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In the analysis of cross-classified data, sociologists often focus on building flexible
models for the marginal distributions of a selected set of variables. One strategy for
achieving flexible modeling is to design models for telescoping marginal distributions.
As an illustration of telescoping distributions, consider a joint distribution of four cross-
classifying variables: occupational attainment, education level, race, and gender. A set
of telescoping distributions would be the univariate occupation distribution, the bivari-
ate occupation by education, the trivariate occupation by education by race, and the
entire joint distribution. A methodology that enables the telescoping modeling strategy is
mixed parameterization, which has its roots in the statistics and sociology literatures. In
this article, the authors develop a scheme of multilevel mixed parameterization that can
be applied to a hierarchy of marginal distributions of reducing dimension. An example
from the General Social Survey illustrates mixed parameters for telescoping models.

Keywords: multilevel partition; marginal models; association-marginal models; log-
linear models.

1. INTRODUCTION

While the log-linear model remains one of the most useful tools for
analyzing cross-classified data in sociological research, the demand
for alternative tools is growing. This need to expand and supple-
ment conventional log-linear models is understandable. Sociological
hypotheses often focus on the association among a smaller set of vari-
ables, but the parameters of a log-linear model are always related to
conditional associations involving all of the classification variables.
In other words, as pointed out by Becker, Minick, and Yang (1998),
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when specific marginalized data tables and corresponding models
are points of interest, log-linear models are not ideally suited for
addressing substantive questions. These authors also observed that
“a better approach is the simultaneous modeling of associations and
univariate distributions.”

The purpose of this article is to describe a framework for extend-
ing the notion of modeling associations and univariate distributions
simultaneously. The framework is based on the statistical theory
of mixed parameterization (Barndorff-Nielsen and Cox 1994) and
related but independent work in sociology (Rudas 1998). In its sim-
plest form, mixed parameterization decomposes a two-way contin-
gency table into an association component of local odds ratios and a
mean component of univariate marginal distributions. For example,
a probability distribution for a table of counts of occupation attain-
ment by education level decomposes into the individual marginal
distribution of occupation attainment and education level, plus the
odds ratios between the two variables at various levels. This makes
possible explicit modeling of associations and univariate marginal
distributions.

To broaden simultaneous modeling beyond the scope of associa-
tions and univariate marginal distributions, we propose a framework
of mixed parameterization to enable a strategy for building a collec-
tion of “telescoping” submodels and models. Under this strategy, a
researcher can “zoom in” to a selected set of variables, fit a model;
“zoom out” to a larger set of selected variables, fit a second model;
and continue telescoping until a joint model is fitted to the entire
cross-classified table. This strategy is particularly meaningful when
the researcher wants to preserve (or closely approximate) structures
of some tables of reduced dimensions while maintaining flexibil-
ity in fitting parsimonious yet adequate models to the entire joint
distribution.

In the sociological literature, two related approaches have been
proposed to augment the log-linear model: the association-marginal
(AM) models and the marginal models. Lang and Agresti (1994) and
Lang and Eliason (1997) proposed using the AM model to fit the entire
joint table by a log-linear (conditional association) model while treat-
ing marginal tables as constraints on the joint model. On the other
hand, Becker (1994) proposed the marginal model, which is a purely
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unconditional approach. The marginal model uses marginal associa-
tions and logits to specify the joint distribution. Unlike the log-linear
model, in which marginal models are implied by constraints on the
log-linear representation, both the AM and the marginal approaches
directly model the marginal distributions.

In this article, we present an alternative approach: the mixed para-
meterization of joint distribution and selected marginal distributions
to facilitate flexible modeling. Suppose a table of cross-classified
cell counts is available. The parameterization (designing a system of
equations to describe a space of probability distributions, as described
in Becker et al. 1998:512) and the subsequent modeling activities
(placing various constraints on the space of probability distributions)
can be summarized into four procedures. First, a parameterization
procedure embeds the multinomial distribution for cross-classified
data into a regular exponential family and transforms cell probabil-
ities to canonical parameters. Second, a partition procedure specifies
the joint distribution in terms of a hybrid of canonical and mean
parameters. Third, an iterative procedure repeats the first two steps to
further decompose distributions of reduced dimensions into hybrid
representations. This procedure exploits the fact that mean parame-
ters typically correspond to low dimensional marginal distributions.
Finally, a model-fitting procedure infers models at each level of par-
tition, starting with the tables of lowest dimension. The outcomes
of the four-step process are a set of telescoping marginal models of
selected order and the fitted joint density.

The remainder of this article is organized as follows. In Section 2,
we set up notations for the exponential family and mixed parameteri-
zation. The embedding of multinomials into the exponential family is
discussed in Section 3, in which we also describe a difference opera-
tor and show how to use it to systematically represent the potentially
large number of parameters. In Section 4, we highlight how multi-
level mixed parameterization can be employed to create commonly
used sociological models such as the uniform association model
(Goodman 1979), marginal homogeneity models, and marginal shift
models. We discuss one-, two-, three-, and four-dimensional marginal
modeling in this section. To illustrate the multilevel approach, Section
5 provides an analysis of a sample of the General Social Survey data.
Section 6 analyzes the connection between mixed parameterization,
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the log-linear model, the AM model, and the marginal model. The
computational algorithm is outlined in Section 7. Finally, we provide
some concluding remarks in Section 8.

