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Abstract

The input for the radio broadcast problem is an undirected n-vertex graph G and

a source node s. The goal is to send a message from s to the rest of the vertices in

minimum number of rounds. In a round, a vertex receives the message only if exactly

one of its neighbors transmits. The radio broadcast problem admits an O(log2 n)

approximation [10, 22].

In this paper we consider the additive approximation ratio of the problem. We

prove that there exists a constant c so that the problem can not be approximated

within an additive term of c log2 n, unless NP ⊆ BTIME(nO(log logn)).
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1 Introduction

1.1 The Radio Broadcast Problem

1.1.1 Definition and Motivation

Consider a synchronous network of processors that communicate by transmitting messages

to their neighbors, where a processor receives a message in a given step if and only if precisely

one of its neighbors transmit. The instance of the Radio Broadcast problem, called radio

network, is a pair (G = (V,E), s), s ∈ V , where G is an unweighted undirected n-vertex

graph, and s is a vertex, called source. The objective is to deliver one single message that

the source s generates to all the vertices of the graph G using the smallest possible number

of communication rounds. The prescription that tells each vertex when it should broadcast

is called schedule; the length of the schedule is the number of rounds it uses, and it is

called feasible if it informs all the vertices of the graph. From practical perspective, the

interest in radio networks is usually motivated by their military significance, as well as by

the growing importance of cellular and wireless communication (see, e.g., [19, 15, 4]). The

Radio broadcast is perhaps the most important communication primitive in radio networks,

and it is intensively studied starting from mid-eighties [9, 20, 21, 6, 5, 8, 18, 15, 19, 1, 4, 10, 7].

From theoretical perspective, the study of the Radio Broadcast problem provided re-

searchers with a particularly convenient playground for the study of such broad and fun-

damental complexity-theoretic issues as the power and limitations of randomization, and of

different models of distributed computation [4, 19, 21]. In this paper we study the approx-

imation threshold of the Radio Broadcast problem. We believe that our results show that

this problem is of a particular interest from the stand-point of the theory of Hardness of

Approximation as well.

1.1.2 Previous Results

Upper bounds: The first algorithm for the Radio Broadcast problem was devised by

Chlamtac and Weinstein in 1987 [10]. That algorithm, given an instance (G, s) of the

problem, constructs a feasible broadcast schedule of length O(Rad(G , s) · log2 n) where

Rad(G , s) stands for the radius of the instance (G, s), that is, the maximum distance dG(s, v)

in the graph G between the source s and some vertex v ∈ V . Their algorithm is centralized,

i.e., it accepts the entire graph as input.

Soon afterwards Bar-Yehuda et al. [4] devised a distributed randomized algorithm that
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provides feasible schedules of length O(Rad(G , s) · log n + log2 n). Recently [22] a determin-

istic (albeit, centralized) algorithm with the same performance was given by Kowalski and

Pelc. Alon et al. [1] have shown that the additive term of log2 n in the result of [4, 22] is

inevitable, and devised a construction of infinitely many instances (G, s) of constant radius

that satisfy that any broadcast schedule for them requires Ω(log2 n) rounds. Kushilevitz

and Mansour [19] have shown that for distributed algorithms, the multiplicative logarithmic

term in the result of [4] is inevitable as well, and proved that for any distributed algorithm

for the Radio Broadcast problem there exist (infinitely many) instances (G, s) on which the

algorithm constructs a schedule of length Ω(Rad(G , s) · log(n/Rad(G , s))). Finally, the gap

between the log n and log(n/Rad(G, s)) was recently closed by Kowalski and Pelc [21], and

Czumaj and Rytter [9].

Gaber and Mansour [15] devised a centralized algorithm that constructs feasible schedules

of length O(Rad(G , s)+log5 n). In [12] we improved this result providing a schedule of length

Rad(G , s) +O(
√

Rad(G , s) · log2 n) = O(Rad(G , s) + log4 n).

Since, obviously, any schedule for an instance (G, s) requires at least Rad(G , s) rounds,

the algorithms for the Radio Broadcast problem [10, 4, 15, 21, 9, 22] can be interpreted as

approximation algorithms for the problem. In particular, [10, 22] is a deterministic O(log2 n)

approximation algorithm.

Lower bounds: The NP-hardness of the Radio Broadcast problem was shown by Chlamtac

and Kutten [7] already in 1985. In [16] an NP-hardness result is established for solving the

problem on unit disc graphs.

A gap reduction is a reduction that maps an arbitrary NPC problem to the problem at

hand giving some gaps for the optimum values resulting from a yes and a no instance. The

authors of the current paper have shown [12] a gap reduction that maps a yes instance to

a radio broadcast instance that admits a 3 rounds schedule, while a no instance is mapped

into an Ω(log n) schedule. This proves that there exists a constant c > 0 such that the Radio

Broadcast problem cannot be approximated within approximation ratio of c log n unless

NP ⊆ BPTIME(nO(log logn)).

1.2 Our Results

Note that [12, 15] can be considered as an additive approximation algorithms for the problem.

Hence, we study the additive ratio of radio broadcast. We provide a gap reduction that maps

a yes instance to a radio network that admits a schedule of length O(log n), and a no instance
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to a radio network for which any feasible schedule is of length Ω(log2 n). Thus, there exists

some c > 0 so that the radio broadcast problem admits no polynomial additive c log2 n ratio

approximation unless NP ⊆ BPTIME(nO(log logn)). This fully determines the additive

approximation ratio of the problem for graphs with radius at most log n as the result of [22]

implies that for graphs with radius at most log n, there exists a matching additive upper

bound of O(log2 n). We are not aware of any other problem that exhibits a tight additive

polylogarithmic ratio. (See [17, 14] for the only example we are aware of an almost tight

polylogarithmic multiplicative approximation. This example is the Group Steiner problem

on trees.)

Remark: A big challenge seems to be designing a gap reduction that maps a yes instance

to a constant number of rounds schedule and a no instance to a schedule of length Ω(log2 n).

We leave this question open. If such a proof is possible, then the (multiplicative) best

approximation ratio for the problem is log2 n (up to constants) much like the Group Steiner

problem on trees. Alternatively, the challenge is to design an O(log n) ratio approximation

for small radios graphs.

2 Preliminaries

2.1 Definitions and notation

We start with introducing some definitions and notations. In all the notations, we may

eventually omit some parameters, if the meaning can be deduced from the context.

Definition 2.1 The set of neighbors of a vertex v in an unweighted undirected graph G(V,E),

denoted ΓG(v), is the set {u ∈ V | (v, u) ∈ E}. For a subset X ⊆ V , the set of neighbors of

the vertex v in the subset X, denoted ΓG(v,X) is the set {u ∈ X | (v, u) ∈ E}.

