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1.  Introduction

New product revenue and sales forecasting approaches can be as simple as “guesstimating” the first year sales of a given product, escalating it for future year forecasts by an annual growth rate until a specific level of saturation is reached.  This simple approach assumes that sales will continually grow throughout the product's lifecycle.  Is there justification for assuming that sales will grow in such a pattern other than it’s the result of an inexpensive and easy-to-apply forecasting tool?  Although there are a myriad of both qualitative and quantitative methods for new product sales forecasting from simple growth escalation to forecasting with econometrically-estimated demand functions, a question arises as to whether there is a causal theory of new product sales in the market research academic literature that lends guidance to the type of forecasting method chosen.  This matter is of practical importance when doing the “road show” for raising venture capital and for convincing oneself of the credibility of your forecasts.  We discuss an intuitive, common sense method for predicting sales and revenues backed by a hundreds of academic and industry articles.  Use of such methods  show potential investors as well as the entrepreneurs that the prediction embodies a general pattern of new product sales and revenue growth founded by academic marketing professionals and reinforced by applications in many different industries and markets.  
The purpose of this paper is to provide a brief summary of market research literature regarding the forecasting of sales of new products with guidance that goes beyond an ad hoc choice of a forecasting tool.  The guidance provided by years of market research will lead to the recommendation of a forecasting model that has been developed from product adoption theory and rigorously tested in its ability to perform.  Thereby, the justification and documentation for the choice of such a model structure in a business plan is one that is based on market research theory and robust empirical testing. 

2. New Product Sales Forecasting Models:  Product Diffusion

A large literature in marketing research strongly demonstrates that product sales life cycles follow an S-curve pattern.  An S-curve pattern implies that new product sales initially grow at a rapid rate, then the rate of growth tapers off, and finally declines with time.  Historical analysis of new product sales curves indicates this is one of the most common, if not the most common pattern of new product sales over time.  

The new product sales model we will recommend explains this S-curve shape based on diffusion theory.  Diffusion theory is actually a theory of communication regarding how information is dispersed within a social system over time.  Because people place different emphases on how much they rely on media and interpersonal communication for new ideas and information, they "adopt" new products either earlier or later in a product's lifecycle.  The consumer product adoption process based on relative adoption time categorizes individuals as innovators, early adopters, early majority, late majority, and laggards.  Exhibit 1 shows the cumulative percentage of the potential market (i.e., total number of adopters) that has made an initial purchase of a new product.  As you move up and to the right of the S-curve in Exhibit 1, i.e., as you look at the rate of adoption of a new product over time by first time purchasers, you initially have the innovators buying the product, then early adopters, and so on as you move up the S-curve, until you get to the point of market saturation, where the last set of first-time buyers are known as the laggards. 

Exhibit 1: S-Curve Example
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Exhibit 2 shows the time of adoption of buyers for the product.  If the buyer is to the left of the vertical line in their time of adoption they are innovators, early adopters or part of the early majority, if to the right they are the late majority or the laggards.

Exhibit 3 displays different types of S curves developed from alternative types of product sales forecasting models.  They will be discussed in detail in a latter section of this investigation.  


Exhibit 2:  Time of Adoption of Innovation
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Exhibit 3:  S-Curves for the Diffusion of Innovations
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The “S-curve” model is what is known as a "single purchase" model in that it forecasts sales of products that are typically bought just once, or infrequently, such as consumer durables or industrial products such as mainframe computers.  In addition, the model can be used to forecast trial or first time purchases for repeat purchase goods such as snack foods and detergents, but it does not provide a forecast of repeat purchase levels.  In order to estimate repeat purchase sales and differentiate them from trial sales, businesses would typically need to carry out test markets or simulated test markets and apply different forecasting methods that would provide a steady-state market share estimate rather than a time-based adoption curve as is provided by diffusion models.   However, all products, regardless of how often they are purchased, have a first-purchase sales volume curve (Mahajan and Wind 1986).  

Diffusion models are dependent on a number of assumptions, each of which should be considered prior to implementing such models.  The assumptions include:

1) The product whose sales are being forecast by the model is a product that is destined to be a successful new product introduction.  Estimates of new product failure rates vary from 33% (Booz, Allen & Hamilton, Inc. 1982) to 60% (Silk and Urban 1978) or higher.  The present model is appropriate only for successful new product entries.  The present model cannot predict which new product launch will be successful; it is instead designed to project sales volume over time for those product launches that are successful.

2) Potential market size.  The model requires that the user input an estimate for the total market size for the particular brand within the product category (i.e., total number of adopters of the branded product).  To the extent that this estimate is inaccurate, the new sales forecasts will also be inaccurate.  The user firm may choose to use historic sales data, however it needs to produce an estimate of potential market size, and then estimate the brand's share within the market.   