2. EXPONENTIAL FAMILY AND
MIXED PARAMETERIZATION

Let y = (y1, . . . , yq) be a q-dimensional random variable. Suppose
that there are q unknown parameters, denoted by θ = (θ 1, . . . , θq),
and q statistics, denoted by S = (S1, . . . , Sq), such that the density
of y is given by

g(y; θ) = f (S, θ) = h(S) exp{SθT − K(θ)}. (1)

The values of θs for which there is a density of form (1) are called the
canonical parameters. Assume the ranges of variation for both S and
θ are nondegenerate, that is, open subsets of Rq . The above family
is then called the (q, q) exponential family. The term K(θ) is the
cumulant-generating function that generates the mean and covariance
of S with the following equations (Lehmann 1991:29):

µi = Eθ(Si) = ∂K(θ)

∂θ i

,

and

σij = cov (Si, Sj ) = ∂2K(θ)

∂θ i∂θj

,

where µ = (µ1, . . . , µq) = EθS is called the mean parameter. It
can be proved that the correspondence between θ and µ is one-to-
one and invertible; that is, for any valid value µ0 of µ, there exists
a unique θ 0 consistent with µ0 = Eθ0

(S) (Barndorff-Nielsen and
Cox 1994:7).

Definition: Let θ and µ denote, respectively, the canonical and
mean parameters of the distribution defined in (1), and let θ(1) and θ(2)

be subsets of θ. If θ(1) ∪ θ(2) = θ and θ(1) ∩ θ(2) = φ, then θ(1)and θ(2)

are said to be complementary. Moreover, if (µ(1), µ(2)) is the corres-
ponding partition of µ, then both (θ (1), µ(2)) and (µ(1), θ (2)) are called
complementary mixed parameterizations for the distribution defined
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in (1). Complementary mixed parameters such as (θ (1), µ(2)) uniquely
specify a distribution.

Barndorff-Nielsen and Cox (1994:64) proved two useful results
for complementary mixed parameterization of the exponential
family:

a. The canonical parameter and the mean parameters are variation inde-
pendent, that is, the range of variation for (θ(1), µ(2)) is the Cartesian
product of the ranges of θ(1) and µ(2): R(θ (1), µ(2)) = R(θ(1)) ×
R(µ(2)), where R denotes the range space.

b. The canonical parameter and the mean parameter are orthogonal (in
the likelihood sense).

Variation independence implies that models for the canonical
parameter θ i impose no restriction on the model for mean parameter
µ(2). Orthogonality implies that the asymptotic inference based on
profile likelihood (say, θ(1) conditioned on µ(2)) converges to the
asymptotic inference based on the full likelihood parameterized by
(θ (1), µ(2)) (Cox and Reid 1987).

3. REPARAMETERIZATION OF THE
MULTINOMIAL DISTRIBUTION

To take advantage of the above separation properties, it is necessary
to embed the multinomial distribution for an n-way table into the
exponential family. Let q denote the number of cells in the n-
way table, and let π = (π1, . . . , πq) and n = (n1, . . . , nq) denote,
respectively, the row vectors of strictly positive expected cell prob-
abilities and the observed cell frequencies. By convention, the cell
probabilities are arranged in lexicographical order. That is, the
first index changes fastest. For example, in a 2 × 2 × 2 table,
π = (π111, π211, π121, π221, π112, π212, π122, π222). The logarithm of the
multinomial probability function is

� = b(n) + n log πT, (2)

where log π = (log π1, . . . , log πq). The q components of log π are
not linearly independent because they must satisfy the constraint∑

πi = 1. Also, no cumulant-generating function is shown in (2).
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One way to express (2) (together with the constraint) in the form of
(1) is to transform πi into exp{θ i}/

∑ q

i = 1 exp{θ i} for 1 ≤ i ≤ q.
Now, the canonical parameter θ has full range, and (2) is embedded
into the exponential family as

l = b(n) + nθT −
(

q∑

l

ni

)

log

(
q∑

i = 1

exp{θ i}
)

. (3)

Here, K(θ) = n+ log(exp{θ 1} + · · · + exp{θq}) is the cumulant-
generating function, where+ indicates summation over the subscript
it replaces. It is easy to see that the mean parameter corresponding to
θi in (3) is µi = Eθ(ni) = n+πi .

Wang (1986) introduced a parameterization in which mean para-
meters correspond to a hierarchy of marginal totals. His idea was to
select an incidence square matrix A in such a way that nA is equivalent
to cumulative margins and A−1 log πT becomes local odds ratios. For
22 = 2 × 2 and 23 = 2 × 2 × 2 cross-classifications, the respective
incidence matrices and inverses are as follows:

A22 =







1 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1





, A22

−1 =








1 −1 −1 1

0 1 0 −1

0 0 1 −1

0 0 0 1








,

A
2

3 =
[

A22 A22

0 A22

]

and A22
−1 =

[
A22

−1 −A22
−1

0 A22
−1

]

.

