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An emerging notion in systems biology is that biological networks have evolved to function well while

their components behave stochastically. Thus, the dynamics in a biological network consist of two parts,

deterministic and stochastic. A fundamental question is to find a quantitative relation between the two

parts. We term such a relation as a deterministic–stochastic principle (DSP) and propose a model for a

DSP with regard to signal propagation in biological networks. In this model, (i) the dynamics in

a biological network is supposed to be captured by a stochastic differential equation which has been

a standard approach in modeling systems with internal noise; (ii) the internal noise of a biological

network is weak as is apparent in experimental observations; and (iii) a biological network is organized

as small-world as suggested by recent studies. We introduce the concept of a signaling sample path.

Using this concept we relate the structure of a biological network to its dynamics. The network

structure characterizes the deterministic part of the dynamics, which in turn ensures a probability for a

signal to propagate. The weakness of the internal noise characterizes the stochastic part of the

dynamics. Analysis of the proposed model yields a quantitative description as follows: In a small-world

biological network with weak internal noise, the signaling pathways (induced by the network structure)

for a signal may ensure a probability near 0 for the signal propagation. Despite such a small probability,

a correct response to the signal will still occur with a probability close to 1 provided that this signal

propagation can take a certain amount of time. Computer simulations are performed to illustrate this

result. We also discuss how a recent study on the reconstruction of a transcription network in

Saccharomyces cerevisiae has tested the proposed model against real data.

Published by Elsevier Ltd.
1. Introduction

A unique feature found in disparate types of biological
networks is that the behavior of most components of a biological
network is statistical. An emerging notion in systems biology is
that biological networks have evolved to function well despite the
uncertain behavior of their components. Thus, the dynamics in a
biological network consists of two parts, deterministic and
stochastic. A fundamental question in systems biology is how to
quantitatively describe a general relation between the two parts.
We term such a relation as a deterministic–stochastic principle
(DSP), and propose a model for a DSP with regard to signal
propagation in biological networks. In this model, (i) The
dynamics in a biological network is supposed to be captured by
a stochastic differential equation, which has been a standard
approach for decades in modeling systems with internal noise in
chemistry, finance, physics, etc. (ii) The internal noise of a
biological network is weak as is apparent in experimental
Ltd.

ong).
observations. (iii) A biological network is organized as small-
world as suggested by recent studies. With the proposed model
we will demonstrate that utilizing the weak internal noise, robust
signal propagation may be achieved through unreliable signaling
pathways in a small-world biological network.

In principle, there are fundamental differences between
biological and engineering networks. To describe such differences,
Alon (2006) coined the term ‘‘probabilistic design’’, and used the
following example. ‘‘Engineered devices such as a radio are
designed to function with 100% probability if, say, the ON button
is pressed. We would say that a probabilistic radio is a
malfunctioning radio.’’ The author further pointed out that
probabilistic design is common in biology but rare in engineering,
and that the study on the role of probabilistic design in biology is
only at its beginning. We may interpret the term ‘‘probabilistic
design’’ as DSP, since in most cases the deterministic and
stochastic parts of the dynamics in a biological network are
related to each other. In engineering, it would be wrong to claim
that the hard wiring in a probabilistic radio may ensure only a
probability near 0 for radio signals through the antenna to
speaker, but we still can listen to such a radio with a probability
close to 1. A key to understand DSP is the study of noise in
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biological networks. The interplay between resilience to and
utilization of internal noise in biological networks has been at the
center of research in systems biology (see Barkai and Shilo, 2007).

Let us consider two examples of how weak noise in a loosely
connected biological network can be utilized to facilitate desired
dynamical changes. The first is the phase synchronization in the
olfactory system. Teramae and Tanaka (2004) and Nakao et al.
(2005) independently proposed a stochastic differential equation
model to show that a common weak noise may induce phase
synchronization among oscillators. Galán et al. (2006) demon-
strated the above model captured the underlying mechanism for
the phase synchronization among bulb neurons in the olfactory
system. Consider a group of uncoupled bulb neurons each of
which is modeled as an oscillator. The initial phases in these
oscillators are randomly and independently chosen. Then the
noise in the olfactory system induces phase synchronization
among the oscillators. However, the weakness of noise was not
mathematically formulated. Hong (2007) proposed a mathema-
tical formulation of weak noise, and analytically showed how it
works. The second example is quorum sensing of bacteria. Zhou
et al. (2005) demonstrated that noise induces the synchronization
in a quorum sensing network in a homogenous environment
where the noise is uniformly distributed. Subsequently, Hong et
al. (2007) showed when the noise is weak, it may induce the
synchronization in a heterogenous environment where the
distribution of noise may be non-uniform.

Almost every biological network is inherently noisy, i.e., the
noise in a biological network likely is internal meaning that the
noise may not be switched on or off by the network. In the present
paper, we consider noise in biological networks as internal. From
the viewpoint of mathematics, in almost every biological network
the internal noise is weak. This conclusion is based upon a well-
established mathematical concept for noise—Brownian motion
and observations in almost all experiments in biology. In 1905
Albert Einstein proposed a physical model for noise. For 18 years it
was not clear if this physical model is mathematically sound, until
Norbert Wiener proposed the Wiener process often called
Brownian motion. Today, Brownian motion is a central part of a
standard approach in modeling a wide variety of systems with
internal noise, including chemical, ecological, financial, physical
systems. Therefore, we may regard Brownian motion as a
canonical form of noise. As a stochastic process, a Brownian
motion is quite rough. It was proven that during any time period,
almost every sample path in a 1-dimensional Brownian motion
belongs to a Hölder class La with 0oao 1

2 and cannot be in such
a class with aZ 1

2. Recall that a function gðtÞ, tA ½a; b�/gðtÞAR

belongs to a Hölder class La is defined as jgðt1Þ � gðt2ÞjrMjt1 �

t2j
a for a constant M40 and for all t1, t2A ½a; b�. As a consequence,

we can see that almost every sample path in a 1-dimensional
Brownian motion is a function which is continuous but non-
differentiable everywhere. A sample path in a Brownian motion
should somehow be reflected in experimentation. However, rough
functions as sample paths in a 1-dimensional Brownian motion
are almost never observed in biological experiments. This strongly
suggests the internal noise in a biological network is weak in the
sense that the noise is restricted to a low level compared with
Brownian motion.

Consider loosely connected biological networks as in the two
examples mentioned earlier. We ask what additional network
structures would be needed to achieve robust signal propagation
through utilization of weak internal noise. Watts and Strogatz
(1998) proposed a type of random network called small-world.
Most biological networks appear to fit into this type (see Albert,
2005, and references therein), including the brain structural
(Hagmann et al., 2008) and functional networks (Bassett et al.,
2006), mammalian transcription networks (Potapov et al., 2005).
As it turns out, the concepts of weak noise and small-world are
sufficient to propose a model for a DSP with regard to signal
propagation in biological networks. The proposed model uses the
Itô equation, a special type of stochastic differential equation, as a
framework for dynamics in biological networks. This approach has
been standard in modeling systems with internal noise in areas
such as chemistry, finance, physics, etc (see Øksendal, 2007; Van
Kampen, 2007, and references therein). We introduce a concept
named signaling sample path. Using this concept we quantita-
tively relate the structure of a biological network to its dynamics.
The network structure characterizes the deterministic part of the
dynamics, and hence, it ensures a probability for a signal to
propagate. (From the viewpoint of engineering, this probability
must be close to 1.) The weakness of the internal noise
characterizes the stochastic part of the dynamics. The weakness
of noise is essentially characterized by a parameter l. Analysis of
the proposed model applies theory of stochastic differential
equation and a deep result in measure concentration by Talagrand
(1995) which has been successfully used in many fields such as
statistical mechanics, statistics, and theoretical computer science.
This indicates there are connections between systems biology and
modern probability theory. The main result from the analysis is as
follows. For a value that l may take, the following holds. Suppose
a signal takes N time units to propagate. If the probability for the
signal to propagate ensured by the signaling pathways (induced
by the network structure) is at least e1ðN;lÞ, then utilizing the
weak internal noise, the probability for a correct response to the
signal to occur is at least ð1� e2ðN; lÞÞ, where limN-1e1ðN; lÞ ¼ 0
and at the same time limN-1ð1� e2ðN; lÞÞ ¼ 1 at convergence
rates sub-exponentially fast in terms of N, respectively. Mathe-
matical expressions for e1ðN;lÞ and e2ðN; lÞ will be given in an
explicit way.

