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Coupon Collector’s Problem.

We are trying to collect n different coupons that can be obtained by buying cereal boxes.
The objective is to collect at least one coupon of each of the n types. Assume that each
cereal box contains exactly one coupon and any of the n coupons is equally likely to occur.
How many cereal boxes do we expect to buy to collect at least one coupon of each type?

Solution. Let the random variable X denote the number of cereal boxes bought until we
have at least one coupon of each type. We want to compute E[X]. Let X; be the random
variable denoting the number of boxes bought to get the ith new coupon. Clearly,

X:Xl—l-XQ—l-Xg—l-...—l-Xn
Using the linearity of expectation we have
E[X]| = E[X1] + E[X2] + E[X3] + ... + E[X,)] (1)

What is the distribution of random variable X;? Observe that the probability of obtaining
the ith new coupon is given by

n—(G—-1 n—i+1
pi = =
n n

Thus the random variable X;,1 < i <n is a geometric random variable with parameter p;.

1 n
E[Xi]:f:_i.
pi mn—i+1

Combining this with equation (1) we get

n

1

E[X]:E+ n + n +...+g+%:ng H
i=1

The summation Y; ; 1 is known as the harmonic number H(n) and H(n) = Inn + ¢, for
some constant ¢ < 1.

Hence the expected number of boxes needed to collect n coupons is about nH (n) < n(lnn+
1).
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Introduction to Logic
A proposition is a statement that is either true or false. For example, “2 + 2 = 4” and
“Donald Knuth is a faculty at Rutgers-Camden” are propositions, whereas “What time is

it?”, 22 < & + 40 are not propositions.

We can construct compound propositions from simpler propositions by using some of the
following connectives. Let p and ¢ be arbitrary propositions.

Negation: p (read as “not p”) is the proposition that is true when p is false and vice-versa.

Conjunction: p A ¢ (read as “p and ¢”) is the proposition that is true when both p and ¢
are true.

Disjunction: pV ¢ (read as “p or ¢”) is the proposition that is true when at least one of
p or q is true.

Exclusive Or: p @ g (read as “p exclusive-or ¢”) is the proposition that is true when
exactly one of p and ¢ is true is false otherwise.

Implication: p — ¢ (read as “p implies ¢”) is the proposition that is false when p is true
and q is false and is true otherwise.

The implication ¢ — p is called the converse of the implication p — ¢. The implication
—p — —q is called the inverse of p — ¢. The implication ~¢ — —p is the contrapositive of

p — q. p only if ¢ means “if not q then not p”, or equivalently if p then q.

Biconditional: p <> ¢ (read as “p if, and only if, ¢”) is the proposition that is true if p and ¢
have the same truth values and is false otherwise. “If and only if” is often abbreviated as iff.

The following truth table makes the above definitions precise.

plqg|l v |pAg|pVe|pDq|p—=q|a—=p|pirg
T|IT|F| T T F T T T
T|F|F| F T T F T F
F|T| T| F T T T F F
F|IF|T| F F F T T T

Necessary and Sufficient Conditions: For propositions p and ¢,

p is a sufficient condition for ¢ means that p — q.
p is a necessary condition for ¢ means that —p — —q, or equivalently ¢ — p.

Thus p is a necessary and sufficient condition for ¢ means “p iff ¢”.
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Logical Equivalence

Two compound propositions are logically equivalent if they always have the same truth
value. Two statement p and g can be proved to be logically equivalent either with the aid
of truth tables or using a sequence of previously derived logically equivalent statements.

Example. Show thatp —>g=-pVqg=-q— —p.

Solution. The truth table below proves the above equivalence.

Plqg| | q|pP—=q| pVqg|qg— P
T|T| F | F T T T
T F|F|T F F F
F|T|T]|F T T T
F|F|T| T T T T

Example. Show that p=-p — C.

pl-p|C|-p—>C
T|F |F T
F| T|F F

The above equivalence forms the basis of proofs by contradiction.

Arguments By Contradiction

Suppose p is some proposition whose truth we want to deduce. In proof by contradiction,
we suppose that p is false and show that this assumption leads logically to a contradiction.
In other words, we will show that the premise —=p — C' leads to the conclusion p. We verify
this from the truth table given below.

pl-p|C|—-p—=C
T|F |F T
F| T|F F

The logic of Quantified Statements

Consider the statement = < 15. We can denote such a statement by P(z), where P denotes
the predicate “is less than 15”7 and z is the variable. This statement P(x) becomes a
proposition when x is assigned a value. In the above example, P(8) is true while P(18) is
false.

Another way to convert the statement P(z) into a proposition is through quantifica-
tion. The two types of quantification that we will study are universal quantification and
existential quantification. Using universal quantifier V (“for all”) alongside P(z) means
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that the statement P(z) is true for all elements in the domain of x. Thus the proposition
Vx € D, P(x) is true when P(x) is true for all z € D and is false if there is an element
a2’ € D for which P(2') is false. Using existential quantifier 3 (“there exists”) alongside
P(z) means that there exists an element in the domain of x for which P(z) is true. Thus
the proposition 3z € D, P(x) is true if there is an 2’ € D for which P(z) is true and is
false if P(z) is false for all € D.

Examples of propositions using quatifiers are as follows.

Vo € Z,x3 + 1 is composite.
Vo € Z,x is even — x + 1 is odd.
Jr € N,z2 # z.

dz € Z,2|x and 2|z + 1.
VeeZIyeZ,x+y=0.

Jx e ZNy e Z,xz > y.

S Gl W=

Sometimes it helps (in proofs) to consider the negation of a proposition. Verify the following
equivalence.

-(Vx € D,P(x)) = 3z € D,~P(x)
—(3z € D,P(x)) = Vze D,-P(x)