3) The nature of the competition.  When the user estimates their brand's market share within the product category, a number of underlying assumptions about competitive response underlie such an estimate.  It is possible that competitive response, such as imitative competitive alternatives, or heavier promotional responses, will adversely affect the share of the new product's sales.  Again, to the extent that the market share estimate is inaccurate, the new product sales estimates will also be inaccurate.

The model recommended here has been developed from theoretical work in the area of diffusion processes and the customer new product adoption process.  Diffusion process models attempt to forecast the market penetration rates of innovative products (air conditioners, cell phones, the internet, hybrid gas/electric cars, a new brand of coffee, etc.) over time.  The customer adoption process refers to differences among customers in the degree to which they are innovative, and thus willing to try a new product.  Some customers are very innovative and are the first to try new products, whereas others are less so, and typically wait until many of their neighbors, etc. have already bought the new product before they do the same.  The speed of adoption of a new product has been shown to be a function of several factors including (Rogers 1983, 2003):

· The product's relative advantage over existing products

· The degree to which the new product is compatible with existing operations and attitudes

· The degree to which the new product is simple (rather than complex)

· The degree to which the new product can be tried on a limited basis

· The degree to which the product is observable.

To the extent that a new product possesses each of these characteristics, its likelihood of success in the market is improved. The first two factors, relative advantage and compatibility are particularly critical (Rogers 2003).  However, models that have attempted to use managers' input regarding these factors have not fared particularly well.

3.  Types of Product Diffusion Models

There are at least three major types of models that have been proposed for forecasting new product first purchase sales (models are discussed below):

1. Pure Innovative Models (e.g., Fourt and Woodlock 1960)

2. Pure Imitative Models (e.g., Fisher and Pry 1971, Mansfield 1961)

3. Combination Models (e.g., Bass 1969)

This investigation focuses on first purchase product models for application in forecasting initial product sales of a newly introduced product.  Exhibit 4 displays the types of diffusion models, including the highly adopted Bass (1969) model (hereafter referred to as the “Bass Model”) that combines the innovation and imitation properties into one increasingly generalized model.    






Exhibit 4 
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The innovation model of Fourt and Woodlock (1960) is a market penetration curve that was developed retrospectively after analyzing the market penetration curves of a number of new products.  Pure innovative models assume that cumulative sales exhibit an exponential curve shape and that adoptions are based on individuals' exposure to external information sources such as marketing expenditures in mass media, rather than on word-of-mouth or other imitative effects.  The equation that they found to be a reasonable approximation of these product curves is (see Exhibit 3):
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where:



ft = (change in cumulative sales at time t) / (potential sales) 

r = rate of penetration of potential sales

M = (total potential sales) / (all buyers), or market saturation percentage  

All of the above variables are assumed to remain constant throughout the product sales life cycle, except for time, t and ft.  As an example, assume that the market saturation for a new luxury durable good was 50% of all households and that r = 10%, therefore the annual rates of new buyer penetration are:


1st Year:  ft = r M (1- r ) 1-1 = 0.2 (0.1) = 0.02 or 2%

2nd Year: ft = r M (1- r ) 2-1 = 0.2 (0.1) (0.8) = 0.016 or 1.6%

3rd Year: ft = r M (1- r ) 3-1  = 0.2 (0.1) (0.8) 2  = 0.0128 or 1.28%
20th Year: ft = r M (1- r ) 20-1 = 0.2 (0.1) (0.8)19 ( 0 

Note that the incremental cumulative sales as a fraction of potential sales exponentially declines in every time period from the initial product introduction year and that the curve flattens out at the time that the market saturation level of 50% is reached. 

The imitative model of Fisher and Pry (1971) contains the notion that a new product replaces an older type of product, and that the rate of adoption of the new product is dependent on the percentage of the old product still in use.  The Fisher and Pry (1971) model is the classic logistic S-shaped curve:
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where:



f = percentage of market that adopted new product

b = growth to potential constant

t = time since introduction

The above equation can be re-written in log-linear form as:
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The Mansfield-Blackman model [Blackman, Seligman, and Solgliero (1973), Blackman (1974), Manfield (1961, 1968)] adapts the Fisher and Pry (1971) model to include the upper limit in market share or saturation level of the newer product:
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where:



L = market saturation percentage

This adaptation provides a constraint on the maximum level of market share that the newer product can attain.  

The two basic types of models described above, the pure innovation model and pure imitation model have been combined into one more generalized model, the Bass (1969) model, to capture both the innovative and imitative aspects of product adoption.  The Bass model captures the innovative characteristic with its coefficent, p, and the imitative characteristic with its coefficient, q (described in more detail below).  In the Bass model, when p=0, the model defaults to the Mansfield (1961) model, and when q=0, the model defaults to the Fourt-Woodlock (1960).

