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Strong Induction.

For any property P , if P (0) and ∀n ∈ N,P (0) ∧ P (1) ∧ P (2) · ∧P (n) → P (n + 1), then
∀n ∈ N,P (n).

Example. Prove that if n is an integer greater than 1 then n can be written as a product
of primes.

Solution. Let P (n) be “n can be written as a product of primes”.
Base Case: We want to show that P (2) is true. This is clearly true as 2 = 2 × 1, both of
which are prime.
Induction Hypothesis: Assume that P (j) is true for 1 < j ≤ k.
Induction Step: We want to show that P (k + 1) is true.
Case I: k + 1 is prime. In this case we are done.
Case II: k + 1 is composite. Then,

k + 1 = a× b, for some a and b s.t. 2 ≤ a ≤ b < k + 1

By induction hypothesis, both a and b can be written as a product of primes. Thus, if
k + 1 is composite then it can be written as a product of primes, namely those primes in
the factorization of a and those in the factorization of b.

We will do a couple of proofs that use strong induction before we move on to graphs.

Example. Prove that, for any positive integer n, if x1, x2, . . . , xn are n distinct real
numbers, then no matter how the parenthesis are inserted into their product, the number
of multiplications used to compute the product is n− 1.

Solution. Let P (n) be the property that “If x1, x2, . . . , xn are n distinct real numbers,
then no matter how the parentheses are inserted into their product, the number of multi-
plications used to compute the product is n− 1”.
Base Case: P (1) is true, since x1 is computed using 0 multiplications.
Induction Hypothesis: Assume that P (j) is true for all j such that 1 ≤ j ≤ k.
Induction Step: We want to prove P (k + 1). Consider the product of k + 1 distinct fac-
tors, x1, x2, . . . , xk+1. When parentheses are inserted in order to compute the product of
factors, some multiplication must be the final one. Consider the two terms, of this final
multiplication. Each one is a product of at most k factors. Suppose the first and the second
term in the final multiplication contain fk and sk factors. Clearly, 1 ≤ fk, sk ≤ k. Thus,
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by induction hypothesis, the number of multiplications to obtain the first term of the final
multiplication is fk − 1 and the number of multiplications to obtain the second term of the
final multiplication is sk − 1. It follows that the number of multiplications to compute the
product of x1, x2, . . . , xk, xk+1 is

(fk − 1) + (sk − 1) + 1 = fk + sk − 1 = k + 1− 1 = k

Example. The game of NIM is played as follows: Some positive number of sticks are
placed on the ground. Two players take turns, removing one, two or three sticks. The
players to remove the last stick loses.

A winning strategy is a rule for how many sticks to remove when there are n left. Prove
that the first player has a winning strategy iff the number of sticks, n, is not 4k+1 for any
k ∈ N .

Solution. We will show that if n = 4k + 1 then player 2 has a strategy that will force a
win for him, otherwise, player 1 has a strategy that will force a win for him.

Let P (n) be the property that if n = 4k+1 for some k ∈ N then the first player loses, and
if n = 4k, 4k + 2, or 4k + 3, the first player wins. This exhausts all possible cases for n.
Base Case: P (1) is true. The first player has no choice but to remove one stick and lose.
Induction Hypothesis: Assume that P (j) is true for all j such that 1 ≤ j ≤ z.
Induction Step: We want to prove P (z + 1). We consider the following four cases.
Case I: z + 1 = 4k + 1, for some k. We have already handled the base case, so we can
assume that z + 1 ≥ 5. Consider what the first player might do to win: he can remove 1,
2, or 3 sticks. If he removes one stick then the remaining number of sticks n = 4k. By
strong induction, the player who plays at this point has a winning strategy. So the player
who played first loses. Similarly, if the first player removes two sticks or three sticks, the
remaining number of sticks is 4(k − 1) + 3 and 4(k − 1) + 2 respectively. Again, the first
player loses (using induction hypothesis). Thus, in this case, the first player loses regardless
of what move he/she makes.
Case II: z + 1 = 4k, or z + 1 = 4k + 2, or z + 1 = 4k + 3. If the first player removes three
sticks in the first case, one stick in the second case, and two sticks in the third case then
the second player sees 4(k− 1)+ 1 sticks in the first case and 4k+1 sticks in the other two
cases. By induction hypothesis, in each case the second player loses.

Graphs

A graph consists of two sets, a non-empty set, V , of vertices or nodes, and a possibly
empty set, E, of 2-element subsets of V . Such is graph is denoted by G = (V,E). Each
element of E is called an edge. We say that an edge {u, v} ∈ E connects vertices u and
v. Two nodes u and v are adjacent if {u, v} ∈ E. Nodes adjacent to a vertex u are called
neighbors of u. The number of neighbors of a vertex v is called the degree of v and is
denoted by deg(v). The value δ(G) = minv∈V {deg(v)} is the minimum degree of G, the
value ∆(G) = maxv∈V {deg(v)} is the maximum degree of G. An edge that connects a node
to itself is called a loop and multiple edges between the same pair of nodes are called parallel
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edges. Graphs without loops and parallel edges are called simple graphs, otherwise they
are called multigraphs. Unless specified otherwise, we will only deal with simple graphs.