Notation 2.2 For a positive integer number n, let [n] denote the set {1, 2, . . . , n}.

Definition 2.3 Let G = (V,E) be an unweighted undirected graph, and R ⊆ V be a subset of

vertices. The set of vertices informed by R, denoted I(R), is I(R) = {v | ∃!x ∈ R s.t. v ∈

ΓG(x)} (the notation ∃!x stands for “there exists a unique x”). For a singleton set R = {x},

I(R) = I({x}) = I(x) = ΓG(x).

A sequence of vertex sets Π = (R1, R2, . . . , Rq), q = 1, 2, . . ., is called a radio broadcast

schedule (henceforth referred as a schedule) if Ri+1 ⊆
⋃i

j=1 I(Rj) for every i = 1, 2, . . . , q− 1.
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Intuitively, this condition means that the vertices that send a message in certain round have

to be informed in one of the previous rounds.

The set of vertices informed by a schedule Π, denoted I(Π), is I(Π) =
⋃

R∈Π I(R).

Given a graph G = (V,E) and a vertex s ∈ V , a schedule Π is feasible with respect to

(G, s) if R1 = {s} and V ⊆ I(Π).

The length of the schedule Π = (R1, R2, . . . , Rq) is |Π| = q.

An instance of the radio broadcast problem G is a pair (Ḡ = (V̄ , Ē), s), where Ḡ is a graph,

and s ∈ V̄ is a vertex. The goal is to compute a feasible schedule Π of minimal length. The

value of an instance G of the radio broadcast problem is the length of the shortest feasible

schedule Π for this instance.

For any schedule Π = (R1, R2, . . . , Rq), the set Ri is called the ith round of Π, i =

1, 2, . . . , q.

2.2 The MIN-REP problem

Definition 2.4 The MIN-REP problem is defined as follows. The input consists of a bipar-

tite graph G = (V1, V2, E). In addition, for j = 1, 2, the input contains a partition Ṽj of Vj

into a disjoint union of subsets, V1 =
⋃

A∈Ṽ1
A, V2 =

⋃

B∈Ṽ2
B. The triple M = (G, Ṽ1, Ṽ2)

is an instance of the MIN-REP problem. The size of the instance is n = |V1| + |V2|. An

instance G as above induces a bipartite super-graph G̃ = (Ṽ1, Ṽ2, Ẽ) in which the sets A and

B of the partition serve as the vertices of the super-graph. The edges of the super-graph are

Ẽ(M) = Ẽ = {(A,B) ∈ Ṽ1 × Ṽ2 | a ∈ A, b ∈ B, (a, b) ∈ E}. In other words, there is a

(super-)edge between a pair of sets A ∈ Ṽ1, B ∈ Ṽ2 if and only if the graph G contains an

edge between a pair of vertices a ∈ A, b ∈ B.

Denote Ṽ = Ṽ1 ∪ Ṽ2. A pair of vertices x1, x2 ∈ V1 ∪ V2 is called a matched pair with

respect to a super-edge ẽ = (A,B) ∈ Ẽ (henceforth, ẽ-m.p.) if (x1, x2) ∈ E and either

x1 ∈ A and x2 ∈ B or vice versa.

A subset C ⊆ V1∪V2 of vertices is said to cover a super-edge ẽ = (A,B) if it contains an

ẽ-m.p. A subset C ⊆ V1∪V2 that satisfies |C∩X| = 1 for every X ∈ Ṽ is called a MAX-cover.

In other words, a MAX-cover C contains exactly one vertex from each super-vertex.

An instance M of the MIN-REP problem is called a yes instance if there exists a MAX-

cover that covers all the super-edges. Such a MAX-cover is called a perfect MAX-cover.

For a positive real number t > 1, an instance M of the MIN-REP problem is called a
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t-no instance if any C that covers at least half of the superedges must pick on average at least

t elements of every A and every B (every C that covers at least half of the superedges has

size at least t times the number of A,B sets).

The maximization version of MIN-REP problem is equivalent to the maximization variant

of the Label-Cover problem (see, e.g., [3]).

The parameters of the MIN-REP instance: We impose several additional (somewhat

less standard) restrictions on the set of instances of the MIN-REP problem. For the rest of

the paper, let n denote the number of vertices in the MIN-REP instance.

1. All the super-vertices X ∈ Ṽ are of size polylogarithmic in n (namely, size at most

(log n)d for some constant d).

2. The number of super-edges is O(n · polylog(n))

3. The Star property: For every super-edge ẽ = (A,B) ∈ Ẽ, A ⊆ V1 and B ⊆ V2

and every vertex b ∈ B there exists exactly one vertex a ∈ A, denoted ẽ(b), such that

(a, b) ∈ E. The set of all vertices b such that ẽ(b) = a for the same vertex a, along

with the vertex a, is called an ẽ-star.

A 1
A 2

A 3 A4

a a’

b

B 1 B2 B 3 B 4

Figure 1: An example of a MIN-REP instance that satisfies the star property. Every pair of

sets (Ai, Bj) in the partition, induces a collection of disjoint stars with heads in A. The vertices

(a, b) form a matching pair that covers the super-edge (A1, B1). The vertices a′, b do not form

a matching pair, and do not cover the super-edge (A1, B1).
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Essentially, the star property means that for every super-edge ẽ = (A,B) ∈ Ẽ, the graph

induced by the subset A ∪ B decomposes into a collection of vertex-disjoint stars (a star is

a graph with all vertices but (maybe) one having degree 1). The vertex with degree larger

than 1 is called the head of the star; if there are only two vertices in the star, then the head

is the vertex that belongs to the super-vertex A. The other vertices of the star are called

the leaves of the star. See Figure 1 for an example of a MIN-REP instance that obeys the

star property.

Theorem 2.5 [2, 24] No deterministic polynomial time algorithm can distinguish between

the YES-instances and the log10 n-no instances of the MIN-REP problem, unless

NP ⊆ DTIME(nO(log logn)), even when the instances of the MIN-REP problem satisfy the

conditions (1)-(3).

3 The construction

3.1 The high-level idea

In [23] a reduction from an arbitrary NPC language to the set-cover problem is given. The

elements of the set-cover instance are grouped into a union of ground sets. In a yes instance,

every ground set M can be covered by two “complementary” sets each covering a disjoint

half of M . In a no instance, every set in the set-cover instance that contains elements of

M (essentially) contains a random half of M and so Ω(log |M |) sets are required to cover

the entire set M . This is used in [11] to design a radio network that admits no schedule of

length o(log n) for a no instance, and a schedule with only a constant number of rounds for

a yes instance.