The Bass (1969) model is an aggregate demand model that represents an empirical generalization or "a pattern or regularity that repeats over different circumstances and that can be described simply by mathematical, graphic, or symbolic methods" (Bass 1993, 1995).   It is designed to be used as a pre-launch forecasting model that is estimated prior to the introduction of a new product, that is, before preliminary sales figures have been obtained.  Formulations of the Bass model have been used by corporations such as Kodak, IBM, RCA, Sears and AT&T (Rogers 2003, p. 208).  

The Bass model is similar in some respects to models of infectious diseases or contagion models, in that it attempts to estimate how many customers will buy a new product as the new product gains more acceptance over time.  The model represents not the spread of a disease, but the impact of communication efforts about a new product, whether those efforts are external in nature, such as mass advertising, or more informal in nature, such as via word-of-mouth communication or observation and imitation.  The model assumes that there are differences among customers in terms of how innovative they are in their tendencies to adopt new products, and which types of information about a new product are most persuasive prior to adoption.  When a new product is introduced, there exists uncertainty in the minds of potential adopters regarding how superior the new product is versus existing alternatives.  Individuals attempt to reduce this uncertainty by acquiring information about the new product.  More innovative customers tend to acquire such information via mass media and other external outlets.  More imitative customers tend to acquire such information from interpersonal channels such as word-of-mouth communication and observation.  The relative influence of these two basic types of customers is captured in the Bass model.

The Bass model thus assumes that new product adopters are influenced by two types of communication: mass media and interpersonal communication, and that the mass media effects, which have a greater impact on innovative customers, will be greater at the outset of the product launch, whereas the interpersonal communication effects, which have a greater impact on the much larger number of imitative customers, will be greater during the later periods of the diffusion process (Rogers 2003).

A review conducted in 1990 (Mahajan et al. 1990) found that there were over 150 published extensions of this model. A recent search of online databases suggests that since 1990 at least 30 additional papers have been published using some form of the Bass model. The recent applications cover areas as varied as internet broadband use (Konstantinos, Vasilios 2011), public policy innovations (Boushey 2012), doctors’ adoption of new medicines (Dunn, Braithwaite, Gallego, Day, Runciman, Coiera 2012), web-based instructional techniques (Soffer, Nachmias, Ram 2010), wind power (Usha Rao, Kishore 2008), and the spread of social media (Hu, Wang 2009).  One or more variables in these model extensions are typically altered or added, but the basic S-shaped Bass model continues to prove to be a robust method for forecasting new product sales among real world applications (Mahajan, Sharma, and Bettes 1988).  Jeuland (1994), for example, fit the basic model to 35 different datasets for varying time periods and across different countries and typically found R-squared values greater than .9, suggesting very good fits (The R-squared statistic measures the degree of fit of a regression model to the data.  An R-squared of 1.0 is a perfect fit.).

Considerable research across many disciplines including marketing, agriculture, sociology, and anthropology, suggests that most successful innovations have an S-shaped rate of adoption, although the slope of the curve varies (Rogers 2003).  The Bass model adjusts the slope of the S-shaped curve according to two main parameters: p and q, the coefficient of innovation and the coefficient of imitation.  Since most innovation diffusion processes tend to be very social in nature, typically the coefficient of imitation is considerably more important in determining the rate of adoption.  Some innovations, such as VCR's and cell phones, have required only a few years to reach their maximum or near-maximum penetration levels, exhibiting a relatively steep S-curve, whereas others can require decades, such as use of the metric system in the U.S. (Rogers 2003).

The formula for the Bass model requires that a business manager or group of business managers provide a single estimate for first year sales and total product lifetime sales (i.e., year one adopters and total adopters).  Since few new products enjoy monopoly status or enjoy it for long, manager(s) need to estimate total product category adopters in light of competitive alternatives and responses. Parameter estimates of p and q are then estimated to produce the following equation:
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The above can be simplified to:
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where:

Qt = number of adopters or unit sales at time t

p = coefficient of innovation, or “the likelihood that somebody who is not yet using the product will start using it because of mass media coverage or other external factors” [Van den Bulte (2002)] 

q = coefficient of imitation, or “the likelihood that somebody who is not yet using the product will start using it because of "word-of-mouth" or other influence from those already using the product” [Van den Bulte (2002)]  