This result suggests that in a small-world biological network
with weak internal noise, although the signaling pathways may
ensure a probability near 0 for a signal to propagate, a correct
response to the signal will still occur with a probability close to 1
provided that the propagation of the signal can take a certain
amount of time. Moreover, with the proposed model we derive
five parameters, and show these five parameters in general are
enough to characterize: a spatial–temporal scale for signal
propagation in a small-world biological network; the weakness
of the internal noise; the accuracy of the signal propagation; and a
minimal probability should be ensured by the signaling pathways
for a signal to propagate. Then, by Theorem 1 we synthesize these
five parameters together to suggest a DSP with regard to signal
propagation in small-world networks with weak internal noise. In
Section 5.1 we discuss how a recent result on the reconstruction of
a transcription network in Saccharomyces cerevisiae has tested the
proposed model against real data.
2. Methods

We will use the abbreviation SBN for small-world biological
network. We will frequently use S and R to refer to a signal and a
response to the signal, respectively.

2.1. Dynamics in SBN

We begin with the Itô equation

Xt ¼ X0þ

Z t

0
f ðs;XsÞdsþ

Z t

0
sðs;XsÞdBs; tA ½0; T� ð1Þ

As mentioned in the introduction, (1) has been used as a standard
approach in modeling a wide variety of systems with internal
noise. We denote by ðO;F ;mÞ the underlying probability space for
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(1) where F is a Brownian filtration fF t : tA ½0; T�g. We suppose
that (1) has a unique continuous solution fXt : tA ½0; T�gwhere Xt is
understood as follows. Consider an SBN as a weighted directed
graph with each node labeled by a real number. Most biological
networks fit into this frame. We arrange labels of the nodes and
weight of the links into a vector Xt ¼ ðx

ð1Þ
t . . . xðnÞt ÞARn such that

each component xðiÞt ð1r irnÞ represents either the label of a
node or weight of a link. At a time instant t, such a vector Xt ARn

characterizes the dynamics of an SBN at that moment. We call
such a vector Xt ARn a network state.

Eq. (1) will be kept in an abstract setting with the following
assumptions on f and s.

(A1) The drift coefficient f is determined by the network
structure of an SBN. Thus, f characterizes the deterministic part of
the dynamics in the SBN. We assume f is a bounded deterministic
function ½0; T� �Rn/Rn, and satisfies the uniform Lipschitz
condition in Xt , i.e., there are constants b0, K40 such that
Jf ðt; xÞJ1rb0 and Jf ðt; xÞ � f ðt; yÞJ1rKJx� yJ1 for every
0rtrT , for all x; yARn;

(A2) The diffusion coefficient s is used to characterize the
stochastic part of the dynamics in an SBN; it describes to what
level the internal noise in an SBN is restricted. Thus, s is a
stochastic process adapted to the Brownian filtration F such that
almost all sample paths in this process are uniformly bounded
functions that satisfy the uniform Lipschitz condition in Xt as
described in (A1). Moreover, s constitutes the key character of the
proposed model, which will be presented as Definition 1 in
Section 2.3.

In what follows, by an instance of (1) we mean that f and s are
supposedly assigned with concrete (measurable) functions. By the
existence and uniqueness theorem for the Itô equation, any
instance of (1) that satisfies (A1) and (A2) has a unique continuous
solution. In this way, we use (1) as a framework for dynamics
(including signal propagation processes) in SBN.
2.2. Signal and its response

A principle in systems biology is that an SBN operates at a
specific spatial–temporal scale (e.g., see Alon, 2006). Thus, during
a time period shorter than the limit of this scale, no dynamical
changes in the network can be measured on this scale, although
beneath the scale an SBN may constantly undergo changes.
Therefore, we can model the dynamics in an SBN by a continuous
stochastic process fXt : tA ½0; T�g, and then analyze the dynamics
via a discrete version fXlt : l¼ 0; . . . ;NþN0g where t is the
minimum time period needed for the internal noise to possibly
cause changes in the dynamics on the scale. Without loss of
generality, we let T ¼ ðNþN0Þt for some N, N0AZþ .

A signal is defined by a spatial–temporal sequence occurring in
a subnetwork at times t¼ lt, l¼ 0;1; . . . ;N0

0 . Suppose xðiÞt repre-
sents the label of a node or weight of a link in this subnetwork.
Then, all these sequences fxðiÞlt : l¼ 0;1; . . . ;N0

0 g together define a
signal S. Given a signal, a response to this signal is defined by a
spatial–temporal sequence occurring in another subnetwork at
times t¼ lt, l¼N; ðNþ1Þ; . . . ; ðNþN0Þ. Suppose xðiÞt represents the
label of a node or weight of a link in that subnetwork. Then, all
those sequences fxðiÞlt : l¼N; ðNþ1Þ; . . . ; ðNþN0Þg together define a
response R. In the proposed model, a signal S is considered in a
general form as defined above, and our focus is the occurrence of a
correct responseR to S. For this purpose, we introduce a notation,
a subset rSDf1; . . . ;ng defined as follows: iArS if and only if xðiÞt

describes the dynamics of a node or link in the subnetwork where
all possible responses to S are supposed to occur.

t can be understood as the time unit in the propagation of S.
Accordingly, N is used to measure the total number of the time
units from the beginning of S to the beginning of R. That is, N is
understood as the length of propagation of a signal. And ðN0

0 þ1Þ
and ðN0þ1Þ measure the length of a signal and the length of a

response, respectively. We suppose N0
0 rN0, i.e., the length of a

response is longer than or equal to the length of the signal which
is true in most cases. We normalize tN by 1, i.e., tN¼ 1. In what
follows, t will be treated as a small positive real number, and N as
a large positive integer. The intuition of this arrangement is that
the internal noise may affect the propagation of S for a number of
times.

Additionally, N is used to limit the size n of the network as well
as the length ðN0þ1Þ of a response R

nrNa1 and ðN0þ1ÞrNa2 for some constants a1;a240 ð2Þ

2.3. Weak internal noise

Since the dynamics in an SBN is modeled by the unique
continuous solution fXt : tA ½0; T�g of an instance of (1), the
internal noise in this SBN is accordingly modeled by the
martingale fMt : tA ½0; T�g where Mt ¼ ðMð1Þt . . .MðiÞt . . .MðnÞt Þ

¼
R t

0 sðs;XsÞdBs. Now, we formulate the weakness of the internal
noise, using the diffusion coefficient s.