In [1], another special kind of set-cover is designed. The elements are partitioned to

Θ(log n) ground sets Mj. In this instance, covering uniquely many elements in
⋃

Mj is not

possible (an element is uniquely covered by a collection of sets if it belongs to exactly one set

in the collection). Specifically, if a collection of sets uniquely covers “many” Mj elements,

then it does not uniquely cover many elements of Mq, for any q 6= j. This construction is

used in [1] to design a radio network that, essentially, has to inform the sets Mj “one by one”

while the construction for every Mj is similar to the one from in [23, 11], namely, informing

Mj by itself requires Ω(log n) rounds. Since the number of sets Mj is Θ(log n), a lower bound

of Ω(log2 n) for the length of a feasible schedule follows.

We modify the construction of [1], and add a“trap door” to their construction, using ideas
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of [23]. This trapdoor makes it possible to inform every Mj in 2 rounds. This guarantees

that for a yes instance, a feasible schedule of logarithmic length exists: simply inform Mj

one j after the other. On the other hand, the modification maintains the lower bound of

Ω(log2 n) for a no instance. Hence, we obtain a gap between O(log n) and Ω(log2 n), that is,

an additive gap of Ω(log2 n).

3.2 The construction of [1]

Since our construction relies on that of [1] we briefly sketch their construction.

Definition 3.1 A schedule of at most log2 n/100 rounds is called a short schedule.

Let (X ,Y) be two sets of vertices. Let |X | = n and Y be a disjoint union Y =
⋃

Yj of

sets Yj each containing n7 vertices for 0.4 · log2 n ≤ j ≤ 0.6 · log2 n. Thus, |Y| = Θ(n7 log n).

A vertex x ∈ X and a vertex y ∈ Yj are connected with an edge with probability 1/2j

independently of other edges. In addition, add a source s and connect s to all the vertices of

X . Observe that, by definition, after the first round the set of informed vertices is exactly

{s} ∪ X .

Intuitively, in the above construction any transmitting subset of S ⊆ X helps to inform

only part of the sets Vj. It is not possible to choose a size for S so that all Yj will contain

many vertices informed by S. For a given j, for any set S of size larger than 2j, there may

exist many vertices of Yj having at least two neighbors in S. But if S is much smaller than

2j, then many of the vertices of Yj will not have even a single neighbor in S.

The following elegant lemma formalizes this intuition.

Lemma 3.2 [1] Let Π = (R1, R2, . . . , Rt) be a short (namely, t ≤ log2 n/100) collection of

subsets of X . Then there exists a subset S ⊆ X and an index j, 0.4 · log2 n ≤ j ≤ 0.6 · log2 n

so that:

1. |S| ≤ 2j · log2 n.

2. Let Φ′ = (R′
1, R

′
2, . . .) = Φ \ S. Then for each round R′

q in the schedule, |R′
q| ≥ 2j.

3. Let fk be the number of sets in the schedule with cardinality 2j+k ≤ |R′
j| ≤ 2j+k+1.

Then,
∑

k≥0

fk
2k

≤ log n.
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Indeed, how could a “short” schedule Φ cover Yj? The set S has size 2j, so there is

a non-negligible probability that no vertex in S is connected to a vertex in Yj. (We use

the term non-negligible for a the probability which is at least 1
poly(n)

, where poly(n) is some

polynomial in n.) Thus, the task of covering Yj may be left to Φ′ = (R′
1, R

′
2, . . .) = Φ \ S.

Consider some vertex yj ∈ Yj. Observe that by Item 2 above, each R′
q is of large enough

size to make the probability of R′
q not informing yj non-negligible. Indeed, it is reasonable

to expect that at least two vertices of R′
q will be connected to yj in which case yj does not

get the message in round q. Now, since Yj is “large” (has size n7), with high probability

there will be a vertex that is not going to be informed at any round. The paper of Alon et

al. [1] formally proves this claim along these lines.

3.3 Intuition behind the random permutation step

One of the difficulties in imitating the construction of [23], and combining it with the con-

struction of [1] is as follows. The construction of [1] requires that vertices are connected to

Yj with probability 1/2j . On the other hand, in the construction of [23] some vertices are

connected to one half of the elements in every ground set Mj (see [23] for more details).

Thus, the probability that a and v ∈ Mj are connected is 1/2.

The way we overcome this difficulty is by forming many copies of every vertex x ∈ A∪B.

Consider some super-edge ẽ and the ground sets that correspond to ẽ. Suppose that

M = Mẽ(j) is some ground set that corresponds to ẽ, j (similar to Yj but dedicated to ẽ).

Every copy of a is connected in M to some random subset of size |M |/2j+1. We ensure that

neighbors in M of different a−copies are disjoint, and that 2j copies of a take part in this

process. This implies that altogether the copies of a ∈ A are indeed connected to a half of

M . Let Ma denote this half.

In addition, let (a, b) be an ẽ−matching pair. Then the copies of b are similarly connected

but to Mj \Ma. Thus, the copies of b cover the complementary half of M .

This way we are able on the one hand to control the degrees of copies of a and b (that

is, to make it roughly |M |/2j , as required in [1]), but on the other hand to guarantee that

the copies of a and b cover together disjoint halves of M (as required in [23]).

For the claims in [1] to work we need the neighbors of (copies of) a and b in M to be

random. We use copies of a and b for covering random elements of M as follows. We first

choose a random half of M . Then this random half is arbitrarily split into 2j equal parts.

Then match the 2j copies of a and the 2j parts by a random permutation. The copy of a is

8



connected to all vertices in its matching part. Similar construction is applied for copies of b

on the complementary half.

3.4 The random permutation step: formal definition

For the rest of the paper, let n denote the number of vertices of the MIN-REP graph.

Consider an instance M = (G, Ṽ1, Ṽ2), G = (V1, V2, E) of the MIN-REP problem with

V1 =
⋃

A∈Ṽ1
A, V2 =

⋃

B∈Ṽ2
B. The reduction constructs an instance G = G(M) = (Ḡ, s),

Ḡ = (V̄ , Ē), s ∈ V̄ , of the radio broadcast problem in the following way.

Let N = n0.6. The vertex set V̄ of the graph consists of the source s, and the disjoint

vertex sets V1 and V2.

The vertex set V1 contains N copies of every vertex a or b in V = V1 ∪ V2; the set of all

copies of a vertex x (x = a or x = b) is denoted by cp(x), and cp(x, j) is the subset that

contains the first 2j copies of x.

For a subset X ⊆ V , let cp(X) denote cp(X) =
⋃

x∈X cp(x). Let Ĵ denote the set of

indices {0.4 log n, 0.4 log n+ 1, . . . , 0.6 log n}.

