attention to H(Yn |X n , Y n−1 ). For all xn ∈
X n and y n−1 ∈ Y n−1 ,

PXn |X n−1 ,U n−1 (xn |xn−1 , un−1 )
PEn |X n−1 ,U n−1 (λ(xn )|xn−1 , un−1 )
=
|Xλ(xn ) |

for all xn ∈ X n , un−1 ∈ U n−1 },

(11)

where λ : X → {1, . . . , L}, λ(x) = l if x ∈
Xl . Suppose P ∗ achieves the supremum over Pe of
limn→∞ (1/n)I(X n ; Yn |Y n−1 ) and that {(Xn , Yn )} is ergodic under the input distribution P ∗ . Then the capacity of
the channel is given by
1
(12)
C = sup lim I(X n ; Yn |Y n−1 ).
n→∞
n
P ∈Pe
Proof: Consider an input distribution P ∈ Pe . We have

H(Yn |X n = xn , Y n−1 = y n−1 )

 
=−
PYn |Xn ,Sn (yn |xn , sn )
yn

sn


n−1

· PSn |X n−1 ,Y n−1 (sn |x
· log




,y

n−1

)

PYn |Xn ,Sn (yn |xn , sn )

sn


n−1

· PSn |X n−1 ,Y n−1 (sn |x

,y

n−1

I(X n ; Yn |Y n−1 ) = H(Yn |Y n−1 ) − H(Yn |X n ; Y n−1 ). (13)
Let us first consider H(Yn |Y

n−1

n

n

). For any y ∈ Y ,

PYn |Y n−1 (yn |y n−1 )


 
=
PYn |Xn ,Sn (yn |xn , sn )PXn |Y n−1 (xn |y n−1 )
sn

xn

· PSn |Y n−1 (sn |y n−1 ).
(14)
Now


) .
(19)

But because the channel is uniformly-symmetric and variablepower, (19) is equal for all xn ∈ Xl for any l =
1, . . . , L. Moreover, Sn is independent of (X n−1 , Y n−1 ) given
(E n−1 , Z n−1 ), so H(Yn |X n , Y n−1 ) is a function only of the
distribution of (E n , Z n−1 ). Now, Z n−1 is independent of X n
given E n , hence we conclude that the only aspect of the
input distribution that is important to H(Yn |X n , Y n−1 ) is the
distribution of the input energies.
We have shown that
1
I(X n ; Yn |Y n−1 )
P ∈Pe n→∞ n
sup lim

PYn |Xn ,Sn (yn |xn , sn )PXn |Y n−1 (xn |y n−1 )

xn

=

(16)

n



 
en

P ∈Pe n→∞

PYn |Xn ,Sn (yn |xn , sn )PXn |En (xn |en )

xn

· PEn |Y n−1 (en |y n−1 ).

1
H(Yn |X n , Y n−1 )
n
1
= log |Y| − sup lim H(Yn |X n , Y n−1 )
n→∞
n
P ∈P
1
≥ sup lim I(X n ; Yn |Y n−1 ).
n→∞
n
P ∈P

= log |Y| − sup lim


(15)

(20)

The reverse inequality is straightforward since Pe ⊂ P.
Therefore if P ∗ ∈ Pe is such that {(Xn , Yn )} is ergodic,
then it is clear that capacity is given by (12).
Remark. Our result implies that feedback does not improve
the capacity of uniformly-symmetric variable-noise FSMCs [4,
Section V] since no choice of input energy can be made.
V. DYNAMIC PROGRAMMING FORMULATION
In this section, we outline a dynamic programming approach
for finding near-optimal power control policies for uniformlysymmetric variable-noise variable-power FSMCs.
Subject to a constraint on the average energy, we wish to
minimize
1
H(Yn |X n , Y n−1 )
n→∞ n
N
1 
H(Yn |X n , Y n−1 )
= lim
N →∞ N
n=1
N