Definition 1. The diffusion coefficient s in (1) is said to be
feasible, if for every 1r lrNþN0,
(a)
 (smoothness) there are two constants b140 and 0olo 1
2

such that for every 1r irn and for all sA ½ðl� 1Þt; lt�, MðiÞs �

MðiÞ
ðl�1Þt has zero mean and support in ðs� ðl� 1ÞtÞð1=2Þþl

½�b1=2; b1=2�;

(b)
 (average-on-scale) the process fsðs; �Þ � sððl� 1Þt; �Þ : sA ½ðl� 1Þt;

lt�g is independent of F ðl�1Þt.
(a) characterizes a low level that the internal noise in an SBN is
restricted to, reusing the idea appeared in Hong (2007) and Hong
et al. (2007), respectively, for the noise in the olfactory system and
quorum sensing network. In almost all experiments in biology, the
dynamics of a node or link in a biological network is smooth to a
certain degree. In a transcription network, the dynamics of a node
(resp. link) represents the concentration level of bio-molecule
(resp. the strength of regulatory function). In a neural network,
the dynamics of a node (resp. link) represents the membrane
potential of neuron (resp. the strength of synapse). All those
dynamics are observed to posses a certain degree of smoothness.
Mathematically speaking, dynamics in biological networks,
including signal propagation processes, can be interpreted by
functions in Hölder classes La with a4 1

2. In the proposed model,
a signal propagation process is modeled by a continuous
stochastic process fXt : tA ½0; T�g. By (A1), (A2) and (a), it is not
hard to see that each component xðiÞt ;1r irn, in fXt : tA ½0; T�g
almost surely is a function in a Hölder class La with a¼ 1

2 þl4
1
2.

Thus, by (a) we use the smoothness of the dynamics of a node or
link in an SBN to formulate a low level that the internal noise is
restricted to. This opposes the roughness of one-dimensional
Brownian motion where almost every sample path belongs to a
Hölder class La with ao 1

2 and cannot be in such a class with
aZ 1

2.

The reason for lo 1
2 in (a) is as follows. By (A1), (A2) and (a) of

Definition 1, we can see that for each 0r lrN0, the range of the
random variable xðiÞ

ðNþ lÞt may well be about E½xðiÞ
ðNþ lÞt�7Nð1=2Þ�l. To

let xðiÞ
ðNþ lÞt take its possible values, we suppose lo 1

2. Notice that
for large N, l must be close to 1

2, since in a biological network
xðiÞ
ðNþ lÞt is absolutely bounded.
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(b) outlines a mechanism to achieve (a) in general. The idea is as
follows. The source of the internal noise in a biological network is
random activities at spatial–temporal scales finer than the spatial–
temporal scale upon which the biological network operates. In
transcription networks, it is the random formation and decay/death
of individual molecules, irregular motion of biological particles or
solutes, etc. In neural networks, it is the random fluctuations in
membrane potentials or in ion channels, etc. In the proposed model,
this noise source is modeled by the Brownian motion Bt in (1). Recall
a principle in systems biology is that a biological network operates at
a specific spatial–temporal scale. In an SBN, by definition t is the
minimum time period needed for the internal noise to possibly
cause changes in the dynamics on the scale upon which the SBN
operates. We suppose the internal noise in an SBN is the result of
averaging a Brownian motion over each time interval of length t.
That is, in the martingale fMtð ¼

R t
0 sðs;XsÞ dBsÞ : tA ½0; T�g, s is

supposed to average Bs over each time interval of length t. Therefore,
the behavior of s follows the behavior of the Brownian motion Bt as
described by (b).

In (b) the average-on-scale mechanism is defined upon the
existence of feasible s which also satisfy (A2). By the martingale
representation theorem, it is not hard to see such s exist if N and t
are both fixed numbers. In a concrete SBN, N and t may well be
considered as fixed numbers. Also, recall the martingale repre-
sentation theorem is an existence theorem. This indicates that
without knowing the details of how the internal noise in an SBN is
restricted, we can safely take what has been observed—the noise
is restricted to a low level as characterized by (a). That is, the
martingale representation theorem assures, given a martingale
Mt , there is mechanism that averages the Brownian motion Bt to
yield the martingale.
2.4. Deterministic vs. stochastic

In a biological network, the network structure specifies how
the nodes and links are put together, and hence, it characterizes
the deterministic part of the dynamics. There are a number of
papers and monographs on this subject. We refer the reader to
Alon (2006) and Palsson (2006) for comprehensive surveys and
references.

We introduce a concept named signaling sample path. Using
this concept we relate the network structure of an SBN to its
dynamics. In what follows, as in the literature on biological
networks, by ‘‘a signaling pathway’’ we mean a path in a biological
network along which a signal is passed from node to node to yield
a response that correctly corresponds to the signal, and as in
theory of stochastic process, by ‘‘a sample path’’ we mean a
function XtðoÞ for a fixed oAO which represents network states
at time instances t for all tA ½0; T�.

Recall that with (A1) and (A2) we use the Itô equation (1) as a
framework for dynamics in biological networks. This implies that
the differential equation Xt ¼ X0þ

R t
0 f ðs;XsÞds, tA ½0; T�, is used to

characterize the deterministic part of the dynamics in an SBN, and
the term

R t
0 sðs;XsÞdBs in the stochastic differential equation

Xt ¼ X0þ
R t

0 f ðs;XsÞdsþ
R t

0 sðs;XsÞdBs, tA ½0; T�, characterizes the
stochastic part of the dynamics in the same SBN.

As far as signal propagation in an SBN is concerned, the above
differential equation may have multiple solutions, each of which
describes how a given signal may propagate in the SBN. When the
stochastic part is added, the solution of the above stochastic
differential equation is a stochastic process, which is fundamen-
tally different from multiple solutions for the differential equation
even if this stochastic process is the unique continuous solution
for the stochastic differential equation. It is crucial to recognize
that a solution of the differential equation becomes a sample path
in the unique continuous solution of the stochastic differential
equation. This suggests properties of the stochastic process—the
unique continuous solution of the stochastic differential equation
may play an important role in signal propagation. As we will see,
the result of the present paper shows this is indeed the case.

We call a sample path XtðoÞ in fXt : tA ½0; T�g a signaling sample

path with respect to S, if this sample path is from a solution of the
differential equation as discussed in the previous paragraph. That
is, following the deterministic part of the dynamics, the network
states along this sample path exhibit how S is passed from node to
node to yield a response R that correctly corresponds to S. We
define

AS ¼ foAO : XtðoÞ is a signaling sample pathg ð3Þ

Since the underlying probability space for fXt : tA ½0; T�g is
ðO;F ;mÞ, in terms of probability mðASÞ measures the deterministic
part of the dynamics with regard to the propagation of S.

Since an SBN is organized as small-world, the network
structure of an SBN would likely provide a minimum value for
mðASÞ. Indeed, we may suppose mðASÞ has a lower bound

mðASÞZexp �
N2l2

4

� �
for a constant l2 with 0ol2olo

1

2
ð4Þ

The idea behind this inequality is as follows. The propagation of S
is viewed as a chain of cascading events. Since the biological
network is organized as small-world network, by definition the
length of such a chain is almost surely poly-logarithmic of the
network size n. Thus, by the first inequality (2) we may write this
length as k1 logk2 N for some constants k1; k240. We assume that
with probability at least expð�N2l2=4k1 logk2 NÞ (o1 for large N),
an event correctly triggers the next event, which leads to the
inequality in (4).

Notice that the hypothesis made by (3) and (4) is quite weak so
that the lower bound on the right-hand side of the inequality is
near 0 for large N.

2.5. SBN suitable for signal propagation

By definition, a signaling sample path XtðoÞ with respect to a
signal S exhibits a correct response to S. Thus, any response R
that deviates not far from a response observed along a signaling
sample path should be a correct response to S. The following
definition is a realization of this idea. Let l1 be a constant, with
0ol2ol1olo 1

2. We define

Definition 2. A response R to a signal S is said to be correct, if for
every xðiÞt ; iArS, and for each 0r lrN0, there is XtðoÞAAS such that

jxðiÞ
ðNþ lÞt � xðiÞ

ðNþ lÞtðoÞjr
1

Nl�l1

b0

Nð1=2Þ�l þb1

� �
ð5Þ

There is a minor complication in Definition 2. That is, for different
iArS or 0r lrN0, in (5) we may have different xðiÞ

ðNþ lÞtðoÞ, oAAS .
This issue will be resolved by Corollary 1 in Section 4.2.