M = market size, or ultimate number of adopters or unit sales

A = cumulative number of adopters or unit sales to date

The coefficient of innovation (i.e., p) captures the relative importance of innovative customers in generating sales for the new product.  The coefficient of imitation (i.e., q) captures the relative importance of imitative customers in generating sales for the new product.  The model operates such that, regardless of the values of p and q, as more and more customers adopt or buy the new product, the relative impact of imitative customer purchases takes on greater importance in determining the sales curve. The S-curve that is then produced represents cumulative sales to date.  A meta-analytic-based algorithm can be used to provide both a point or exact numerical estimate for sales in each time period, as well as an error band
, within which sales are expected to fall.  Thus, a a "feasibility space" can be provided [Mahajan, Muller and Bass (1995)] for managers to forecast new product sales.  For more rigorous risk analysis of market projections, Monte Carlo analysis can be used by including differing estimates of p, q, A, and M combined with their probabilities of occurrence can provide scenario analysis of sales and different states of the market environment.  Historical analogies are often a more accurate method for estimating the necessary parameters, because prior efforts to fit curves based on just a few periods of early sales (e.g., three to four periods) have enjoyed limited success and accuracy (Pae and Lehmann 2003) and usually there are not enough data points for statistical significance of the p and q estimates.  Studies also suggest that the coefficients p and q are relatively constant over time, within a given industry (Norton and Bass 1987, Pae and Lehmann 2003).  The p and q coefficients from academic publications are typically estimated post-hoc, that is, after a particular product innovation has been fully or nearly fully adopted throughout a market.  

Other key estimates that can be made with estimated parameters include the two following.  These expressions have been obtained by taking the first derivatives of the Bass Model and solving for the optimal time to peak sales and size of peak sales:

Time to Peak Sales:
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      Size of Peak Sales: 
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The Bass model with the mean values of p = 0.0063 and q = 0.4282 from Pae and Lehmann (2003) result in the Bass curve that is shown on Exhibit 3.  Note that when q = 0, i.e., there is no imitation, the diffusion curve defaults to the pure innovation curve of Fourt and Woodlock (1960), which is the declining growth exponential model.  The Bass curves in Exhibit 3 are shown with differing values of p and q.  Note that relatively higher values of q will result in an accelerated Bass curve where market saturation is reached faster.  As the sales process continues over time, imitators increase over time relative to innovators whose numbers decrease over time. 

Also, the model defaults to a pure imitative one when p = 0.  Exhibit 3 demonstrates that in this case, the Bass curve has a similar shape as the Fisher-Pry imitative model.  Note that the Bass curve with innovative and imitative properties embodied in the curve, i.e., when neither p nor q equal 0 reflects both forces affecting market sales projections.

This investigation finds that the Bass Model is the model of choice based on its theoretical characteristics, its widespread use by business sales forecasters, and the exhaustive academic literature that addresses many tests, applications, validity of its theoretical foundations, and its forecast performance.  Finally, the main caveats are discussed then the conclusions follow.  

4. Caveats of the Bass Model
There are a number of assumptions underlying use of the Bass model, which should be considered prior to and during its application.  These include (Mahajan and Wind 1986):

· The size of the potential market of total number of adopters remains constant over time.  This may not be true if the new product gains in popularity either by spawning more competitors than anticipated, for example.

· There is only one product bought per new adopter.  This is clearly not true for frequently repeated purchase products, or those that may break down or need replacement before the end of the product's lifecycle.

· The coefficients of innovation and imitation remain constant over time.  This may not be true if, for example, need or desire for the product suddenly increases midway through the product lifecycle.

· The new product innovation itself does not change over its life cycle.  This would not be the case if the firm introducing the new product updated or improved the product during early stages of its life.

· The innovation's sales are confined to a single geographic area.  This would not be true if, for example, due to the product's success, the firm decided to launch the same product overseas.

· The impact of marketing strategies by the innovator are adequately captured by the model's parameters.  Historical analogies, on which the model's forecasts are based, may not be applicable if, for example, the firm launching the new product supported it with atypically large promotional support or if an aggressive pricing strategy is being deployed.

· There is no seasonality in sales of the new product.

· The application of the model presumes that the statistically-estimated parameters of the model used to develop p and q (involves the estimation of three regression coefficients) are statistically significant.  Otherwise the p and q may not be representative of the true model and may lead to larger sales forecast errors.   The Phase II of the project will discuss the statistical estimation of the Bass curve when historic sales data are available.  