Rewrite n log πT = n(AA−1) log πT. The exponential family
parameterization of (2) is

l = b(n) + (nA)(A−1 log πT )

= b(n) + SθT − K(θ), (4)
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where S = nA, θT = A−1 log πT , and

K(θ) = n+ log

(
q∑

i = 1

exp

{
q∑

j = 1

aij θj

})

= n+ log

(
q∑

i = 1

exp{A(i)θ
T }

)

,

with A(i) being the i th row of A. For the detailed derivation of (4) and
K(θ), see Wang (1986).

3.1. ONE- AND TWO-WAY TABLES

The following two examples show how A matrices are created to
generate desirable mixed parameters.

Example 3.1. When the q categories represent a one-dimensional
ordered classification with cells arranged in ascending order, the inci-
dence matrix A is an upper triangular matrix. That is,

A =








1 1 . . . 1

0 1 . . . 1

. . .

0 0 0 1








. (5)

Its inverse is

A−1 =











1 −1 0 . . . 0

0 1 −1 0 . . . 0
. . .

0′s 1 −1

1











, (6)

with 1 in the diagonal, −1 one step above diagonal, and zeros filling
the rest of the matrix. The resulting canonical parameters are the
consecutive odds

θi = log
πi

πi + 1

for 1 ≤ i ≤ (q − 1), θq = log πq, (7)
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and

K(θ) = n+ log

(
q∑

i = 1

exp

{
q∑

j = i

θ j

})

.

The mean parameter corresponding to θ i, 1 ≤ i ≤ q − 1 is the
cumulative count:

µi = EθSi = n+(π1 + · · · + πi) for 1 ≤ i ≤ (q − 1).

The mean parameter corresponding to the last cell (the highest or
last category) θq = log πq is µq = E(Sq) = E(n+), which is the
multinomial sampling total.

Example 3.2. This example illustrates both the construction of the
A matrix for a two-way table and a simple case of mixed param-
eterization. For a two-dimensional I × J cross-classification, with
q = I ×J , the incidence matrix A is a tensor product A1 ⊗A2, where
A1 and A2 are, respectively, I ×I and J ×J upper triangular matrices
that have the same form as (5), and C ⊗ B is defined as







b11C . . b1JC

b21C . . b2JC

bJ1C . . bJJC





 ,

C = (crs), B = (bpq), 1 ≤ r, s ≤ I ; 1 ≤ p, q ≤ J . For example,

A1 =
[

1 1
0 1

]

, A2 =



1 1 1
0 1 1
0 0 1



, A1 ⊗ A2 =











1 1 1 1 1 1
0 1 0 1 0 1
0 0 1 1 1 1
0 0 0 1 0 1
0 0 0 0 1 1
0 0 0 0 0 1











.

Wang (1986) showed that the set of canonical parameters
θT = A−1 log πT is given by

θ ij = log(πijπi + 1j + 1/πi + 1jπij + 1) for

1 ≤ i ≤ (I − 1), 1 ≤ j ≤ (J − 1), (8)
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θ iJ = log(πiJ /πi + 1J ), for 1 ≤ i ≤ (I − 1), (9)

θIj = log(πIj/πIj + 1), for 1 ≤ j ≤ (J − 1), (10)

θIJ = log πIJ , and (11)

K(θ) = n++ log

(
I∑

i = 1

J∑

j = 1

exp

{
i∑

k = 1

j∑

l = 1

θkl

})

. (12)

The formulation of the joint density of cross-classifying variables as
an exponential family allows the theory of mixed parameterization to
be applied. Let mij denote the mean cell count n++πij . Suppose that
θ(1) is the (I − 1)(J − 1) vector of the logarithms of local odds ratios
of (8) and that θ(2) is the complementary parameter (θIj , θ iJ , θ IJ )

for l ≤ j ≤ (J − 1) and 1 ≤ i ≤ (I − 1). The mean parameter
corresponding to θ(2) then comprises univariate marginal cumulative
cell counts and the sampling total:

µ(2) =
(

j∑

k = 1

m+k,

i∑

k = 1

mk+, m++

)

. (13)

The components θ(1) of (8) and µ(2) of (13) form the mixed para-
meters of the joint distribution of the I × J table in such a way that
(θ (1), µ(2)) uniquely specifies the two-way table. The mathematical
proof for this specific result was first obtained by Sinkhorn (1967).

In most cases of data analysis, the expected total count m++ is
constrained to be identical to the observed total count: m++ = n++.
The sampling constraint was called samp(m) by Lang and Agresti
(1994). In general, the expected total count is the mean parameter
corresponding to the last cell. To observe the sampling constraint, by
convention we include the mean parameter of expected total count in
µ(2). Thus, µ(2) is always nonempty.

3.2. n-WAY TABLE AND DIFFERENCE OPERATOR

We proceed to extend the result from Wang (1986). For an
n-dimensional table, A is the tensor product of square matrices. Each
of them is an upper-triangular matrix in the same form as (5). In
general, it can be shown that A = A1 ⊗ A2 ⊗ · · · ⊗ An implies
A−1 = A−1

1 ⊗ A−1
2 ⊗ · · · ⊗ A−1

n (Zwillinger 1996:136). Each A−1
i

takes the form of (6). If the size of each Ai is qi , then both A and A−1
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are square matrices of the size q1 . . . . qn, which can be quite large.
To systematically provide an interpretation of each parameter in the
potentially long vector A−1 log πT , we introduce the following partial
difference operator (Whittaker 1990:35):

∇ ig(x1, . . . xi . . . , xn)= g(. . . , xi,. . . )−g(. . . , xi + 1, . . . ).