We are now ready to define the proposed model by a class of
SBN in which weak internal noise can be utilized for signal
propagation.

Definition 3. An SBN is said to be suitable for a signal S to
propagate, if
(i)
 the propagation of S can be captured by the unique
continuous solution of an instance (1) in which the drift
coefficient f satisfies (A1), and the diffusion coefficient s
satisfies (A2) and is feasible as in Definition 1;
(ii)
 the correctness of a response R to S is defined by Definition 2
with mðASÞ satisfying (4);
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(iii)
 the network size as well as the length of R is bounded as
expressed in (2).
Except in simulations in Section 2.5, in what follows, a signal is
considered in a general form as defined in Section 2.2 so that the
proposed model may be applied to disparate types of SBN. We will
frequently say an SBN is suitable whenever there is no confusion
about what signal is being considered.
3. Results

3.1. The theorem

Definition 3 indicates that as far as signal propagation in
biological network is concerned, only five parameters, t;N;l; l1

and l2, essentially need to be adjusted.
�
 t and N are paired together to specify a spatial–temporal scale
for signal propagation as discussed in Section 2.2.

�
 l, l1 and l2 satisfy a relation 0ol2ol1olo 1

2. The parameter
l is basic. The constraint lA 0; 1

2

� �
is to formulate the weakness

of noise as in Definition 1.

�
 N, l and l1 together characterize the accuracy of signal

propagation as given in Definition 2.

�
 N and l2 together describe a basis for the robustness of signal

propagation, namely a minimum probability provided by
network structure for signal propagation as expressed in (4).

Given a signal S, we let {a correct response R to S occurs}
denote the event where the response R in the sample path XtðoÞ
is correct. That is, XtðoÞ models an experimental trial in which a
correct response R to S is observed. Then, m {a correct response R
to S occurs} represents the probability for a correct response to
the signal to occur. The following theorem synthesizes the five
parameters together, suggesting a DSP with regard to signal
propagation in suitable SBN.

Theorem 1. In an SBN that is suitable for a signal S to propagate

mfa correct response R to S occursg

Z1�
Na1þa2

mðASÞ
exp �

N2l1

4

� �
Z1� Na1þa2 exp �

N2l1 � N2l2

4

� �

ð6Þ

A mathematical proof for this theorem can be found in Section 4.3.
In regard to signal propagation, (6) quantitatively describes a
general relation between the deterministic and stochastic parts of
the dynamics in suitable SBN. Indeed, let e1ðN; lÞ ¼ expð�N2l2=4Þ
and e2ðN; lÞ ¼Na1þa2 expð�ðN2l1 � N2l2 Þ=4Þ. Then, e1ðN; lÞ can be
viewed as the minimum probability should be ensured by the
signal pathways for a signal S to propagate. Corresponding to such
a e1ðN; lÞ, 1� e2ðN; lÞ is a lower bound for a correct response R to
S to occur.

3.2. The illustration

We use computer simulations to illustrate Theorem 1. For
simplicity, we assume the lengths of a signal S and its response R
are the same. In Section 4.3, with Corollary 2 we will show in
general that the length of R can be longer than the length of S.

In simulation Fig. 1, we consider a signal S as a deterministic
temporal sequence fhSðltÞ : l¼ 0; . . . ;N0g at a node u, and a correct
responseR to S as a temporal sequence fhRððlþNÞtÞ : l¼ 0; . . . ;N0g

at another node v. The link ðu; vÞ is to mimic the only signaling
pathway from u to v which ensures a probability mðASÞ ¼
expð�N2l2=4Þ for S to propagate. In simulation Fig. 2, we
consider a signal S consisting of two branches propagating in
parallel from u1 and u2 to v1 and v2, separately and independently.
Two links ðu1; v1Þ and ðu2; v2Þ are to mimic the only signaling
pathways, each of which ensures the same probability
expð�N2l2=4Þ for a branch of S to propagate. The two responses
to the two branches at v1 and v2 must be synchronized.

An algorithm used for the simulations is as follows. Following
the (sample) path-wise definition of stochastic integration, the Itô
equation (1) is viewed as an operator I that transforms a signal S
to a correct response R. Given S, using ðN0þ1Þ functions
wlðtÞ; tA ½lt; ðlþNÞt�, I transforms hSðltÞ to hRððlþNÞtÞ where all
wlðtÞ are functions in a Hölder class La with a4 1

2, and satisfy
wlðltÞ ¼ hSðltÞ and wlððlþNÞtÞ ¼ hRððlþNÞtÞ, l¼ 0; . . . ;N0.

Algorithm 1. Ah:
f1g
 for l¼ 0 to N0
f2g
 hCððlþNÞtÞ :¼ hSðltÞ;

f3g
 for g ¼ 1 to N
f4g
 with probability ðmðASÞÞ1=N ,

hCððlþNÞtÞ :¼ hCððlþNÞtÞþ½wlððlþgÞtÞ �wlððlþg � 1ÞtÞ�;

f5g
 hCððlþNÞtÞ :¼ hCððlþNÞtÞþdðl; gÞ where dðl; gÞ is a

random number with zero mean and support in

tð1=2Þþl � b1
2 ;

b1
2

h i
;

f6g
 output hCððlþNÞtÞ (as if it is hRððlþNÞtÞ);

f7g
 check the error ðhCððlþNÞtÞ � hRððlþNÞtÞÞ;
The algorithm Ah consists of two loops, an outer loop line f1g2f7g
and an inner loop line f3g2f5g. A signal S is a temporal sequence
of ðN0þ1Þ elements. Through the outer loop, these ðN0þ1Þ
elements are transformed in temporal order.

Recall the time unit for the propagation of S is t, and we take
the normalization tN¼ 1 (Section 2.2). Thus, the inner loop claims
each element in S takes N time units to propagate. During the
time unit ððlþg � 1Þt; ðlþgÞt�, line f4g asserts with probability
ðmðASÞÞ1=N , hCððlþNÞtÞ has an increment ½wlððlþgÞtÞ �wlððlþg

�1ÞtÞ�. This mimics the transform of the element is along the
signaling pathway which is overall ensured as mðASÞ by the
network structure. Line f5g indicates in any case the internal noise
always affects the transform. It is crucial to recognize the
importance of line f5g: In the case when hCððlþNÞtÞ does not
have the increment in line f4g, i.e., the propagation is disrupted,
the internal noise can be viewed as holding the element
momentarily which describes how the noise helps the propaga-
tion. This is consistent with observations in most cases: the decay
of a biological signal takes a much longer period than t.

The transform without help from the internal noise is
simulated as follows. In the algorithm Ah, line f3g to f5g are
replaced by one line

f�g with probability mðASÞ;hCððlþNÞtÞ :¼ hRððlþNÞtÞ; else; null;

where ‘‘null’’ is to simulate no output in plotting. Line f7g is
removed. That is, the link is simulated as an unreliable channel so
that each element in a signal is transformed with probability
mðASÞ.

For the simulation Figs. 1 and 2, the values assigned to the five
parameters are: t¼ 10�6; N¼ 106; l¼ 0:49; l1 ¼ 0:2; and
l2 ¼ 0:1105. The t and N are paired together to specify a
spatial–temporal scale seen in neural networks. According to
Schröder et al. (2005), the minimum time period needed for the
internal noise in a neural network to possibly cause changes in the
dynamics can be measured in microseconds. The duration from
the beginning of a signal to the beginning of its response in a
neural network can usually be measured on a scale of seconds.
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Fig. 2. (a) A signal S consists of two branches represented respectively by a solid and dash–dot curve. We suppose a response to a branch is essentially a duplicate of the

branch. The algorithm Ah transforms each branch to its response, separately and independently. (b) As in simulation Fig. 1, each of the two links ðu1; v1Þ and ðu2 ; v2Þ ensures

probability 0.005012 for the branch of S to propagate. Two responses to the two branches are synchronized in 106 ms¼ 1000 ms. This type of synchronization is predicted

by (24) in the proof of Theorem 1. (c) and (d) The results obtained by the algorithm Ah in the error checking respectively for transforming the two branches of S. The

patterns of errors are different in transforming the two branches. Nevertheless, the internal noise synchronizes the occurrence of two correct responses shown in (b).