The vertex set V2 is of the form V2 =
⋃

ẽ∈Ẽ Mẽ, where the ground sets Mẽ are disjoint, and

all have equal size. Each ground set Mẽ is a disjoint union of the sets Mẽ(j, q), j ∈ Ĵ , q ∈ [L],

with L = nc0+4, and c0 is an integer positive universal constant that will be determined later.

The sets Mẽ(j, q) are all of equal size M = nc0 , for the same constant c0.

The edge set Ē of the graph Ḡ contains edges that connect the source s to the vertices

of the set V1. We next construct the edge set between the vertices of V1 and V2. Fix

ẽ = (A,B) ∈ Ẽ, and the indices indices j ∈ Ĵ , q ∈ [L].

The random permutation step:

1. For every star head a ∈ A let Ma = Mẽ,a(j, q) be an exact random half of the set

M = Mẽ(j, q).

2. For every vertex b in the star of a set Mb = Mẽ,b(j, q) = M \Ma.

Remark: Steps 1-2 will be referred as the exact partition step.

3. For every vertex a ∈ A, partition the set Ma = Mẽ,a(j, q) arbitrarily into 2j disjoint

subsets of equal size. Randomly permute cp(a, j) (the first 2j copies of a) and connect

the ith copy (in the order determined by the random permutation) of a to the ith part

of Ma.
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4. Similarly, for every vertex b that belongs to the star of a, cover Mb by a random permu-

tation. The random permutations of a and of leaves in the star of a are independent.

See Figure 2 for an illustration of the random permutation step.

Remarks:

1. The parameter q in M = Mẽ(j, q) does not affect the probability of V1 vertices to be

adjacent to Mẽ(j, q). This probability is 1/2j. Unlike [1], many “Yj type” sets are

required. It is important though that if q 6= q′ then different events for Mẽ(j, q) and

Mẽ(j, q
′) are independent.

2. If b and b′ belong to the star of a in ẽ, then Mb = Mb′ = M \Ma. However, the random

permutations of b and b′ are independent, and are likely to be different.

A

b

a

B

G: e=(A,B)

b’ b’’

e~
M (j, q)

cp( a) 
1

cp
2
j (a) cp( b )

cp( b )

1 2j

~

M a Mb

Figure 2: The figure illustrates the random permutation step. The copies of the vertex a cover

an exact half of the vertices of the set Mẽ. The copies of the vertex b cover the complementary

half of the vertices.

Adding dummy vertices: Recall that cp(X) is the set of all copies of X vertices. Cur-

rently, |cp(A)|, |cp(B)| = Õ(n0.6). We need to later use Lemma 3.2 with cp(A) ∪ cp(B)

playing the role of X . For that, we need that |cp(A) ∪ cp(B)| = n (otherwise, it is required

to use the lemma with Θ̃(n0.6) playing the role of n which may be confusing). Add dummy
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vertices to every cp(A) and cp(B) to complete its size to n/2 each. The dummy vertices

have no connection to V2, but are joined to s. Thus, dummy vertices never transmit (do

not belong to any round). This change only affects the constants in the ratio. Thus, we

throughout assume that |cp(A)| = |cp(B)| = n/2 for every A,B.

3.5 The mixing step: intuition and formal definition

Intuitively, we need to build a reduction in which a short schedule for the resulting radio

network necessarily reveals a good solution for the original instance of the MIN-REP problem.

Namely, a round is forced to use copies of many matched pairs, otherwise, the connections

are random in a way similar to [1].

By the construction so far, this goal is not yet achieved because vertices can “coordinate

efforts” even if they do not belong to a matching pair. For example, observe that if b, b′

both belong to the star of a then the copies of b and b′ are connected in Mẽ(j, q) to the same

half (see Figure 2). This half is Mb = Mb′ = Mẽ(j, q) \Mẽ,a(j, q). Even though the random

permutations of b and b′ are independent, inserting both copies of b and b′ into R increases

the probability that no vertex in Mb = Mb′ remains uncovered. Therefore, so far we have

not prevented b and b′ from coordinating efforts.

Thus, we should modify the construction so that copies of b and copies of b′ “hurt each

other”, and consequently, they cannot be used in the same round together to cover many

vertices. This is done by adding some random edges. Copies of a are randomly connected to

the other half of the vertices, namely to the vertices of the setMb = Mb′ = Mẽ(j, q)\Mẽ,a(j, q).

Copies of b are randomly connected to Ma = Mẽ,a(j, q). See Figure 3.

These additional edges prevent a schedule from forming very large rounds. Because if a

round is very large, many elements are covered two times or more. For example, inserting

many copies of b and also many copies of b′ into a round leads to “over-covering” vertices.

Further, the copies of cp(a) \ cp(a, j) pose a problem. So far, they have no edges to

Mẽ(j, q). This would imply that we may add vertices from cp(a) \ cp(a, j) without affecting

Mẽ(j, q), and consequently, it leaves a possibility of forming large big rounds with only a

small number of vertices that are connected to Mẽ(j, q).

Hence, we need to connect every cp(a) \ cp(a, j) vertex to every Mẽ(j, q) vertex with

probability 1/2j .

11



3.6 The mixing step: formal definition

Let j, q, ẽ, ẽ = (A,B) be fixed. Fix some ẽ-star with head a. Let M = Mẽ(j, q). Let Ma be

the set of neighbors of (the copies of) a in M and Mb = M \Ma.

1. For every copy of a in cp(a, j) and every vertex v ∈ Mẽ,b(j, q), add an edge between

those two vertices with probability 1/2j .

2. Similarly, for every copy of b in cp(b, j), and and every vertex v ∈ Ma = Mẽ,a(j, q), add

an edge with probability 1/2j .

3. For every j and every x ∈ A∪B connect every vertex of cp(x)\ cp(x, j) to every vertex

of Mẽ,a(j, q) independently, with probability 1/2j .

Steps 1, 2, and 3 will be referred to as the mixing step. See Figure 3.

M a
M b

cp( a,  j  )
cp( b,  j)cp(a) − cp(a , j)

Figure 3: The figure illustrates the mixing step for some fixed q, j. The dotted edges represent

random events that may result in edges. The probability for such an edge to be present is 1/2j .

The figure also indicates that, the vertices of cp(a, j) form an exact cover of Ma = Ma,ẽ(j, q),

by the random permutation step. On the other hand, pairs of vertices from cp(a) \ cp(a, j) and

M are connected with probability 1/2j for every pair.

3.7 Trapdoor: a schedule of logarithmic length for a yes instance

One way to explain some of the ideas behind the construction is by showing that the radio

network resulting from a yes instance of the MIN-REP problem admits a schedule of length

O(log n).
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Let M = (G = (V,E), G̃), |V | = n, be a yes instance of the MIN-REP problem, and let

(G, s) be the instance of of the radio broadcast problem that is obtained via our reduction.