(14)

In our case, the function of interest takes the form of log πij . . . l ,
and the difference operator applies to the indexing variables. As an
example, ∇1 log π11 is the adjacent category logit log π11 − log π21,
and ∇2 log π11 = log π 11 − log π12. Higher order mixed difference
operators are recursively defined. For example,

∇1∇2 log πij = ∇1(log πij − log πij + 1)

= log(πi + 1j + 1πij/πi + 1jπij + 1), 1 ≤ i ≤ I − 1,

1 ≤ j ≤ J − 1.

The representations using the matrix A−1 and the difference operators
are equivalent. From a one-dimensional distribution (Example 3.1),
we have

A−1 log πT = (log{π1/π2}, . . . , log{πq − 1/πq}, log πq)T

= (∇1 log π 1, . . . ,∇1 log πq − 1, log πq)
T .

We can represent matrix A−1 in condensed form by a vector of
the partial difference operators: (∇, . . . ,∇, I )T , where I is the
identity operator, that is, Ig(x1, . . . , xn) = g(x1, . . . , xn). For
22 = 2 × 2 and 23 = 2 × 2 × 2 cross-classifications, matri-
ces A−1

22 and A−1
23 are equivalent to (∇1∇2, ∇2, ∇1, I )T and

(∇3∇2∇1, ∇3∇2, ∇3∇1, ∇2∇1, ∇3, ∇2, ∇1, I )T , respectively. These
two vectors of operators can be expressed as (∇1, I )T ⊗ (∇2, I )T

and (∇1, I )T ⊗ (∇2, I )T ⊗ (∇3, I )T , respectively. In general, for
n-dimensional tables, the canonical parameter can be written in either
the matrix or the difference operator representation:

θ = A−1 log πT ,
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or

θ = [(∇1, . . . ,∇1, I )T ⊗ (∇2, . . . ,∇2, I )T ⊗ · · · · · · ⊗
(∇n, . . . ,∇n, I )T ] log πT .

The right-hand side of the last equation consists of all the logarithms
of consecutive odds according to ∇ iI

(n − 1), all of the logarithms of
the local odds ratios of order 2 according to ∇ i∇j I

(n − 2), logarithms
of ratios of odds ratios of order 3, and so on up to order n. All of
the odds and odds ratios are measures of conditional dependence of
various orders.

When it is necessary to generate complete marginal distributions
from θ(2), the partition of θ into (θ (1), θ)(2) must follow a hierarchy.
Rudas (1998) described the hierarchy principle, which states that if a
marginal distribution is known, then all of its derived lower dimen-
sional marginals must also be known. Formally, let N = {1, . . . , n}
denote the set of n categorical variables, a be a subset of N , and ∇a be
the mixed difference operator with regard to the indexing variables in
a: (�i ∈ a∇ i). For example, N = {1, 2, 3}, a = {1, 3}, ∇a = ∇1∇3I .
If (θ (1), µ(2)) is a complementary mixed parameterization, then the
set � = {a, ∇a ∈ θ(2)} must be closed with respect to inclusion
that is, if b ∈ �, then any subset of b must also be included in �.
Rudas called the set � a descending system of subsets (see also
Glonek 1996).

3.3 TELESCOPING MODELS

Mixed parameterization enables a strategy for designing teles-
coping models by the multilevel partitioning of the parameter space.
As a generic example of multilevel partitioning, consider an n-way
table in which n ≥ 2. At the first level, mixed parameterization
produces (θ (1), µ(2)). Suppose µ(2) corresponds to a complete set of
mean parameters that specifies a marginal table of lower dimen-
sion. For the specific table of reduced dimension, we can then apply
a second level of mixed parameterization to decompose it into yet
another partition, say (ξ (1), ν(2)), of canonical component ξ (1) and
mean component ν(1), where ν(2) corresponds to some still lower
dimensional margins. Clearly, this process of partitioning and mixed
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parameterization can be generalized to more than two levels,
resulting in a sequence of “telescoping” models and submodels.

The practical implication of the telescoping model for sociologi-
cal research is its ability to broaden the scope of conventional meth-
ods for modeling associations and univariate marginal distribtutions
(e.g., Plewis 1985) to include refined models at selected levels of data
aggregation. For example, a researcher may have accumulated suffi-
cient knowledge about some variables from past social surveys but
may have only limited information on newly collected variables from
a more recent survey. The telescoping scheme allows him or her to
“zoom in” to the marginal distribution formed by a few existing vari-
ables. An accurate model (possibly a saturated one) can be fitted to
the observed table of lower dimension. The joint model can then be
fitted by parsimonious and adequate models that do not alter the pre-
viously fitted table of reduced dimension. Note that while multilevel
partitioning starts with the entire joint distribution, the fitting process
starts “inside-out,” that is, from fitting tables of the lowest dimension
all the way up to the entire joint distribution.