 5.  Conclusions

This investigation has involved the analysis and research of the major S-curve models, sometimes known as diffusion curves, to make a recommendation on which model(s) to use for product sales and revenue forecasting.  Each and every “S” or logistical model type has not been reviewed as there are many models that have been proliferated in the sales forecasting literature, all addressing (or claiming to address) some unique property of a product sales forecast. This investigation searched for the model that has received the most attention in terms of research, testing, application, and ability to understand and apply.  The choice of the “best” model depends on many characteristics, many of which have not been discussed in this report.  Although the focus is narrowed to the Bass curve, there are many dimensions for choosing the most appropriate values of p and q. One example that can impact p and q is what type of countries the firm is targeting its product.  These will certainly be different for emerging economies v. mature economies.  The market size and first year sales must also be estimated as model inputs in the absence of sales data.  The purpose of the focus on S-curves is to obtain a systematic sales forecasting methodology based on marketing, economic, and statistical theory, analysis, research, and practice.  There are many simple and complex forecasting methods that are ad hoc and are not based on any systematic approach to understanding and modeling the structure of a market.  Although the diffusion curve literature is no panacea for sales and revenue forecasting issues, it is based on sound marketing, mathematics, economics, and statistical principles.  Additionally, it has stood the test of time and application as it has performed well in predicting the pattern of new product sales for many products going back to the 1960’s.  It is always better to have more information and well-developed,  systematic methods for obtaining the most accurate forecast possible.  
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						4		0.0063		0.4282		1		0.0659543753		0.0236488513

						5		0.0063		0.4282		1		0.0986333776		0.0326790022

						6		0.0063		0.4282		1		0.1430024277		0.0443690501

						7		0.0063		0.4282		1		0.2017795081		0.0587770804

						8		0.0063		0.4282		1		0.2770473434		0.0752678353

						9		0.0063		0.4282		1		0.3691124261		0.0920650827

						10		0.0063		0.4282		1		0.4751266934		0.1060142673

						11		0.0063		0.4282		1		0.588211774		0.1130850806

						12		0.0063		0.4282		1		0.6982298141		0.11001804

						13		0.0063		0.4282		1		0.7947536697		0.0965238557

						14		0.0063		0.4282		1		0.8709017711		0.0761481014

						15		0.0063		0.4282		1		0.9253451005		0.0544433294

						16		0.0063		0.4282		1		0.9612258183		0.0358807178

						17		0.0063		0.4282		1		0.9834851511		0.0222593328

						18		0.0063		0.4282		1		0.996740022		0.0132548709

						19		0.0063		0.4282		1		1.0044313939		0.0076913719

						20		0.0063		0.4282		1		1.0088254624		0.0043940685

								p		q		m		n		Q

								0		0.7		1		0.005		0

						1		0		0.7		1		0.0084825		0.0034825

						2		0		0.7		1		0.014369883		0.005887383

						3		0		0.7		1		0.0242842557		0.0099143726

						4		0		0.7		1		0.0408704271		0.0165861714

						5		0		0.7		1		0.0683104518		0.0274400247

						6		0		0.7		1		0.1128613456		0.0445508938

						7		0		0.7		1		0.1829479092		0.0700865636

						8		0		0.7		1		0.2875824894		0.1046345802

						9		0		0.7		1		0.4309976503		0.1434151608

						10		0		0.7		1		0.6026647233		0.171667073

						11		0		0.7		1		0.7702866915		0.1676219682

						12		0		0.7		1		0.8941482646		0.1238615731

						13		0		0.7		1		0.9604012664		0.0662530019

						14		0		0.7		1		0.9870227381		0.0266214717

						15		0		0.7		1		0.9959889349		0.0089661968

						16		0		0.7		1		0.9987854184		0.0027964835

						17		0		0.7		1		0.9996345929		0.0008491745

						18		0		0.7		1		0.9998902844		0.0002556915

						19		0		0.7		1		0.9999670769		0.0000767925

						20		0		0.7		7		0.9999901223		0.0000230454

								p		q		m		n		Q

								0.1		0		1		0.005		0

						1		0.1		0		1		0.105		0.1

						2		0.1		0		1		0.205		0.1

						3		0.1		0		1		0.305		0.1

						4		0.1		0		1		0.405		0.1

						5		0.1		0		1		0.505		0.1

						6		0.1		0		1		0.605		0.1

						7		0.1		0		1		0.705		0.1

						8		0.1		0		1		0.805		0.1

						9		0.1		0		1		0.905		0.1

						10		0.1		0		1		1.005		0.1

						11		0.1		0		1		1.105		0.1

						12		0.1		0		1		1.205		0.1

						13		0.1		0		1		1.305		0.1

						14		0.1		0		1		1.405		0.1

						15		0.1		0		1		1.505		0.1

						16		0.1		0		1		1.605		0.1

						17		0.1		0		1		1.705		0.1

						18		0.1		0		1		1.805		0.1

						19		0.1		0		1		1.905		0.1

						20		0.1		0		7		2.005		0.1





Sheet1

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0

		0		0



p = 0 and q = 0.7

p = 0.0063 and q = 0.4282

Time

Market Saturation



Sheet2

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



p = 0.0063 and q = 0.4282

Time

Market Penetration



Sheet3

		