Let C be a perfect MAX-cover, that is, a subset of the set V1∪V2 that covers all the super-

edges and contains exactly one vertex from each super-vertex. (Recall that by definition of

the yes instance of the MIN-REP problem, there exists a perfect MAX-cover C for such an

instance.)

Lemma 3.3 There is a schedule of length O(log n) for the radio network (G, s).

Proof: On the first round s transmits, and all the vertices of V1 are informed. Then, for

each index j, 0.4 log n ≤ j ≤ 0.6 log n, build two rounds. On the first one all the vertices

of
⋃

a∈C cp(a, j) transmit in parallel, and on the second one all the vertices of
⋃

b∈C cp(b, j)

transmit in parallel. Altogether, we obtain a schedule with 2 · (02. log n + 1) = O(log n)

rounds.

Claim 3.4 The schedule informs V2.

Proof: Since the set C is a perfect MAX-cover, for every super-edge ẽ = (A,B) ∈ Ẽ, there

exists some ẽ-m.p. a, b ∈ C. Thus, when cp(a, j) broadcasts, all the sets Ma,ẽ(j, q) sets are

informed (observe that the mixing step does not insert edges between cp(a, j) and Mẽ,a(j, q)).

Also, when cp(b, j) transmits, all of the sets Mb,ẽ(j, q) are informed.

4 Analysis, part I: comparison to Lemma 3.2

For the rest of the paper, let a, b, b′, ẽ, j, q,Mẽ(j, q) and v ∈ Mẽ(j, q) be vertices, indices and

sets that satisfy that (a, b) and (a, b′) are ẽ-matching pairs.

Since j, q, ẽ are fixed, for the simplicity of the notation we use M for Mẽ(j, q) and Ma for

Mẽ,a(j, q), etc. See also Figure 2.

In the next subsection we discuss a set S of size at most 2j · lnn. This set is analogous to

the set S from Lemma 3.2. We need to estimate the probability that no element of S covers

v (which we call the probability of silence). Later, we consider a subset R of size at least 2j

and discuss the probability that v has at least two neighbors in R.

13



4.1 Probability of silence

Lemma 3.2 shows that there exists a relatively small set S with useful properties. The

probability that no element of S is connected to v is at least 1/n1+o(1). In the construction of

Alon et al. [1] computing this probability of silence is not difficult, because each vertex of Yj

(for the same index j) is connected to v with probability 1
2j

independently of other vertices.

In our reduction it is not necessarily true that every small enough set S does not cover

v with a non-zero probability. For example, suppose that v ∈ Ma, and S contains all the

copies of a. Then, by definition of the random permutation step, the copies of a cover v with

probability 1. Further, if Mb = M \ S, and S contains all the copies of b, then S covers the

entire set M with probability 1.

On the other hand, the cover of M that we have just described uses a matching pair

(a, b). Thus, intuitively, our goal is to prove that any set S that does not use matching pairs

does not cover v with a non-negligible probability.

For the probability of the event: “S does not cover v in the random permutation step”

to be greater than zero, we need v to satisfy the following property:

The safety property: If v ∈ Mx then S contains “only a fraction of” the copies of x.

Alternatively, if all the copies of some x belong to S then v 6∈ Mx must hold.

This is further formalized in the following definition:

Definition 4.1 The partitions defined by the exact partition steps (namely, in Steps 1 and

2 of the random permutation step) are safe for S and v if for every x so that v ∈ Mx,

|S ∩ cp(x, j)| ≤ 2j/8.

We shall see that if the partition is safe for S and v, then with a non-negligible probability

all the various random permutation steps do not cover v. The following lemma formalizes

this claim.

We use the notation S AN v to denote the event “no vertex of S is connected to v”.

Lemma 4.2 Suppose that the partitions formed by the exact partition steps are safe for S

and v. Suppose also |S| ≤ 2j · lnn. Then:

IP ((S AN v)) ≥
1

n4
.

Proof: We use the following notation in the proof: SN is the set of copies xq ∈ S of some

vertex x that cannot be connected to v in the random permutation step. Namely, either

14



v ∈ M \ Mx or q > 2j (xq is not one of the 2j first copies of x). The complement set is

denoted by SY = S \ SN .

For every vertex x ∈ S, let S(x), be defined by S(x) = cp(x, j) ∩ SY (these are copies

that can be connected to v by the random permutation step). Let s(x) = |S(x)|. Clearly,

s(x) ≤ 2j/8. See an illustration for this notation in Figure 4.

v

s(x)

S N S Y

Figure 4: The effect of partition on Mx and M \ Mx, in addition to the random permutation

step and mixing step on S, v. The set S is partitioned to SN and SY . The vertices of SN cannot

be connected to v by the random permutation step, because v does not belong to “their half” of

M . Only vertices that belong to the set SY may be connected to the vertex v by the permutation

step. For x, vertices of S(x) can be connected to v by the random permutation step. The figure

illustrates the “silent scenario”, hence the vertices of S(x) are not connected to the vertex v by

the random permutation step and all the dotted lines represent non-edges.

The probability that no copy of x that belongs to S(x) is connected to v in the random

permutation step is:
2j − s(x)

2j
.

This is because 2j copies of x participate in the random permutation step and only s(x) of

them belong to SY .

For two different vertices x, y ∈ SY , note that the choices of the random permutations of

x and y are independent (this is true even if they are leaves in the same star). Let A be the

event that SY does not cover v in the random permutation step. Hence:

IP(A) ≥ Πx∈S
2j − s(x)

2j
≥ Πx∈S

((

1−
s(x)

2j

)

· e−1

)s(x)/2j

The last inequality is because for any positive real u > 0, (1 − 1/u)u−1 ≥ 1/e, and so

1− 1/u ≥ ((1− 1/u) · e−1)1/u.
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As s(x) ≤ 2j−3,
(

1−
s(x)

2j

)

· e−1 ≥
7

8 · e
.

Hence,

Pr(A) ≥
(

7

8 · e

)

∑

x
s(x)/2j

≥
(

7

8 · e

)lnn

≥ 1/n2.

(The second inequality follows as
∑

x∈S s(x) ≤ 2j · log n.)

The vertices of SN are independently connected to v with probability 1/2j. (This follows

from the mixing step of the reduction). Let B be the event that the mixing step does not

form an edge between s and v. Hence, IP(B) ≥ (1 − 1/2j)|S| ≥ (1 − 1/2j)2
j logn ≥ 1/n2.