4. MIXED PARAMETERIZATION FOR n-WAY TABLES

In this section, we demonstrate multilevel partitions for two-way,
three-way, and four-way tables with reference to some commonly
used sociological models. To facilitate subsequent discussions, we
differentiate distribution parameters from model parameters. For
example, in the log-linear model log πT = DλT, where the model
function D consists of ANOVA-type indicators, log π is the distri-
bution parameter and λ is the model parameter. This distinction is
important because interpretation of model parameters often depends
on the definition of and the relationship between the two. For exam-
ple, marginal models and AM models use different sets of distribution
parameters. This implies that their model parameters have different
interpretations, even if their model functions look similar.

4.1. TWO-WAY TABLE

Goodman’s (1979) uniform association model (UAM), having one
degree of freedom more than independence, has sometimes replaced
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independence as the benchmark of association models in sociological
studies. We shall use UAM to illustrate mixed parameterizations and
to show how model complexity evolves. UAM is characterized by the
following restriction imposed on the mixed parameters of

(1) the canonical component θ(1):

θ(1) = (1, . . . , 1)θRC, (15)

where θ(1) is the row vector of local odds ratios (8), which corre-
sponds to the ∇1∇2 group of parameters under the difference operator
representation, and

(2) the mean component µ(2) of (13):

mi+ = ni+, (16)

m+j = n+j , (17)

and samp(m): m++ = n++. Note that µ(2) is equivalent to two
univariate marginal distributions. One can further proceed to mixed
parameterize each univariate distribution to obtain the following
canonical components: ξ (1) = (ξ

(1)
R , ξ

(1)
C ); ν(2) = (ν2

R, ν
(2)
C ), where

ξ
(1)
R = θR

i , ξ
(1)
C = θC

j and mean component ν
(2)
R = ν

(2)
C = m++. Here,

θR
i = ∇1 log πi+ and θC

j = ∇2 log π+j . Equations (16) and (17) can
now be expressed in terms of the canonical component:

θR
i = αi and θC

j = βj . (18)

This example illustrates a simple case of two-level partitioning of
mixed parameters. When no confusion arises, we shall use (ξ (1), ν(2))

to represent the mixed components at the second level of mixed
parameterization.

To compare various parameterizations, we list in Table 1 five
possible ways to formulate UAM: Model 4 uses exclusively canonical
parameters, Model 3 uses exclusively mean parameters, and Model 2
uses mixed parameters. Constant odds ratios can be read directly from
Model 2 and Model 4 but are implicit in other models. For UAM, the
M part for Model 5 is redundant because the log-linear model in the
A part satisfies the constraints in M. Of course, this may not be true
for other models. We also note that Model 4 requires the sampling
constraint samp(m): n++ = m++, although this condition was not
explicitly stated in the original article of Becker (1994:242).

An appealing feature of mixed parameterization for specifying
models such as UAM is that unlike the λ parameter in log-linear
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TABLE 1: Five Equivalent Modeling Strategies for Uniform Association

Model Reference Equations Remark

1. Conventional Clogg and log mij = λ + λR
i + λc

j + uiviλ
RC Marginal

log-linear Shihadeh model is

(1994:21) implicit
2. Mixed θ(1) : θij = θRC

parameters µ(2): mi+ = αi, 1 ≤ i ≤ (I − 1),

m+j = βj , 1 ≤ j ≤ (J − 1), and

m++ = n++;
3. All mean Clogg and ��uivjmij = ��uivj nij ,

parameters Shihadeh mi+ = ni+ and m+j = n+j ;
(1994:31)

4. All canonical Becker θij = θRC and no restriction on θR
i

parameters (1994:242) and θC
j , i.e.,

θR
i = αi, 1 ≤ i ≤ (I − 1) and

θC
j = βj , 1 ≤ j ≤ (J − 1);

5. Association- Lang and A: log mij = λ + λR
i + λC

j + uivj λ
RC M part

marginal (AM) Agresti M: log mi+ = ai , 1 ≤ i ≤ (I − 1), redundant

(1994) log m+j = bj , 1 ≤ j ≤ (J − 1) in this

samp(m): m++ = n++, special

where {ui} and {vj } are equally case

space known scores.

models, each parameter has an interpretation that is not changed by
how the values of other parameters are set (Becker et al. 1998). For
example, in equation (15), the estimated value of exp{θRC} is the
uniform cross-product ratio of the fitted table, and this interpretation
does not change, despite the fact that other parameters may be set to
zero.

Using UAM as a starting point, one can proceed in two direc-
tions to search for better models: increase the number of model para-
meters for association and reduce the number of model parameters
for the univariate marginal distributions. For example, Goodman’s
R, C, R + C, and RC models increase the number of parameters, and
hence model complexity, for the canonical component. On the other
hand, marginal homogeneity and marginal shift models reduce the
number of parameters for the mean (marginal) component.
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In a study of square mobility tables, in which the comparison
of two marginal distributions (structural mobility) is of substantive
interest, Lang and Eliason (1997) considered UAM for association,
plus marginal homogeneity. That is, equations (16) and (17) were
replaced by the following constraint for 1 ≤ i ≤ I :

mi+ = m+i = (ni+ + n+i)

2
. (19)

In terms of mixed parameters, model (19) is equivalent to setting
θR

i = θC
i in (18). Alternatively, the AM model specifies (18) with two

separate equations (Lang and Eliason 1997:195):

log mi+ = β + βi + η1, (20)

log m+j = β + βj + η2. (21)

An additional constraint, η1 = η2, is required to ensure that �mi+ =
�m+j .