0 10 20 30 40 50

0

20

40

60

80

100

  P
ot

en
tia

l (
m

v)

1000 1010 1020 1030 1040 1050

0

20

40

60

80

100

P
ot

en
tia

l (
m

v)
1000 1010 1020 1030 1040 1050

0

20

40

60

80

100

Time (ms) Time (ms)

Time (ms) Time (ms)

  P
ot

en
tia

l (
m

v)

1000 1010 1020 1030 1040 1050

–1

–0.5

0

0.5

1

x 10–3

P
ot

en
tia

l (
m

v)

Fig. 1. (a) A numerical solution from the Hodgkin–Huxley equation (a standard model for electrical characteristics of neurons or cardiac myocytes) is taken as a signal S. It

should be noted that the signal is used in a general setting and is not meant to represent a specific biological situation. We suppose a correct response R is essentially a

duplicate of S. (b) With N¼ 106 and l2 ¼ 0:1105, the link ðu; vÞ ensures a probability mðASÞ ¼ expð�N2l2 =4Þ ¼ 0:005012 for S to propagate, i.e., the link is an unreliable

channel so that each hCððlþNÞtÞ, l¼ 0; . . . ;N0, is transformed with probability 0.005012. With no help from the internal noise, the response is disrupted: only a few elements

of S were transformed. It should be noted that the disrupted response is only for illustration. In a concrete biological network, such a disrupted response may well look

differently, e.g., missing spikes in a train in a neural network. (c) With help of the internal noise, a correct response R occurs. This response is fhCððlþNÞtÞ : l¼ 0; . . . ;N0g

obtained by the algorithm Ah. (d) The result from the error checking in the algorithm Ah shows the internal noise causes errors over the entire period. Since the internal

noise is restricted at a low level, these errors are small. Importantly, through the 106
�dimensional product probability space induced by the internal noise, a correct

response is shown in (c) as predicted by Theorem 1.
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The l is chosen to be close to 1
2 as discussed in Section 2.3. Once t,

N and l are determined, values for l1 and l2 can be chosen in
certain ranges, all of which will demonstrate the robustness of
signal propagation. Here, we made the above choice only for the
purpose of illustration. The choice of wl used in the simulations
will be discussed in Section 5.2.

As in (2), we use N to limit N0, letting ðN0þ1Þ ¼ 105, i.e., a2 ¼
5
6

such that ðN0þ1Þ ¼ ð106
Þ
5=6
¼ 105. This means the length of a

signal as well as its response is measured on a scale of seconds. In
the simulation, when ðN0þ1Þ ¼ 105, the computer program takes
hours to produce one set of output. To perform computations in a
reasonable amount of time, we used ðN0þ1Þ ¼ 2000 to run the
computer program, and got output similar to what obtained with
ðN0þ1Þ ¼ 105. Despite this change we still use ðN0þ1Þ ¼ 105 for
theoretical prediction made by Theorem 1.

We let b0 ¼ 1 in (A1) and b1 ¼ 2 in Definition 1. Having values
assigned to all the parameters, using Theorem 1 we can make
some theoretical predictions about the outcome of the simula-
tions Figs. 1 and 2. According to (5), the accuracy of signal
propagation is characterized by an error bound of � 0:034 for
these chosen parametric values, which is indeed larger than the
errors 72� 10�3 found in our simulations; the probability for a
correct response R to S to occur should always be at least 123�
10�13 as supported by the outcomes of multiple runs in our
simulations.

The MATLAB programs used for the simulations are available
on request.
4. Analysis

We first analyze a special case when the length N0
0 of a signal

equals the length N0 of its response. Then, at the end of Section 4.3
we extend the analysis to a general case where N0

0 rN0.
4.1. The average-on-scale

By Definition 3, in a suitable SBN the propagation of a signal is
supposedly captured by the unique continuous solution fXt :
tA ½0; T�g of an instance (1). Projecting such a solution on every
single dimension of Xt , we have for every 1r irn

xðiÞt ¼ xðiÞ0 þ

Z t

0
fiðs; x

ð1Þ
s ; . . . ; xðnÞs Þds

þ
Xk

j ¼ 1

Z t

0
sijðs; x

ð1Þ
s ; . . . ; xðnÞs Þ dBðjÞs

¼ xðiÞ0 þ

Z t

0
fiðs; x

ð1Þ
s ; . . . ; xðnÞs ÞdsþMðiÞt tA ½0; T� ð7Þ

We show the average-on-scale in Definition 1 results in
fxðiÞlt : l¼ 0; . . . ; ðNþN0Þg, i¼ 1; . . . ;n, being stochastic processes
with independent increments. In general, these processes as a
discrete version of the unique continuous solution of an instance
of (1) are Markovian not necessarily with independent incre-
ments. For 1r irn, define pðiÞl ¼ xðiÞlt � xðiÞ

ðl�1Þt, l¼ 1; . . . ;NþN0.
Then,

Lemma 1. For every 1r irn, the increments pðiÞl of xðiÞt ,
l¼ 1; . . . ;NþN0, are independent.

Proof. Recall that when an instance of (1) meets the conditions
for the existence and uniqueness theorem, the unique continuous
solution fXt : tA ½0; T�g can be obtained by an iteration procedure.
For the proposed model, for each 1r irn, let xðiÞt ð0Þ 	 xðiÞ0 , and then
with (7) inductively define

xðiÞt ðhþ1Þ ¼ xðiÞ0 þ

Z t

0
fiðs; x

ð1Þ
s ðhÞ; . . . ; x

ðnÞ
s ðhÞÞds

þ
Xk

j ¼ 1

Z t

0
sijðs; x

ð1Þ
s ðhÞ; . . . ; x

ðnÞ
s ðhÞÞdBðjÞs ; tA ½0; T�

For each 1r irn, we have a sequence of continuous stochastic

processes fxðiÞt ðhÞ : tA ½0; T�g, h¼ 0;1;2; . . . All these stochastic

processes are defined on the probability space ðO;F ;mÞ such that

for almost all oAO

lim
h-1

xðiÞt ðhÞ ¼ xðiÞt uniformly for tA ½0; T� ð8Þ

Moreover, by the uniqueness, the iteration may begin at any time

tA ½0; T�. Recall that T ¼ ðNþN0Þt (Section 2.2). For any

1r lrNþN0, if we take the random variable xðiÞ
ðl�1Þt from the

solution, and for tA ½ðl� 1Þt; T�, define xðiÞt ð0Þ 	 xðiÞ
ðl�1Þt and

xðiÞt ðhþ1Þ � xðiÞ
ðl�1Þt ¼

Z t

ðl�1Þt
fiðs; x

ð1Þ
s ðhÞ; . . . ; x

ðnÞ
s ðhÞÞds

þ
Xk

j ¼ 1

Z t

ðl�1Þt
sijðs; x

ð1Þ
s ðhÞ; . . . ; x

ðnÞ
s ðhÞÞdBðjÞs ð9Þ

then (8) holds uniformly for tA ½ðl� 1Þt; T�. With harmless

notation abuse, we will use the same symbol xðiÞt ðhÞ for iterations

starting at different times.