Finally, the event ”no vertex of the set S is connected to the vertex v by the mixing step”

is independent of the event “no vertex of the set S is connected to the vertex v by the

permutation step”. Hence,

IP(S AN v) ≥
1

n2
·
1

n2
=

1

n4
.

The probability for a safe partition: The partitions of Mx can be not safe with prob-

ability 1 for some “problematic” sets S. In fact, one can easily guarantee that v is covered

by the random permutation step. This can be achieved by taking into S all copies of a and

all copies of b (recall that (a, b) is a ẽ matching pair).

The following definition utilizes this idea.

Definition 4.3 A set S is (ẽ, j)-partial if for every ẽ-m.p. (x, y), the set S contains at most

2j−3 vertices of cp(x, j) or it contains at most 2j−3 copies of cp(y, j).

If S is (ẽ, j)-partial, it is still possible that after the coins are tossed in the exact partition

step, v will not be covered by S in the random permutation step. Namely, we shall see that

if S is (ẽ, j)-partial, the partition is safe with a non-negligible probability.

Definition 4.4 Let ẽ = (A,B) be a superedge. Let a ∈ A. The set star(a, ẽ) is the set of

all copies of a and all copies of leaves b in an ẽ−star of A.

Lemma 4.5 Let S be an (ẽ, j)-partial of size |S| ≤ 2j lnn. The probability that the partition

is safe for S, v is at least 1/n8.

Proof: Since |S| ≤ 2j · lnn, and the stars star(a′) with different vertices a′ ∈ A are all

disjoint, the number of such stars that satisfy |star(a) ∩ S| ≥ 2j−3 is at most 8 · lnn.

Throughout the proof of this lemma, we will call such stars dangerous. Note that stars that

are not dangerous can not make the partition unsafe.
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Consider a dangerous star star(a′). Since the set S is (ẽ, j)-partial, either it contains at

most 2j−3 j-relevant copies of the vertex a′, or for all vertices c in the star of a′, the set S

contains at most 2j−3 copies of the vertex c. In any case, with probability 1/2, v belongs to

the “right half” of M . (For example, if S contains at most 2j/8 copies of a′ then v ∈ Ma′).

Since the number of dangerous stars is at most 8 · lnn, it follows that

Prob ( safe partition ) ≥
(

1

2

)8 lnn

>
1

n8
,

proving the claim.

The following corollary is immediate

Corollary 4.6 Let S be an (ẽ, j)-partial set of size |S| ≤ 2j lnn. Then IP(S AN v) ≥ 1/n12.

Proof: By Lemma 4.5, with probability 1/n8, the partitions of Mx are safe with respect to

the set S, i.e., for every vertex x ∈ SY , s(x) ≤ 2j−3. By Lemma 4.2,

IP(S AN v | S safe partition) ≥ 1/n4 .

Hence, with probability at least 1/n12, the set S induces a safe partition, and the event

(S AN v) holds.

4.2 Probability of a collision

In this section we consider sets R ⊆ V1 of size at least 2
j that are analogous to R′

i in Lemma

3.2. In all the following sets, we are interested in the event that R does not inform v because

it covers v at least twice (namely, v has at least two neighbors in R). Let (R 2C v) denote

this event.

Clearly, if all the relevant events were independent, namely, if every vertex of R was

connected to v with probability 1/2j independently of other vertices then

IP(R 2C v) = 1−
(

1− 1/2j
)|R|

−
(

1− 1/2j
)|R|−1

· |R| (1)

This is in fact the case in the [1] construction.

We shall now see that in our construction, despite its dependencies, a similar inequality

can be proven.

Consider a vertex x that contributes copies to R, and suppose first that v 6∈ Mx. For such

x, the edges between its copies and the vertex v are determined by the mixing step, and they

behave exactly as in inequality (1). Similarly, if xq is a copy of x, and xq ∈ cp(x) \ cp(x, j),

and the probability that the edge (x, v) is in the graph is 1/2j (see the mixing step).
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However, the more delicate case is when v ∈ Mx. In this case the edges between the

copies of x and the vertex v are determined by the random permutation step.

Let X = {x1, . . . , xp} be the set of copies of x in R. First, we compute an upper bound

on the probability of the event (X AN v), namely, that no vertex in X is connected to v

by the random permutation step. Let p′ = ⌈p/2⌉ and X ′ = {x1, . . . , xp′}. Then

IP(X AN v) ≤ IP(X ′ AN v) = IP(x1 AN v) · IP(x2 AN v | x1 AN v)

. . . IP(xp′ AN v | {x1, . . . , xp′−1} AN v) .

If it is known that i of the copies of x are not connected to v by the random permutation

step, then all the rest of the 2j − i copies have equal probability of covering v. Thus, the

probability that the next copy xi+1 is connected to v is:

1

2j − i
≤

1

2j−1
.

This is because i ≤ p′ − 1 ≤ p/2 ≤ 2j/2. Thus, we get that:

IP(X AN v) ≤
(

1

2j−1

)p′

In summary, the contribution of X to the probability is very similar to its contribution in

inequality (1). The differences are: 1/2j−1 instead of 1/2j , and p′ (recall that p′ ≥ p/2)

instead of p. We derive an upper bound on the probability that v is informed by R in a

similar way. Let ρ = |R|/2. We have proved:

Lemma 4.7

IP(R 2C v) ≥ 1−
(

1− 1/2j−1
)ρ

+ ρ ·
(

1− 1/2j−1
)ρ−1

4.3 Deriving a lemma similar to Lemma 3.2

The pivot and the most significant index for ẽ: For the rest of the section, consider

a fixed short schedule Π = (T1, T2, . . .). We first define how to find the most “important”

index j for ẽ. Recall that cp(A) (respectively, cp(B)) is the set of all copies of vertices

of A (respectively, of vertices of B). Let Π(ẽ) be the schedule (R1, R2, . . .) with Ri =

Ti ∩ (cp(A) ∪ cp(B)). For the rest of the subsection, we use symbols Ri and R to denote

rounds that are subsets of cp(A) ∪ cp(B). Recall that |cp(A) ∪ cp(B)| = n (because of the

dummy vertices). Hence cp(A) ∪ cp(B) can play the role of the set X in Lemma 3.2.

Definition 4.8 The index j whose existence is guaranteed by Lemma 3.2 with respect to

X = cp(A) ∪ cp(B) and the rounds Π(ẽ) is called the pivot of ẽ.
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For the rest of the section we adopt a notation from the paper of Alon et al. [1]; let S be

the set whose existence is guaranteed by Lemma 3.2 (i.e., it plays the role of S from Lemma

3.2), and R′
i = Ri \ S.