Another important model that reduces complexity in the marginal
distributions is the marginal shift model (Becker et al. 1998:520),
which is specified by imposing the following shift constraint on (18):

θR
i − θC

i = c. (22)

When the constant c is set to zero, (22) reduces to marginal
homogeneity.

Implicit in the above discussion is the fact that searching for an
optimal joint model can be accomplished in two separate steps:
search for an optimal marginal model (e.g., marginal homogene-
ity, marginal shift) and search for an optimal association model
(e.g., R, C, R + C). Indeed, the assumption is valid. Because of
the orthogonality between canonical and mean parameters, a mis-
specified model of association has little impact on the search for a
correct model for the marginal distribution, and vice versa (Liang
and Zeger 1986; Fitzmaurice and Laird 1993). This is a potentially
useful property of mixed parameterization.

4.2. THREE-WAY TABLES

Consider a 3×3×3 table for the three classification variables X, Y ,
and Z. The incidence matrix is given by A = A1⊗A2⊗A3, and A−1

i is
(∇ i , ∇ i , I )T , i = 1, 2, 3. The canonical parameters θ = A−1 log πT

consist of
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(a) the ∇1∇2∇3 group: {∇1∇2∇3 log πijk for 1 ≤ i, j, k ≤ 2};
(b) the∇ i∇j I group: {∇1∇2 log πij3, 1 ≤ i, j ≤ 2}, {∇1∇3 log πi3k, 1 ≤

i, k ≤ 2}, and {∇2∇3 log π3jk, 1 ≤ j, k ≤ 2};
(c) the ∇ iI

2 group: {∇1 log πi33, 1 ≤ i ≤ 2}, {∇2 log π3j3, 1 ≤ j ≤ 2},
and {∇3 log π33k, 1 ≤ k ≤ 2}; and

(d) the reference cell I : log π333.

Except for log π 333 in (d), the canonical parameters measure
various orders of conditional associations. Group (a) measures three-
way associations. For example, ∇3∇2∇1 log π 111 = log(π 111π 221/

π 211π 121) − log(π 112π 222/π 212π 122) measures the three-way associ-
ation among the eight cells surrounding the (1, 1, 1) cell. It indi-
cates the gap between the conditional log odds ratios (X, Y |Z)

at two specific values (= 1, 2) of the layering variable Z. For
example, in Section 5, we describe categorical data cross-classified
by occupational attainment, educational attainment, and race (gender
is a fourth cross-classifying variable, but is ignored here for brevity).
The three-way interaction indicates the difference between the asso-
ciations between occupation and education for two races, say, Black
and White. Group (b) measures conditional associations. For exam-
ple, ∇3∇2 log π 311 measures the Y -Z association among the four
cells surrounding (3, 1, 1), conditional on X = 3. In the occupa-
tion example, this group contains association terms such as log odds
ratios between occupation and education conditional upon a specific
race. On the other hand, the mean parameters map to unconditional
probabilities. For example, the mean parameters that correspond
to the three canonical parameters ∇3∇2∇1 log π 111, ∇3∇2 log π 311

and ∇3 log π 331 map to the probabilities π 111 = Pr(X = 1,

Y = 1, Z = 1), π+11 = Pr(Y = 1, Z = 1) and π+ + 1 = P(Z = 1),
respectively.

4.2.1. One-Dimensional Marginal Modeling

We apply a multilevel partition to a three-way table and show how
the approach leads to several commonly used sociological models.
At the first level, we partition θ into

θ(1) = (∇1∇2∇3, ∇1∇2, ∇1∇3, ∇2∇3)

θ (2) = (∇1, ∇2, ∇3, I ).
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The corresponding mean parameter of θ(2) comprises necessary
elements to generate the individual univariate distributions:

µ(2) = (m1 + +, m1 + + + m2 + +, m+1+, m+1+

+ m+2+, m+ + 1, m+ + 1 + m+ + 2, m+ + +).

A full-rank transformation on µ(2) yields the following three one-way
marginal distributions: {mi + +, 1 ≤ i ≤ 3}, {m+j+, 1 ≤ j ≤ 3}, and
{m+ + k, 1 ≤ k ≤ 3}. In the occupation example, this set consists of
the marginal distributions of occupation, education, and race.