ðxðiÞt � xðiÞ
ðl�1ÞtÞ is the increment of xðiÞt during the period ½t; lt�,

ðl� 1Þtrtr lt. Let us first consider a simple case when l¼ 2 and

the random vector ðxð1Þt . . . xðnÞt Þ takes a single value ðað1Þt . . . aðnÞt Þ.

Claim: For every 1r irn, for every tA ðt;2t�, we have for each

hZ0, the random variable ðxðiÞt ðhÞ � aðiÞt Þ is independent of F t.

We prove this claim by induction on h, using (9). For

h¼ 0; ðxðiÞt ð0Þ � aðiÞt Þ 	 0, and hence, it is independent of F t. For

h40, on the right hand side of (9), under the induction hypothesis

we have: the first term is independent of F t because by (A1) fi is

deterministic; and (ii) the second term is also independent of F t

by (b) in Definition 1. From this, the claim follows.

Let h-1 in (9). Then, with the claim, the uniform convergence

in (8), (A1) and (A2), and the continuity of measure, we have for a

given aðiÞt , the random variable ðxðiÞt � aðiÞt Þ is independent of F t.

Because ðað1Þt . . . aðnÞt Þ can be chosen according to the probability

distribution of ðxð1Þt . . . xðnÞt Þ, we have that ðxðiÞt � xðiÞt Þ, in particular,

ðxðiÞ2t � xðiÞt Þ is independent of F t. The lemma follows from repeating

the above argument for l¼ 3; . . . ;NþN0. &

4.2. Measure concentration I

In Section 2.2, we formulated a signal as a spatial–temporal
sequence occurring in a subnetwork at times t¼ lt, l¼ 0;1; . . . ;N0.
A signal is deterministic; that is, for xðiÞt representing the label of a
node or weight of a link in the subnetwork, the sequence fxðiÞlt :

l¼ 0;1; . . . ;N0g as a branch of the signal is deterministic. In the
analysis followed, we consider the sequence of network states
fXlt : l¼ 0;1; . . . ;N0g as deterministic, i.e., all sequences
fxðiÞlt : l¼ 0;1; . . . ;N0g, i¼ 1; . . . ;n, are deterministic. This is to
resolve a major concern in the study of signal propagation in
biological networks, namely the retention of the background
activity of a signal. When a signal is propagating, other processes
taking place during the same time, often called the background
activity in literature, should be retained as well. The background
activity of a signal is generally unknown to the signal. In Section 2,
signal propagation is modeled in a quite general way: signal and
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response, noise, and suitable SBN are all formulated without
specifications such that signal propagation in disparate types of
biological networks may fit into the proposed model. Now, we let
the sequence of network states fXlt : l¼ 0;1; . . . ;N0g be determi-
nistic without specifications. That is, given a signal we consider all
possible background activities. And we show in a suitable SBN, a
correct response to the signal will occur no matter what the
background activity may be. Also, notice that the supposition of
the sequence of network states fXlt : l¼ 0;1; . . . ;N0g being deter-
ministic does not require changes on the proposed model.

For 1r irn, for 0r lrN0

xðiÞ
ðNþ lÞt ¼

XN

j ¼ 1

ðxðiÞ
ðjþ lÞt � xðiÞ

ðjþ l�1ÞtÞþxðiÞlt ¼
XN

j ¼ 1

pðiÞjþ lþxðiÞlt ð10Þ

Since xðiÞlt , 0r lrN0, are deterministic, we have

E½xðiÞ
ðNþ lÞt� ¼

XN

j ¼ 1

E½pðiÞjþ l�þxðiÞlt ð11Þ

Lemma 2. For 1r irn, we have for 0r lrN0

m jxðiÞ
ðNþ lÞ � E½xðiÞ

ðNþ lÞ�jr
1

Nl�l1

b0

Nð1=2Þ�l þb1

� �� �

Z1� 2 exp �
N2l1

2

� �
ð12Þ

Proof. For 1r irn, for 0r lrN0, let yðiÞjþ l ¼ p
ðiÞ
jþ l � E½pðiÞjþ l�,

j¼ 1; . . . ;N. Using (10) and (11), we have

XN

j ¼ 1

yðiÞjþ l ¼ xðiÞ
ðNþ lÞt � E½xðiÞ

ðNþ lÞt� ð13Þ

We observe jyðiÞjþ lj ¼ jp
ðiÞ
jþ l�E½pðiÞjþ l�j ¼ jðx

ðiÞ
jþ l�xðiÞjþ l�1Þ � E½xðiÞjþ l �xðiÞjþ l�1�j

r2supoAOjx
ðiÞ
jþ lðoÞ�xðiÞjþ l�1ðoÞj. Using this and (7), by (A1) and (a)

in Definition 1 we have

jyðiÞjþ ljr2 b0tþb1tð1=2Þþl
� �

¼
2

Nð1=2Þþl
b0

Nð1=2Þ�l þb1

� �
ðNt¼ 1Þ

ð14Þ

By Lemma 1, yðiÞjþ l are independent random variables with zero

mean. Combining this with (13) and (14), by Hoeffding’s (1963)

inequality, we have for d40, for 1r irn, and for 0r lrN0

mðjxðiÞ
ðNþ lÞ � E½xðiÞ

ðNþ lÞ�jrdÞZ1� 2 exp �
d2N2l

2
b0

Nð1=2Þ�lþb1

� �2

0
BBB@

1
CCCA

Let

d¼
1

Nl�l1

b0

Nð1=2Þ�lþb1

� �
:

The lemma follows. &

This lemma demonstrates that in a suitable SBN where the
internal noise is restricted to a low level as in Definition 1, the
noise brings the stochastic stability to the overall dynamics as
described by (12): at times t¼ ðNþ lÞt, l¼ 0; . . . ;N0, every
xðiÞt ;1r irn, concentrates on its expectation, i.e., the network
states Xt at these times are stochastically stable.

A corollary of Lemma 2 explains a correct response to a signal
is related to the stable network states Xt at times t¼ ðNþ lÞt,
l¼ 0; . . . ;N0, as observed in most experiments. Let mð%jASÞ denote
the conditional probability that under condition oAAS , the
inequality

jxðiÞ
ðNþ lÞ � E½xðiÞ

ðNþ lÞ�jr
1

ðNl�l1 Þ

b0

Nð1=2Þ�l þb1

� �

holds for iArS and 0r lrN0 in the sample path XtðoÞ. Then,

Corrollary 1.

mð%jASÞZ1� 2Na1þa2 exp �
2N2l1 � Nl2

4

� �
ð15Þ

Proof. Denote by mð% \ ASÞ the probability of the intersection of
the following two events: oAAS; and the inequality

jxðiÞ
ðNþ lÞ � E½xðiÞ

ðNþ lÞ�jr
1

Nl�l1

b0

Nð1=2Þ�l þb1

� �

holds for iArS and 0r lrN0 in the sample path XtðoÞ. Then, by
(2) and (12) we have

mð% \ ASÞZmðASÞ � 2Na1þa2 exp �
N2l1

2

� �

The corollary follows from this and (4). &

This corollary resolves the complication in Definition 2: for
different iArS or 0r lrN0, in Definition 2 we can use different
xðiÞ
ðNþ lÞtðoÞ, oAAS in (5), since (15) indicates they all highly

concentrate on E½xðiÞ
ðNþ lÞt� as long as N is large enough.