1
E
= lim
hn (Yn |X n , Y n−1 )
N →∞ N
n=1
N
 
1
E
E hn (Yn |X n , Y n−1 )
= lim
N →∞ N
n=1
lim

X n = xn , U n−1 = un−1

(21)

,

where
hn (Yn |X n , Y n−1 ) = −PYn |X n ,Y n−1 (Yn |X n , Y n−1 )

· log PYn |X n ,Y n−1 (Yn |X n , Y n−1 ).
(22)

We see that we almost have a problem that can be cast as an
average cost per stage problem. Unfortunately, the state space
of the problem, X n−1 ×U n−1 , increases without bound. Hence
we make the simplifying assumption that
n−1
n
, Yn−k
)
hn (Yn |X n , Y n−1 )  hn (Yn |Xn−k

(23)

for some sufficiently large k. For the assumption to be reasonable, we would at the very least need to assume that the
order of the state process is less than k.
So we wish to minimize
N
 
1
n−1
n
E
lim
E hn (Yn |Xn−k
, Yn−k
)
N →∞ N
n=1
 (24)
n−1
n
Xn−k
= xnn−k , Un−k
= un−1
n−k

,

which we can pose as an average cost per stage problem
n−1
n−1
n−1 , and random
with state (xn−1
n−k , un−k ), control PEn |Xn−k
,Un−k
disturbance (Xn , Yn ). We impose an average power constraint
of ε by restricting the controls to those that satisfy 1/(k +
n
1)E[ i=n−k Ei ] ≤ ε. An optimal policy and average cost can
be found by methods such as value iteration (see, for example,

[22, Chapter 4]). Suppose PE∗ |X n−1 ,U n−1 is the optimal stan
n−k
n−k
tionary policy thus obtained. It remains only to check whether
or not {(Xn , Yn )} is ergodic under PE∗ |X n−1 ,U n−1 .
n
n−k
n−k
Given PE∗ |X n−1 ,U n−1 , we can derive the unique stationary
n

n−k

n−k

n
distribution PXn |X n−1 ,Y n−1 . Then, for all (xnn−k , snn−k , yn−k
),
n−k
n−k
we have
n−1
n−1
PXn ,Sn ,Yn |X n−1 ,S n−1 ,Y n−1 (xn , sn , yn |xn−1
n−k , sn−k , yn−k )
n−k

n−k

n−k

n−1
= PYn |Xn ,Sn (yn |xn , sn )PXn |X n−1 ,Y n−1 (xn |xn−1
n−k , yn−k )

· PSn |S n−1 (sn |sn−1
n−k ).

n−k

n−k

n−k

(25)
This equation defines transition probabilities for a
Markov chain with states σ1 , σ2 , . . ., where σn :=
(xnn+k−1 , snn+k−1 , ynn+k−1 ). Therefore, ergodicity of the
triple {(Xn , Sn , Yn )} can be studied in terms of the
ergodicity of the Markov chain {σn }. Indeed, for any
irreducible, aperiodic set of the Markov chain, there exists
a stationary distribution and the state at a particular time
is asymptotically independent of the state at another time.
By starting the chain with the stationary distribution, we get
ergodic behavior of the triple {(Xn , Sn , Yn )} and hence of
the pair {(Xn , Yn )}.
The above method does not appear to be very practical,
however: Even for moderate k, the state space is already quite
sizeable; and we would not expect small k to yield good
solutions. The method may nevertheless inspire alternative
approximate methods that are more practical.
VI. C ONCLUSION
The main result that we have shown is that if noiseless
feedback of an arbitrary rate is available, then capacity is
achieved for a particular class of channels by adopting an
optimal policy for controlling the power based on the feedback
coupled with appropriate channel coding. This class of channels includes channels that model slow, flat fading channels
with variable input power. Thus our result gives some guidance
on the design of effective transmission schemes for slow, flat
fading channels with feedback. But it still by no means clear
how such a scheme might be designed. A logical starting point
would be to incorporate power control into coding schemes for
FSMCs, for example, [23], [24], [25].
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