		






_1419060991.xls
Chart1

		0.005

		0.013430295

		0.0254039117

		0.042305524

		0.0659543753

		0.0986333776

		0.1430024277

		0.2017795081

		0.2770473434

		0.3691124261

		0.4751266934

		0.588211774

		0.6982298141

		0.7947536697

		0.8709017711

		0.9253451005

		0.9612258183

		0.9834851511

		0.996740022

		1.0044313939

		1.0088254624



Bass Model: p = 0.0063 and q = 0.4282

Time

Market Saturation



Sheet1

								Bass Example Model

								p and q from Pae and Lehmann (2003)

								p		q		m		n		Q

								0.0063		0.4282		1		0.005		0

						1		0.0063		0.4282		1		0.013430295		0.008430295

						2		0.0063		0.4282		1		0.0254039117		0.0119736167

						3		0.0063		0.4282		1		0.042305524		0.0169016124

						4		0.0063		0.4282		1		0.0659543753		0.0236488513

						5		0.0063		0.4282		1		0.0986333776		0.0326790022

						6		0.0063		0.4282		1		0.1430024277		0.0443690501

						7		0.0063		0.4282		1		0.2017795081		0.0587770804

						8		0.0063		0.4282		1		0.2770473434		0.0752678353

						9		0.0063		0.4282		1		0.3691124261		0.0920650827

						10		0.0063		0.4282		1		0.4751266934		0.1060142673

						11		0.0063		0.4282		1		0.588211774		0.1130850806

						12		0.0063		0.4282		1		0.6982298141		0.11001804

						13		0.0063		0.4282		1		0.7947536697		0.0965238557

						14		0.0063		0.4282		1		0.8709017711		0.0761481014

						15		0.0063		0.4282		1		0.9253451005		0.0544433294

						16		0.0063		0.4282		1		0.9612258183		0.0358807178

						17		0.0063		0.4282		1		0.9834851511		0.0222593328

						18		0.0063		0.4282		1		0.996740022		0.0132548709

						19		0.0063		0.4282		1		1.0044313939		0.0076913719

						20		0.0063		0.4282		1		1.0088254624		0.0043940685

								Bass Example Model II

								p		q		m		n		Q

								0		0.9		1		0.005		0

						1		0		0.9		1		0.0094775		0.0044775

						2		0		0.9		1		0.0179264093		0.0084489093

						3		0		0.9		1		0.0337709571		0.0158445478

						4		0		0.9		1		0.0631383887		0.0293674316

						5		0		0.9		1		0.1163751281		0.0532367394

						6		0		0.9		1		0.20892389		0.0925487619

						7		0		0.9		1		0.3576711183		0.1487472284

						8		0		0.9		1		0.5644393589		0.2067682405

						9		0		0.9		1		0.785702171		0.2212628121

						10		0		0.9		1		0.9372390135		0.1515368425

						11		0		0.9		1		0.9901788541		0.0529398405

						12		0		0.9		1		0.998931076		0.0087522219

						13		0		0.9		1		0.9998920793		0.0009610033

						14		0		0.9		1		0.9999891974		0.0000971182

						15		0		0.9		1		0.9999989196		0.0000097222

						16		0		0.9		1		0.999999892		0.0000009723

						17		0		0.9		1		0.9999999892		0.0000000972

						18		0		0.9		1		0.9999999989		0.0000000097

						19		0		0.9		1		0.9999999999		0.000000001

						20		0		0.9		7		1		0.0000000001

								Bass Example Model III

								p		q		m		n		Q

								0.1		0		1		0.005		0

						1		0.1		0		1		0.1045		0.0995

						2		0.1		0		1		0.19405		0.08955