4.3. Measure concentration II

Lemma 1 claims the dynamics xðiÞt in each component (a node
or link) in a suitable SBN exhibits independent increments for
time intervals ½ðl� 1Þt; lt�, l¼ 1; . . . ;NþN0. This is consistent with
observations in most biological experiments. During a time
interval ½ðl� 1Þt; lt�, the value of xðiÞt changes from xðiÞ

ðl�1ÞtðoÞ to
xðiÞlt ðoÞ where xðiÞlt ðoÞ may well correlate to xðiÞ

ðl�1ÞtðoÞ. However, in
most biological experiments, it has been observed: (i) the
expectations E½ðxðiÞlt � xðiÞ

ðl�1ÞtÞ�, l¼ 1; . . . ;NþN0, are determined,
i.e., the dynamics is predicable over time; (ii) for

1r l0o lrNþN0, how ðxðiÞlt ðoÞ � xðiÞ
ðl�1ÞtðoÞÞ deviates from E½ðxðiÞlt �

xðiÞ
ðl�1ÞtÞ� are independent of how ðxðiÞl0tðoÞ � xðiÞ

ðl0�1ÞtðoÞÞ deviates from

E½ðxðiÞl0tðoÞ � xðiÞ
ðl0�1ÞtðoÞÞ�. The proof for Lemma 1shows the cause of

this independency is the internal noise. Thus, this lemma is sound
from the perspective of mathematics as well as biology.

Upon Lemma 1 we prove Theorem 1 stated in Section 3.1. The
technique idea behind the proof is as follows. For a signal S, in a
general way, we extend the subset ASDO (it may be the case
mðASÞ ¼ expð�N2l2=4Þ � 0) to almost entire O such that a correct
response to S will occur in sample paths XtðoÞ with high
probability. To achieve this, we may use a refined martingale
argument. However, the isoperimetric theorem by Talagrand (1995),
a deep result in measure concentration, is much more powerful.
This theorem provides a general way to extend a given subset to
almost the entire domain in a product probability space. Talagrand
proposed a distance often called Talagrand’s convex distance
with which we can do so. The origin of this distance can be traced
back to probability in Banach spaces (Ledoux and Talagrand, 1991).

Proof of Theorem 1. Given a signal S, we fix 1r irn and
0r lrN0. Denote by pði;lÞ the random vector ðpðiÞlþ1 . . .p

ðiÞ
lþNÞ which

takes points in RN as its values. With harmless notation abuse, we
also denote such a point by pði;lÞ. We will call pði;lÞ a point whenever
it is treated in this way.

We say that a point pði;lÞ is induced by a sample path XtðoÞ if

xðiÞjt ðoÞ � xðiÞ
ðj�1ÞtðoÞ ¼ p

ðiÞ
j for all j¼ lþ1; . . . ; lþN. Accordingly, we

say that a set Hði;lÞS of points pði;lÞ is induced by an event SAF if
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each point in this set is induced by a sample path XtðoÞ with

oAS. Different events may induce the same set of points. In what

follows, for a given Hði;lÞS we consider S as the union of all events

that induce Hði;lÞS . We can see that such an union is still in F under

the conditions of the proposed model.

We construct a probability space with domain Hði;lÞO , the set of

points induced by O. It is not hard to verify: all these unions S
mentioned above form a sub s�algebra of F ; all these subset

Hði;lÞS DHði;lÞO form a s�algebra of Hði;lÞO ; and the one-to-one

correspondence S2Hði;lÞS induces a probability measure nði;lÞ on

Hði;lÞO with

nði;lÞðHði;lÞS Þ ¼ mðSÞ ð16Þ

By Lemma 1, this probability space is a product space. In what

follows, we simply denote this product probability space by Hði;lÞO .

Through the product probability space Hði;lÞO , we analyze the

behavior of xðiÞlþN . Consider Hði;lÞAS0
where AS0 is the union of all events

in F that induce the same set of points pði;lÞ as AS does. By (16) we

have

nði;lÞðHði;lÞAS0
Þ ¼ mðAS0 ÞZmðASÞ ð17Þ

Define

Hði;lÞBS ði;lÞ
¼ pði;lÞAHði;lÞO : jfj : ðlþ1r jr lþNÞ4(pði;lÞAHði;lÞAS0

ðpðiÞj apðiÞj ÞgjrNð1=2Þþl1

n o

ð18Þ

Claim:

nði;lÞðHði;lÞBS ði;lÞ
ÞZ1�

1

nði;lÞðHði;lÞAS0
Þ
exp �

N2l1

4

� �
ð19Þ

We prove this claim by Talagrand’s isoperimetric theorem. In the

product probability space Hði;lÞO , Talagrand’s convex distance dT can

be expressed as

dT ðpði;lÞ;Hði;lÞAS0
Þ ¼ sup

bARN

zðbÞ : zðbÞ ¼ inf
pði;lÞAHði;lÞ

AS0

XlþN

j ¼ lþ1

bj1ðp
ðiÞ
j apðiÞj Þ

8<
:

9=
;

8<
:

and
XlþN

j ¼ lþ1

b2
j r1

9=
;

where

1ðpðiÞj apðiÞj Þ ¼ 1 if pðiÞj apðiÞj ; 0 otherwise ð20Þ

By Theorem 4.1.1 in Talagrand (1995), we have

nði;lÞðdT ðpði;lÞ;Hði;lÞAS0
ÞoNl1 ÞZ1�

1

nði;lÞðHði;lÞAS0
Þ
exp �

N2l1

4

� �
ð21Þ

Indeed, letting bj ¼N�1=2 for j¼ lþ1; . . . ; lþN in (20), we can see

that if a point pðiÞAHði;lÞO satisfies dT ðpðiÞ;Hði;lÞAS0
ÞoNl1 then

pðiÞAHði;lÞBS ði;lÞ
by (18). From this and (21), the claim follows.

Consider BSði; lÞDO obtained by extending AS0 DO, as implied in

(18). By definition, for every o0AAS0 there is oAAS such that the

two sample paths Xtðo0Þ and XtðoÞ exhibit the same increments

pðiÞj ¼ xðiÞjt � xðiÞ
ðj�1Þt, j¼ lþ1; . . . ; lþN. On the other hand, (18)

indicates for every o00ABSði; lÞ there is o0AAS0 such that the two

sample paths Xtðo00Þ and Xtðo0Þ disagree on at most Nð1=2Þþl1 of the

increments pðiÞj ¼ xðiÞjt � xðiÞ
ðj�1Þt, j¼ lþ1; . . . ; lþN. Hence, for every

o00ABSði; lÞ there is oAAS such that the two sample paths Xtðo00Þ
and XtðoÞ disagree on at most Nð1=2Þþl1 of the increments

pðiÞj ¼ xðiÞjt � xðiÞ
ðj�1Þt, j¼ lþ1; . . . ; lþN. This implies that by (A1),

(A2), (a) in Definition 1, and (6), we have for every o00ABSði; lÞ
there is oAAS such that in the two sample paths Xtðo00Þ and XtðoÞ

jxðiÞlþNðo
00Þ � xðiÞlþNðoÞjr

1

Nl�l1

b0

Nð1=2Þ�l þb1

� �
ð22Þ

Now, let us revisit (19). Applying (16) to the left hand side, we

have

nði;lÞðHði;lÞBS ði;lÞ
Þ ¼ mðBSði; lÞÞ

while, for the right hand site, by (17) we have

1�
1

nði;lÞðHði;lÞAS0
Þ
exp �

N2l1

4

� �
Z1�

1

mðASÞ
exp �

N2l1

4

� �

Putting the above two and (19) together, we have that given a

signal S, for fixed 1r irn and 0r lrN0,

mðBSði; lÞÞZ1�
1

mðASÞ
exp �

N2l1

4

� �
ð23Þ

By Definition 2 and (22) we have

\iA rS\0r lrN0
BSði; lÞDfa correct response R to S occursg ð24Þ

The theorem follows from jrS jrn, (2), (23) and (24). &

Corrollary 2. In a suitable SBN, for a signal S, (6) holds when the

length of a response R is longer than the length of S, provided that

the length of R is less than or equal to Na2 .