The probability of 2-covering: The proof of the following lemma is very similar to the

proof of Lemma 3.4 from [1]. The only difference between the two proofs is that in Lemma

3.2, the following inequality holds with respect to the schedule Π

IP(R 2C v) ≥ 1−
(

1− 1/2j
)|R|

−
(

1− 1/2j
)|R|−1

· |R|.

This is because all the relevant events are independent. In our case, we use Lemma 4.7 that

shows that though the events are not independent, a similar inequality holds. To summarize,

Lemma 4.9 There is some universal constant c1 so that

IP( For all i, R′
i 2C v) ≥

1

nc1
.

How can we force S to be partial? In order to apply Corollary 4.6 to bound the

probability that v is informed we need the subset S (from Lemma 3.2) to be ẽ−partial. How

can we guarantee that? One way of ensuring this is by requiring that
⋃

Ri is ẽ−partial.

To understand our approach, assume for the moment that indeed
⋃

Ri is ẽ−partial. Then,

we can derive a lemma similar to Lemma 3.2, that is, show that an ẽ−partial schedule cannot

cover all the vertices of Mẽ. We want to use this claim to get a good MIN-REP solution

along the following lines:

1. With high probability
⋃

Ri cannot be ẽ−partial, because of a lemma similar to Lemma

3.2.

2. This will hold in a similar way to many other super-edges.

3. As
⋃

Ri is not ẽ−partial, there should exist an ẽ−matching pair (x, y) so that
⋃

Ri

contains at least 2j/8 copies of x and at least 2j/8 copies of y. If this is the case, we

say that Π chose x, y.

4. If µ = |
⋃

Ri| is “small” then µ/2j is “small” as well. Hence Π can choose only a few

matching pairs from A ∪ B.

5. Hence, a small subset of A ∪ B can be used to cover ẽ.
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6. Since this applies to “many” super-edges, we obtain a small solution for the original

instance of the MIN-REP problem.

The problem with this scenario is in the case that µ = |
⋃

Ri| is “too large”. In this case

µ/2j can be very large by itself, and so the the MIN-REP solution that will be derived may

be large.

Indeed, it turns out that expecting that
⋃

Ri is ẽ−partial is too harsh a requirement, at

least as far as very large rounds are present. The good news are, however, that large rounds

have little effect because of Lemma 4.7. We next formalize this intuition. Again, we restrict

our attention to Π(ẽ), and consider rounds R that are subsets of cp(A) ∪ cp(B).

Definition 4.10 We say that a round R is (ẽ, j)−small if

|R| ≤ c · 2j lnn ,

where c is some constant to be determined later. Let Small(Π, j, ẽ) be the collection of small

rounds of Π(ẽ), and Large(Π, j, ẽ) be the set of all other rounds.

Definition 4.11 Let

W(Π, j, ẽ) =
⋃

Ri∈Small(Π,j,ẽ)

Ri

Definition 4.12 A schedule Π is (ẽ, j)−partial if W(Π, j, ẽ) is ẽ−partial.

Note that even if Π is ẽ−partial, still
⋃

Ri may contain all the copies of both a and b, for

an ẽ-matching pair (a, b). This is because some rounds Ri may be large.

Assume c0 ≥ c1 + 12, where c1 is the constant from Lemma 4.9. The following corollary

(it is analogous to Lemma 3.2) is derived from Lemma 4.9 and Corollary 4.6. However, it

applies only to Small(Π, j, ẽ).

Corollary 4.13 Let Π be ẽ−partial. With probability at least 1/nc0, Small(Π, j, ẽ) does not

inform v.

Proof: We mimic the proof of Lemma 3.2. Namely, we compute the probability for the event

N = “no vertex of S is connected to v” and the event 2C = “all small rounds R′
i = Ri \ S

cover v at least twice”. If both N and 2C occur, then v is not informed by Small(Π, j, ẽ).

Proving that the event “for every i, R′
i 2−covers v” occurs with probability at least 1/nc1

is done exactly as in Lemma 4.9, and in [1].

Now we deal with S ′. As Π is ẽ-partial, by definition W is ẽ-partial, and thus S ′ is
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ẽ-partial. Thus, from Corollary 4.6,

IP(S ′ AN v) ≥
1

n12
.

Note that R′
i and S ′ are disjoint. But the events N and 2C are not independent, as the

two sets may contain copies of the same vertex. We need to study the correlation between

N and 2C. We shall now see that the events are positively correlated.

Let Rx (resp., Sx) be the subset of copies of x that belong to R′
i (resp., S). If v 6∈ Mx

then the edges between the vertices of Rx and Sx on the one hand and the vertex v on the

other are defined by the mixing step and are completely independent. If v ∈ Mx, then the

connection of Rx ∪ Sx and v is determined by the random permutation step. Now, if Sx is

not connected to v this only increases the probability that Rx is connected to v. Hence, the

correlation between these probabilities is positive.

Hence, with probability at least 1
nc1+12 ≥ 1

nc0
v is not informed by Small(Π, j, ẽ).

5 Analysis part II: deriving the result

Let Π be an ẽ−partial short schedule.

5.1 How many vertices can Small(Π, j, ẽ) inform?

We consider the number of vertices informed by Small(Π, j, ẽ). (At this point we ignore the

contribution of Large(Π). We will deal with it later).

Let q′ be some index. We say that a set Mẽ(j, q
′) is fully informed by Small(Π, j, ẽ) if all

the elements of Mẽ(j, q
′) are informed. Let NF = NF (ẽ, j, Small(Π, j, ẽ)) be the number of

indices q′ for which Mẽ(j, q
′) is not fully informed by Small(Π, j, ẽ).

Lemma 5.1

IP(NF < n2) ≤ exp(−Ω(n3 )).

Proof: Consider a fixed index q′. By Corollary 4.13 and the Markov inequality,

IP (Mẽ(j, q
′) is not fully informed ) ≥

1

nc0−1
.

Hence, the number of not fully informed sets Mẽ(j, q
′) is a Binomial variable with success

probability greater or equal to 1/nc0−1. The number of different indices q′ is nc0+4. Thus,
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the expected number of not fully informed Mẽ(j, q
′) is at least n3. Hence, the claim follows

from the Chernoff bound.

The lemma shows that Small(Π, j, ẽ) not only does not inform all the vertices, but also

leaves many indices q′ for which Mẽ(j, q
′) has at least one non-informed element. In fact, a

simple counting argument and the union-bound imply the following corollary.

Corollary 5.2 With probability 1− exp(−Ω(n3 )), for any ẽ−partial short schedule Π,

NF (ẽ, j, Small(Π, j, ẽ)) ≥ n2.

Proof: The set of relevant vertices on a fixed round of Π is a subset of cp(A) ∪ cp(B). The

size of cp(A) ∪ cp(B) is n. Hence, the number of subsets of A ∪ B is 2n. Thus the number

of short schedules is at most 2n log2 n. Since 2n log2 n ≪ exp(n3), the claim follows from the

union-bound.