						3		0.1		0		1		0.274645		0.080595

						4		0.1		0		1		0.3471805		0.0725355

						5		0.1		0		1		0.41246245		0.06528195

						6		0.1		0		1		0.471216205		0.058753755

						7		0.1		0		1		0.5240945845		0.0528783795

						8		0.1		0		1		0.571685126		0.0475905415

						9		0.1		0		1		0.6145166134		0.0428314874

						10		0.1		0		1		0.6530649521		0.0385483387

						11		0.1		0		1		0.6877584569		0.0346935048

						12		0.1		0		1		0.7189826112		0.0312241543

						13		0.1		0		1		0.7470843501		0.0281017389

						14		0.1		0		1		0.7723759151		0.025291565

						15		0.1		0		1		0.7951383236		0.0227624085

						16		0.1		0		1		0.8156244912		0.0204861676

						17		0.1		0		1		0.8340620421		0.0184375509

						18		0.1		0		1		0.8506558379		0.0165937958

						19		0.1		0		1		0.8655902541		0.0149344162

						20		0.1		0		1		0.8790312287		0.0134409746

								Fourt and Woodlock Curve Hypothetical Curve

								r		M		ft		Sum(ft)		Ratio

						1		0.1		0.5		0.05		0.05		0.1

						2		0.1		0.5		0.045		0.095		0.19

						3		0.1		0.5		0.0405		0.1355		0.271

						4		0.1		0.5		0.03645		0.17195		0.3439

						5		0.1		0.5		0.032805		0.204755		0.40951

						6		0.1		0.5		0.0295245		0.2342795		0.468559

						7		0.1		0.5		0.02657205		0.26085155		0.5217031

						8		0.1		0.5		0.023914845		0.284766395		0.56953279

						9		0.1		0.5		0.0215233605		0.3062897555		0.612579511

						10		0.1		0.5		0.0193710244		0.3256607799		0.6513215599

						11		0.1		0.5		0.017433922		0.343094702		0.6861894039

						12		0.1		0.5		0.0156905298		0.3587852318		0.7175704635

						13		0.1		0.5		0.0141214768		0.3729067086		0.7458134172

						14		0.1		0.5		0.0127093291		0.3856160377		0.7712320755

						15		0.1		0.5		0.0114383962		0.397054434		0.7941088679

						16		0.1		0.5		0.0102945566		0.4073489906		0.8146979811

						17		0.1		0.5		0.0092651009		0.4166140915		0.833228183

						18		0.1		0.5		0.0083385908		0.4249526824		0.8499053647

						19		0.1		0.5		0.0075047318		0.4324574141		0.8649148282

						20		0.1		0.5		0.0067542586		0.4392116727		0.8784233454

								Fisher-Pry Example Model

								b		to		ft

						1		0.5		8		0.0293122308

						2		0.5		8		0.0474258732

						3		0.5		8		0.07585818

						4		0.5		8		0.119202922

						5		0.5		8		0.1824255238

						6		0.5		8		0.2689414214

						7		0.5		8		0.3775406688

						8		0.5		8		0.5

						9		0.5		8		0.6224593312

						10		0.5		8		0.7310585786

						11		0.5		8		0.8175744762

						12		0.5		8		0.880797078

						13		0.5		8		0.92414182

						14		0.5		8		0.9525741268

						15		0.5		8		0.9706877692

						16		0.5		8		0.98201379

						17		0.5		8		0.9890130574

						18		0.5		8		0.9933071491

						19		0.5		8		0.9959298623

						20		0.5		8		0.9975273768
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Sheet1

								Bass Example Model

								p and q from Pae and Lehmann (2003)