Proof. Consider the case where a signal S is a spatial–temporal
sequence occurring in a subnetwork at times t¼ lt, l¼ 0;1; . . . ;N0

0 ,
while, its response R is a spatial–temporal sequence occurring in
a subnetwork at times t¼ lt, l¼N;Nþ1; . . . ;NþN0 with N04N0

0 .
It is not hard to verify the proof of Theorem 1 can be applied to
this case with care as follows. For N0

0 o lrN0, the product
probability space Hði;lÞO has dimension Nþðl� N0

0 Þ higher than N

as in the proof of Theorem 1. Since the measure concentration
introduced by Talagrand’s isoperimetric theorem behaves better
in a product probability space with higher dimension, the N0 in
Theorem 1 can be any integer as long as this integer is less than or
equal to Na2 . &

5. Discussions

Remarking on the results of this paper, we discuss some
possible directions for future research.

5.1. Reconstruction of biological network

In the reconstruction of biological networks, we are asked to
construct a biological network based upon experimental data.
This is a fast growing interdisciplinary field (see Chen et al., 2009).
When reconstructing a biological network, a mathematical model
that correctly captures the dynamics in the network is crucial.

Let us examine a basic problem in the reconstruction of
biological networks as an example. Given a target gene and a
group of possible regulatory genes, construct a network that
demonstrates the regulatory mechanism and identifies which
genes are regulators of the target gene. The experimental data
used to construct this network are collected in microarrays.
Experiments have confirmed that the dynamics in such a
transcription network are statistical. Chen et al. (2005) proposed
a stochastic differential equation model for a transcription
network in Saccharomyces cerevisiae. The test results of this model
fit a set of standard testing data better than other proposed
models do. The stochastic differential equation used was an
instance of the Itô equation. The maximum likelihood estimator
used was proposed by Akaike (1974) as a general purpose
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estimator that has been used in many other models. The
transcription network has only a few nodes, and hence, it can be
viewed as a small-world network. The authors implemented the
noise as a weak noise modeled by a Brownian motion. Both the
test and the analysis were carried out using computer simulations
of the model. A computer program can only simulate a truncated
normal distribution, which results in a weak noise as character-
ized by Definition 1.

The above stochastic differential equation model provides a
concrete example that a suitable SBN may capture the signal
propagation in a transcription network in Saccharomyces

cerevisiae. This allows the use of a general purpose maximum
likelihood estimator to select the regulators of the target gene
correctly. As the authors pointed out, the methodology used in
their study appears applicable to reconstruction of other biologi-
cal networks, if advanced techniques from theory of stochastic
differential equations are applied.

In our opinion, in the reconstruction of biological networks,
it may be natural to set a stochastic differential equation
backward in time. That is, taking suitable SBN as a framework
for dynamics in biological networks, we look at the Itô
equation backward in time. Backward (or more general, for-
ward–backward) stochastic differential equation is a field in-
itiated by Pardoux and Peng (1990); efficient numerical methods
were also proposed (e.g., Ma et al., 2002). Although backward
stochastic differential equations bring challenges in mathematical
terms, it has found numerous applications in finance
(see El Karoui et al., 1997). In our case, a good numerical solution
(say, with a strong convergence property) for a backward
stochastic differential equation would in theory exhibit
the evolving process of a biological network backward in time,
which could be useful in reconstruction of the network from
incomplete data.
5.2. Simulation of signal propagation in suitable SBN

Theorem 1 indicates signal propagation in suitable SBN can in
principle be simulated by numerical solution for a special type of
stochastic differential equation, the Itô equation. The simulations
we carried out in Section 3.2 follows this principle. In general, to
find a numerical solution for a stochastic differential equation can
be difficult (see Kloeden and Platen, 1999). However, applying
theory of stochastic integration, we can have a simple algorithmic
scheme for simulations of signal propagation in suitable SBN. This
scheme was expressed by the algorithm Ah in Section 3.2. A
realization of this scheme is to assign concrete functions to wl,
l¼ 0; . . . ;N0; that is, for a suitable SBN, we may assign appropriate
functions to wl in Ah and then simulate the signal propagation
process by this realization of Ah.

A signal propagation process in a suitable SBN is supposed to
be captured by the unique continuous solution of an instance of
the Itô equation (1). By (7) we project such a solution on single
dimensions. In the proof of Theorem 1, our analysis is localized on
single dimensions according to (7), and then these localized
analyses are synthesized simply by an intersection in (24). This
approach enables us to consider suitable SBN in general without
detailed network structures. A localized analysis focuses on the
dynamics of a component, node or link. We notice that in a
biological network, the dynamics of a link may be critical, e.g., in
a transcription (or neural) network, it represents the dynamics of
a regulatory function (or a synapse) which may influence the
dynamics of the entire network. For a fixed component, by (7) we
have a fixed 1r irn and the dynamics of this component is
characterized by

xðiÞt ¼ xðiÞ0 þ

Z t

0
fiðs; x

ð1Þ
s ; . . . ; xðnÞs Þdsþ

Xk

j ¼ 1

Z t

0
sijðs; x

ð1Þ
s . . . ; xðnÞs ÞdBðjÞs

ð25Þ

which is an Itô integral over tA ½0; T�. It is not hard to verify in a
suitable SBN (i.e., under the conditions of the proposed model),
(25) can be obtained as a sample path-wise Riemann–Stieltjes
integral (Chung and Williams, 1990), that is, for almost every
oAO and for all 1rN
rNþN0

xðiÞN
tðoÞ ¼ xðiÞ0 ðoÞþ lim
N-1

t
XN

l ¼ 1

fiððl� 1Þt; xð1Þ
ðl�1ÞtðoÞ; . . . ; x

ðnÞ
ðl�1ÞtðoÞÞ

þ lim
N-1

XN

l ¼ 1

Xk

j ¼ 1

sijððl� 1Þt; xð1Þ
ðl�1ÞtðoÞ; . . . ; x

ðnÞ
ðl�1ÞtðoÞÞðB

ðjÞ
lt ðoÞ � BðjÞ

ðl�1ÞtðoÞÞ

ð26Þ

where Nt¼ 1. With Lemma 1 we showed the right hand side of
(26) can be understood as a sum of random variables as expressed
in (10). Then, we can see that the expectations of these random
variables determine wl. In simulation Fig. 1 as well as Fig. 2, for
simplicity we let each wl, l¼ 0; . . . ;N0, be a Hill function often
used to characterize input–output relation in biological network.

Finding wl for a suitable SBN may bring challenges. However, it
would ease computer simulation for the signal propagation. By
definition, the diameter of a small-world network almost surely is
poly-logarithmic in terms of the network size. It is natural to
expect in a small-world network for efficient information
processing, the length of each signaling pathway for a given
signal should be poly-logarithmic in terms of the network size.
But, the computational cost of using such signaling pathways may
be very high, if the network does not have a central control over
signal propagation which is the case for most biological networks.
For such case, Kleinberg (2000) proposed a family of small-world
networks and proved the following. Except for some members in
this family, no computer algorithms can guide a signal to
propagate along these signaling pathways of poly-logarithmic
length; and even for these members, at each step the proposed
computer algorithm needs the information of the geometric
location of the current node, which can hardly be justified in
biological terms. This result suggests signal propagation in a
small-world biological network may be more complex than any
computer algorithm, when the signal propagation uses signaling
pathways with length poly-logarithmic of the network size. On
the other hand, it is observed that signal propagation in most
small-world biological networks, e.g., the brain functional net-
works (Bassett et al., 2006), does use signaling pathways with
length poly-logarithmic of the network size. Thus, a question is
how to use computer simulation in the study of signal propaga-
tion in suitable SBN. With the result of this paper, we suggest
using wl to resolve the issue, i.e., applying a mathematical
procedure to find wl to reduce the complexity of computer
simulation. It seems worthwhile to investigate this method in the
future.
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