5.2 Large rounds are not able to inform many vertices

By Corollary 5.2, with probability 1−exp(−Ω(n3 )), no short partial schedule satisfies NF ≤

n2. We next show that for any choice of Π, with high probability Large(Π) can not “complete

the task” and leaves some vertices uninformed.

Lemma 5.3 If Π is ẽ−partial short schedule then with probability at least 1− 2−2n2

, Π does

not inform all the vertices of Mẽ(j).

Proof: We know that (with high probability) there is a set U of n2 elements, U = {u1, . . . , un2},

that are not informed by Small(Π, j, ẽ). The crucial property of U is that different vertices

ui belong to different sets Mẽ(j, q
′). Hence the random events that we consider are indepen-

dent. We fix the sets Large(Π) and U , and estimate the probability that Large(Π) covers

Mẽ.

Let R ⊂ A ∪ B be a large round in Π(ẽ). Let r = log2 |R|. By definition, µ = |R| ≥

c · 2j+1 lnn. By Lemma 4.7, setting

ρ =
|R|

2
,

we get:

IP(R 2C v) ≥ 1−
(

1−
1

2j−1

)ρ

+ ρ ·
(

1−
1

2j−1

)ρ−1

.

Thus, it follows that the probability that some ui is informed by R is at most 1/nc′

with c′ being some universal constant (that depends on c from Definition 4.10). Since the

edges between the vertices of U and v are independent (different ui belong to different sets

Mẽ(j, q
′)), the probability that the entire set U is informed is at most 1/nc′n2

.
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Now, we count the number of possibilities to choose the sets Large(Π) and U . Note that

U is a subset of size n2 chosen out of a set of nc0+4 vertices. The number of ways to do so

is at most n(c0+4)n2

. The number of possible Large(Π) schedules (restricted to subsets of

cp(A) ∪ cp(B)) is O(2n·log
2 n). Thus the number of choices of U and Large(Π) is at most

n(c0+5)n2

. We set c so that c′ ≥ c0 + 7. Now the claim follows from the union-bound.

5.3 Short proper schedules can not be feasible

We need the following definition. Intuitively, it defines short schedules that are partial for

many super-edges.

Definition 5.4 A short schedule Π is called proper if there exists a subset E ′ ⊆ Ẽ that

contains at least one half of all the super-edges, and such that the Small(Π, j, ẽ) is ẽ′−partial

for every ẽ′ ∈ E ′. Otherwise, the schedule Π is called non-proper.

The following lemma holds both for yes and no instances of the MIN-REP problem.

Lemma 5.5 With probability 1− exp(Ω(n2)), no proper Π informs all the vertices of V2.

Proof: First, fix E ′. For a single super-edge ẽ′ ∈ E ′, the probability thatMẽ is fully informed

is at most 2−2n2

(Lemma 5.3). Naturally, this also implies an upper bound on the probability

that all the vertices of V2 are informed.

By Restriction 2 in the definition of the MIN-REP problem, the number of super-edges is

bounded by n · polylog(n). Thus, the number of subsets of the superedges is at most 2o(n
2).

By the union-bound the probability that there exists a subset E ′ so that for every ẽ′ ∈ E ′,

Mẽ′ is fully informed is at most:

2o(n
2) · 2−2n2

= exp(−Ω(n2)) .

Remark: Note that a schedule of logarithmic length for a yes instance that was described

in Section 3.7 is not proper.

5.4 For no instances short non-proper schedules are not feasible

Lemma 5.6 With probability 1 there is no non-proper feasible short schedule Π for the

instance derived out of a no instance of the MIN-REP problem.

Proof: Suppose for contradiction that there exists a schedule Π as above. Assume, without

loss of generality, that the first round of the schedule Π is the set {s}, and that all the other

23



rounds R ∈ Π are subsets of the set V1 (with no dummy vertices). Let EN ⊆ Ẽ be a subset

of super-edges, such that for every super-edge ẽ ∈ EN , the schedule Π is not ẽ-partial. By

definition, the set EN contains at least half of the super-edges.

For a super-edge ẽ ∈ EN , let j be its pivot. Recall that W is the union of all small

rounds. By definition, W contains at least 2j/8 copies of both x and y for some ẽ−matching

pair (x, y). We call this pair “the important pair for ẽ”.

We now define a MIN-REP solution C that is both “of small size” and covers all the

super-edges of EN . C is defined by the following procedure.

1. Go over all the super-edges in EN in an arbitrary order.

2. For a super-edge ẽ, let (x, y) be the important pair for ẽ.

3. Add x and y to C.

The following claim is immediate by definition:

Claim 5.7 C covers all the super-edges EN .

We now bound |C ∩ A| for an arbitrary super-vertex A.

Since the super-vertex A participates in several different super-edges, and each with

its own pivot, we consider every index j separately. Fix some pivot j, and bound the

contribution to C ∩A due to j. Recall that the subschedule Small(Π, j, ẽ) contains only the

rounds R that are j-small with respect to the super-edge ẽ, i.e., the rounds R ∈ Π(ẽ), that

satisfy |R| ≤ 2j+1 · c · lnn. Also, the number of rounds in the schedule is O(log2 n). Hence,

|W| = O(2j · log3 n) (because W is the union of all small rounds.)

Every super-edge (A,B) with pivot j causes the important ẽ−pair (a, b) to be added

into C. But, by definition, W contains at least 2j/8 copies of a and 2j/8 copies of b. In

particular, the number of vertices a that can be added to C with pivot j is at most

|W|

2j/8
= O(log3 n).

This bounds the contribution of j to |A ∩ C|.

Summing over all different indices j, the total size of A ∩ C is bounded by O(log4 n).

Similar bound follows for every B.

In other words, we have shown that the set C covers at least one half of all the super-

edges of the instance M of the MIN-REP problem, and contains O(log4 n) representative
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vertices from each super-vertex. It follows that no A or B sets contributes more than log10 n

vertices to C. This contradicts Theorem 2.5

Corollary 5.8 With high probability, for a no instance no short schedule Π is feasible.

Proof: By Lemma 5.6, with probability 1, there is no non-proper feasible short schedule

for the instance G. By Lemma 5.5, with high probability there is no proper feasible short

schedule for the instance G. Since any schedule is either proper or non-proper, the assertion

follows.

Hence, we have shown that the reduction has the claimed gap, and have proved our main

result.

Theorem 5.9 Unless NP ⊆ BPTIME(nO(log logn)), for some universal constant c there is

no additive (c · log2 n)-approximation for the radio broadcast problem.
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