								p		q		m		n		Q

								0.0063		0.4282		1		0.005		0

						1		0.0063		0.4282		1		0.013430295		0.008430295

						2		0.0063		0.4282		1		0.0254039117		0.0119736167

						3		0.0063		0.4282		1		0.042305524		0.0169016124

						4		0.0063		0.4282		1		0.0659543753		0.0236488513

						5		0.0063		0.4282		1		0.0986333776		0.0326790022

						6		0.0063		0.4282		1		0.1430024277		0.0443690501

						7		0.0063		0.4282		1		0.2017795081		0.0587770804

						8		0.0063		0.4282		1		0.2770473434		0.0752678353

						9		0.0063		0.4282		1		0.3691124261		0.0920650827

						10		0.0063		0.4282		1		0.4751266934		0.1060142673

						11		0.0063		0.4282		1		0.588211774		0.1130850806

						12		0.0063		0.4282		1		0.6982298141		0.11001804

						13		0.0063		0.4282		1		0.7947536697		0.0965238557

						14		0.0063		0.4282		1		0.8709017711		0.0761481014

						15		0.0063		0.4282		1		0.9253451005		0.0544433294

						16		0.0063		0.4282		1		0.9612258183		0.0358807178

						17		0.0063		0.4282		1		0.9834851511		0.0222593328

						18		0.0063		0.4282		1		0.996740022		0.0132548709

						19		0.0063		0.4282		1		1.0044313939		0.0076913719

						20		0.0063		0.4282		1		1.0088254624		0.0043940685

								Bass Example Model II

								p		q		m		n		Q

								0		0.9		1		0.005		0

						1		0		0.9		1		0.0094775		0.0044775

						2		0		0.9		1		0.0179264093		0.0084489093

						3		0		0.9		1		0.0337709571		0.0158445478

						4		0		0.9		1		0.0631383887		0.0293674316

						5		0		0.9		1		0.1163751281		0.0532367394

						6		0		0.9		1		0.20892389		0.0925487619

						7		0		0.9		1		0.3576711183		0.1487472284

						8		0		0.9		1		0.5644393589		0.2067682405

						9		0		0.9		1		0.785702171		0.2212628121

						10		0		0.9		1		0.9372390135		0.1515368425

						11		0		0.9		1		0.9901788541		0.0529398405

						12		0		0.9		1		0.998931076		0.0087522219

						13		0		0.9		1		0.9998920793		0.0009610033

						14		0		0.9		1		0.9999891974		0.0000971182

						15		0		0.9		1		0.9999989196		0.0000097222

						16		0		0.9		1		0.999999892		0.0000009723

						17		0		0.9		1		0.9999999892		0.0000000972

						18		0		0.9		1		0.9999999989		0.0000000097

						19		0		0.9		1		0.9999999999		0.000000001

						20		0		0.9		7		1		0.0000000001

								Bass Example Model III

								p		q		m		n		Q

								0.1		0		1		0.005		0

						1		0.1		0		1		0.1045		0.0995

						2		0.1		0		1		0.19405		0.08955

						3		0.1		0		1		0.274645		0.080595

						4		0.1		0		1		0.3471805		0.0725355

						5		0.1		0		1		0.41246245		0.06528195

						6		0.1		0		1		0.471216205		0.058753755

						7		0.1		0		1		0.5240945845		0.0528783795

						8		0.1		0		1		0.571685126		0.0475905415

						9		0.1		0		1		0.6145166134		0.0428314874

						10		0.1		0		1		0.6530649521		0.0385483387

						11		0.1		0		1		0.6877584569		0.0346935048

						12		0.1		0		1		0.7189826112		0.0312241543

						13		0.1		0		1		0.7470843501		0.0281017389

						14		0.1		0		1		0.7723759151		0.025291565

						15		0.1		0		1		0.7951383236		0.0227624085

						16		0.1		0		1		0.8156244912		0.0204861676

						17		0.1		0		1		0.8340620421		0.0184375509

						18		0.1		0		1		0.8506558379		0.0165937958

						19		0.1		0		1		0.8655902541		0.0149344162

						20		0.1		0		1		0.8790312287		0.0134409746

								Fourt and Woodlock Curve Hypothetical Curve

								r		M		ft		Sum(ft)		Ratio

						1		0.1		0.5		0.05		0.05		0.1

						2		0.1		0.5		0.045		0.095		0.19

						3		0.1		0.5		0.0405		0.1355		0.271

						4		0.1		0.5		0.03645		0.17195		0.3439

						5		0.1		0.5		0.032805		0.204755		0.40951

						6		0.1		0.5		0.0295245		0.2342795		0.468559

						7		0.1		0.5		0.02657205		0.26085155		0.5217031

						8		0.1		0.5		0.023914845		0.284766395		0.56953279

						9		0.1		0.5		0.0215233605		0.3062897555		0.612579511

						10		0.1		0.5		0.0193710244		0.3256607799		0.6513215599

						11		0.1		0.5		0.017433922		0.343094702		0.6861894039

						12		0.1		0.5		0.0156905298		0.3587852318		0.7175704635

						13		0.1		0.5		0.0141214768		0.3729067086		0.7458134172

						14		0.1		0.5		0.0127093291		0.3856160377		0.7712320755

						15		0.1		0.5		0.0114383962		0.397054434		0.7941088679

						16		0.1		0.5		0.0102945566		0.4073489906		0.8146979811

						17		0.1		0.5		0.0092651009		0.4166140915		0.833228183

						18		0.1		0.5		0.0083385908		0.4249526824		0.8499053647

						19		0.1		0.5		0.0075047318		0.4324574141		0.8649148282

						20		0.1		0.5		0.0067542586		0.4392116727		0.8784233454

								Fisher-Pry Example Model

								b		to		ft

						1		0.5		8		0.0293122308

						2		0.5		8		0.0474258732

						3		0.5		8		0.07585818

						4		0.5		8		0.119202922

						5		0.5		8		0.1824255238

						6		0.5		8		0.2689414214

						7		0.5		8		0.3775406688

						8		0.5		8		0.5

						9		0.5		8		0.6224593312

						10		0.5		8		0.7310585786

						11		0.5		8		0.8175744762

						12		0.5		8		0.880797078

						13		0.5		8		0.92414182

						14		0.5		8		0.9525741268

						15		0.5		8		0.9706877692

						16		0.5		8		0.98201379

						17		0.5		8		0.9890130574

						18		0.5		8		0.9933071491

						19		0.5		8		0.9959298623

						20		0.5		8		0.9975273768
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