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Example. Prove the following. If k is a positive integer and T is a full binary tree with
k internal vertices then T has a total of 2k + 1 vertices and has k + 1 leaves.

Solution. Suppose T is a full binary tree with k internal vertices. Observe that the set
of all vertices of T can be partitioned into two disjoint subsets: the set of all vertices in T

that have a parent and the set of vertcies in T that do not have a parent. The root of T is
the only vertex in T that does not have a parent. Also, every internal vertex of a full binary
tree has exactly two children. Thus, the total number of children of all internal vertices
equals 2k. This is also the number of vertices that have a parent. Adding one for the root
to this number gives us the total number of vertices in T to be 2k + 1.

Also, the total number of vertices in T is the sum of the number of internal vertices in T

and the number of leaves in T . Hence, the number of leaves in T equals 2k+1− k = k+1.

Example. Any binary tree of height at most h has at most 2h leaves.

Solution. We will prove the claim by doing induction on h. Let P (h) be the property
that a binary tree of height at most h has at most 2h leaves.

Base Case: P (0) is clearly true as there is only one tree of height at most zero. This tree
has only one vertex which is a leaf. This equals 20 = 1.
Induction Hypothesis: Assume that P (j) is true for all j such that 0 ≤ j ≤ k.
Induction Step: We want to prove that P (k+1) is true. Consider any binary tree T having
height at most k + 1, and root r. Since we have already proven the claim for trees with
height zero in the base case, we will assume that the height of T is at least one. The root
r has at least one and at most two children. Each subtree rooted at a child of r is a rooted
binary tree of height at most k. By induction hypothesis, the number of leaves in these
subtrees is at most 2k. Since r has at most two subtrees rooted at its children, the total
number of leaves in T is at most 2×2k = 2k+1. This proves that P (k+1) is true and hence
completes the proof.

Eulerian and Hamiltonian Graphs

An Eulerian circuit is a closed walk in which each edge appears exactly once. A graph is
Eulerian if it contains an Eulerian circuit. A Hamiltonian circuit is a closed walk in which
each vertex appears exactly once. A graph is Hamiltonian if it contains a Hamiltonian
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circuit.

To determine whether a graph is Hamiltonian or not is significantly harder than determining
whether a graph is Eulerian or not. In this class we study the characterization of Eulerian
graphs.

Example. If δ(G) ≥ 2 then G contains a cycle.

Solution. Let P be a longest path (actually, any maximal path suffices) in G and let u

be an endpoint of P . Since P cannot be extended, every neighbor of u is a vertex in P .
Since deg(u) ≥ 2, u has a neighbor v ∈ P via an edge that is not in P . The edge {u, v}
completes the cycle with the portion of P from v to u.

Example. Prove that a connected graph G is Eulerian iff every vertex in G has even
degree.

Solution. Necessity: To prove that “if G is Eulerian then every vertex in G has even
degree”. Let C denote the Eulerian circuit in G. Each passage of C through a vertex uses
two incident edges and the first edge is paired with the last at the first vertex. Hence every
vertex has even degree.

Sufficiency: To prove that “if every vertex in G has even degree then G is Eulerian”. We
will prove this using induction on the number of edges, m.
Base Case: m = 0. In this case G has only one vertex and that itself forms a Eulerian
circuit.
Induction Hypothesis: Assume that the property holds for any graph G with n vertices and
j edges, for all j such that n− 1 ≤ j ≤ k.
Induction Step: We want to prove that the property holds when G has n vertices and k+1
edges. Since G has at least one edge and because G is connected and every vertex of G has
even degree, δ(G) ≥ 2. From the result of the previous problem, G contains a cycle, say C.
Let G′ be the graph obtained from G by removing the edges in E(C). Since C has either
0 or 2 edges at every vertex of G, each vertex in G′ also has even degree. However, G′

may not be connected. By induction hypothesis, each connected component of G′ has an
Eulerian circuit. We can now construct an Eulerian circuit of G as follows. Traverse C, but
when a component of G′ is entered for the first time, we detour along the Eulerian circuit
of that component. The circuit ends at the vertex where we began the detour. When we
complete the traversal of C, we have completed an Eulerian circuit of G.

Alternative Proof for the Sufficiency Condition: Let G be a graph with all degrees
even and let

W = v0e0 . . . el−1vl

be the longest walk in G using no edge more than once. Since W cannot be extended all
edges incident on vl are part of W . Since all vertices in G have even degree it must be that
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vl = v0. Thus W is a closed walk. If W is Eulerian then we are done. Otherwise, there
must be an edge in E[G] \ E[W ] that is incident on some vertex in W . Let this edge be
e = {u, vi}. Then the walk

ueviei . . . el−1vle0v0e1 . . . ei−1vi

is longer than W , a contradiction.

Graph Coloring

Consider the following scenario. There are n courses for which final exams need to be
scheduled. Each exam needs a two hour slot. Since each student may be in more than one
course, the exams need to be scheduled such that two courses that have common students
don’t have their final exams at the same time. The objective is to find minimum number
of time slots that would be required to schedule all the exams.

A graph is k-colorable if each vertex can be colored using one of the k colors so that adjacent
vertices are colored using different colors. The chromatic number of a graph G, χ(G), is the
smallest value of k for which G is k-colorable. Note that every bipartite graph is 2-colorable.

The problem of scheduling exams can be modeled as a graph coloring problem. Construct
a graph in which there is a vertex for each course and two vertices u and v are connected
by an edge if there is a student who is taking both the courses corresponding to u and v.
The chromatic number of the graph will provide the required solution to the problem.

Finding the chromatic number of a graph “quickly” is a very hard problem. Even finding
a reasonable approximate solution is very hard!!