A possible second-level mixed parameterization for µ(2) is ξ (1) =
(∇1 log mi + +, ∇2 log m+i+, ∇3 log m+ + i , 1 ≤ i ≤ 2) and ν(2) =
m+ + +, where ∇1 log mi + + are the adjacent-category conditional log-
its for the first variable X, and so on. This configuration can accom-
modate marginal models such as marginal shift, which is defined by
∇1 log mi + + −∇2 log m+i+ = β1 and ∇2 log m+i+ −∇3 log m+ + i =
β2 for 1 ≤ i ≤ 2. On the other hand, models for associations in
the joint distribution can be defined using the canonical component
θ(1). For example, the following equations characterize a completely
homogeneous UAM:

∇1∇2 log mij3 = α1, ∇1∇3 log mi3k = α2, ∇2∇3 log m3jk = α3,

with α1 = α2 = α3, and ∇1∇2∇3 log mijk = 0, 1 ≤ i, j, k ≤ 2. In
the occupation example, this would imply that conditional associa-
tions are uniform across different levels of occupation and education,
and so on. If conditional associations are heterogeneous across the
conditioning variable, then we can set ∇1∇2∇3 log mijk = γ k,

1 ≤ i, j, k ≤ 2. The assumption α1 = α2 = α3 can also be relaxed.
For example, if the α s are not all necessarily equal, we call the model
“dimensional UAM.”

4.2.2. Two-Dimensional Marginal Modeling

By selecting a sufficiently large set of parameters for the mean
component, multilevel partitioning can lead to more complex and
interesting telescoping models. Suppose Z is a moderating variable
and the interest is in studying the marginal association structure of
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response variables X and Y . One possible partition of θ at the first
level would be

θ(1) = (∇1∇2∇3, ∇1∇3, ∇2∇3), and

θ(2) = (∇1∇2, ∇1, ∇2, ∇3, I ).

The mean parameters µ(2) are equivalent to the two-way marginal
distribution {mij+} plus the univariate marginal {m+ + k}. In the occu-
pation example, this set could be the marginal distributions of occu-
pation and education and of race.

A second-level mixed parameterization for the X-Y margin pro-
duces unconditional associations for the canonical component:
ξ (1) = ∇1∇2 log mij+, i, j = 1, 2, and univariate marginal distri-
butions for the mean component: ν(2) = {mi + +, m+j+, m+ + k}. In
the occupation example, the second-level mixed parameterization
would produce the unconditional log odds between occupation and
education.

Inference of parameters in the two-level partition can be used to
address substantive questions of unconditional nature. For example,
Goodman’s R association model for the X-Y margin can be speci-
fied by ∇1∇2 log πij+ = αi, 1 ≤ i, j ≤ 2. The null hypothesis of
no moderating effect is specified by ∇1∇2∇3 log πijk = 0. Finally, a
third-level mixed parameterization on the univariate marginal distri-
bution in ν(2) (Section 4.2.1) produces logit models such as (18). As
a result, the overall joint model consists of telescoping submodels of
both one and two dimensions.

4.2.3. Marginal Independence and Conditional Independence

It is interesting that the two-level partitions for one- and
two-dimensional marginal distributions can be used to illuminate
the distinction between marginal independence and conditional inde-
pendence. Conditional independence between X and Y given Z, or
X⊥Y |Z, is specified by restrictions on θ(1)(Section 4.2.1):

∇1∇2∇3 log πijk = 0 and (23)

∇1∇2 log πij3 = 0, (24)
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whereas the marginal independence model for X⊥Y is specified by
restrictions on ξ (1) (Section 4.2.2):

∇1∇2 log mij+ = 0.

See Whittaker (1990:36). Simultaneously specifying X ⊥Y |Z and
X⊥Y requires that the ∇1∇2 group of parameters be shared by both
θ(1) and θ(2), which results in noncomplementary partitions. Thus,
unless a table is collapsible along variableZ, simultaneously requiring
X⊥Y |Z and X⊥Y may produce model conflict.

Similar situations occur for the multivariate normal distribution.
Cox and Wermuth (1993) showed that conditional independence and
marginal independence are defined using zero (x, y) entry in the con-
centration (canonical parameters) matrix and the covariance (mean
parameters) matrix, respectively. For an arbitrarily given mean and
variance structure, a normal distribution that simultaneously satisfies
both types of independence may not exist.

Using multilevel mixed parameterization as a tool, we list in Table 2
several possible complementary independence models for three-way
tables. Table 2 can be used to provide researchers in sociology with
some guidelines for building parsimonious independence models.

4.3. FOUR-WAY TABLE

For n-way tables, where n>3, multilevel partitions become more
interesting, and more complex as well. For example, pairwise
marginal association and pairwise association conditioned on one,
two, and up to (n−2) variables need to be distinguished. In a four-way
cross-classification of (X1, X2, X3, X4), three possible associations
can be defined between X1 and X2 : (X1, X2) marginally, (X1, X2)

conditioned on X3 or X4, and (X1, X2) conditioned on both X3

and X4.
To fix our notation, we let X1, X2, X3 and X4 have, respectively,

I, J, K , and L categories, with {πijkl} representing the joint distri-
bution. The canonical parameter θ = A−1 log πT consists of the
following five groups of parameters:

1. the ∇1∇2∇3∇4 group;
2. the ∇ i∇j∇k group, 1 ≤ i 
= j 
= k ≤ 4;
3. the ∇i∇j group, 1 ≤ i 
= j ≤ 4;
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TABLE 2: Five Complementary Partitions for Conditional Independence in
I×J ×K Table

Possible Conditionally
θ(1) µ(2) Independent Models Possible Marginal Models

1) ∇3∇2∇1, ∇1∇2, mi++, m+j+, X⊥Y |Z, X⊥Z|Y, M: logistic regression
∇1∇3, ∇2∇3 m++k and Y⊥Z|X model, for univariate

(∇1∇2∇3 = 0, distribution
∇1∇2 = ∇1∇3 =
∇2∇3 = 0)

2) ∇3∇2∇1, ∇2∇3, mij+ X⊥Z|Y, X⊥Y, M, association
∇1∇3, ∇3 (∇1∇2∇3 = ∇1∇3 = 0) model for (X, Y )

Y⊥Z|X,

(∇1∇2∇3 = ∇2∇3 = 0)

and/or constant odds
for Z given X = I,

Y = J (∇3 = const.)

3) ∇3∇2∇1, ∇2∇3 mij+, mi+k Y⊥Z|X X⊥Y, X⊥Z plus M,

∇3∇2∇1 = ∇2∇3 = 0) association models for
(X, Y ) and (X, Z)

4) ∇3∇2∇1 mij+, m+jk, Second-order Markov X⊥Y, X⊥Z, Y⊥Z plus M,

mj+k property (∇3∇2∇1 = 0) association models for
(X, Y ), (X, Z), (Y, Z)

4. the ∇i group, 1 ≤ i ≤ 4; and
5. the reference cell log πIJKL.

In the following subsection, we illustrate multilevel mixed parame-
terizations that focus on the association (X1, X2) conditioned on X3.

4.3.1. Modeling Association Between X1 and X2 Given X3

Consider the following hypothetical example of voter preference.
Let X1 and X2 denote the polytomous responses (such as strongly
agree, agree, disagree, and strongly disagree) on two issues on an
election ballot, let X3 denote different counties, and let X4 denote
party affiliation. Two questions of interest are the following: “Does
county of residence affect the association pattern among responses,
regardless of party affiliation?” and “What is the effect of a voter’s
county on each individual response?” These questions involve only
three of the four variables, and so a log-linear model is not suitable.
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One possible mixed parameterization designed to answer the
above questions would be to use, at the first level, the par-
tition that takes θ(1) as {∇1∇2∇3∇4, ∇1∇2∇4, ∇1∇3∇4, ∇2∇3∇4,

∇1∇4, ∇2∇4, ∇3∇4, ∇4}, and the complementary θ(2) as {∇1∇2∇3,

∇1∇2, ∇1∇3, ∇2∇3, ∇1, ∇2, ∇3, log π IJKL}.
The corresponding µ(2) is equivalent to

M = {mijk+ for 1 ≤ i ≤ I,1 ≤ j ≤ J,1 ≤ k ≤ K}.
The (X1, X2, X3) marginal distribution M needs to be further mixed
parameterized into the following partition of the canonical parameter:

ξ (1) = {∇1∇2∇3 log mijk+, ∇1∇2 log mijK+},
and the complementary mean parameter

ν(2) =
{

i∑

a = 1

k∑

c = 1

ma + c+,

j∑

b = 1

k∑

c = 1

m+bc+

}

.

From ξ (1), we can derive all K(I − 1)(J − 1) pairwise associ-
ations between X1 and X2, given X3 = 1, 2, . . . , K . Because
∇1∇2∇3 log mijk+ indicates the step from the conditional asso-
ciation at X3 = k to X3 = k − 1 (e.g., ∇1∇2 log
mij(K − 1)+ = ∇1∇2∇3mij(K − 1)+ + ∇1∇2 log mijK+), the association
among responses is homogeneous across counties if and only if
∇1∇2∇3 log mijk+ = 0. Furthermore, one could consider a simpler
model, such as uniform association among responses for individual
counties, which would be given by ∇1∇2 log mijk+ = αRC

k .
Further telescoping partitioning of the parameters beyond two

levels is possible for four-way cross-classified data. For example, a
possible third-level mixed parameterization is to decompose distri-
butions in ν(2) to answer the question, “What is the effect of X3 on
X1(X2)?” The solution can be based on inference of the first (second)
components of ν(2), using the models described in Sections 4.1
and 4.2.

5. EXAMPLE

Here is an example to illustrate the telescoping partitioning scheme.
The data were originally collected from the 1972-1990 General Social
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TABLE 3: Observed and Fitted Values of the Four-Way Table

White Black

Nonmanual Manual Nonmanual Manual

Male
College or above 590 (563.5) 66 (49.2) 46 (24.6) 10 (12.3)
High school or above 638 (700.6) 776 (710.5) 64 (96.0) 173 (177.0)
Less than high school 107 (70.2) 379 (417.7) 14 (3.2) 122 (160.2)

Female
College or above 550 (577.0) 36 (44.6) 63 (84.2) 5 (11.1)
High school or above 1,372 (1,308.5) 568 (642.9) 632 (598.5) 172 (160.1)
Less than high school 203 (239.2) 416 (378.0) 25 (35.9) 183 (145.0)

NOTE: Numbers in parentheses indicate fitted values of the final model.

Survey (Davis and Smith 1990). We adopt a data set that was extracted
by Wong (1995), and we aggregate several tables across time. Some
categories are also collapsed. As a result, the data used in the analysis
consist of a 2×3×2×2 table of counts of respondents cross-classified
by occupational attainment (X1, nonmanual and manual), educational
attainment (X2, college or greater, high school or greater, and less than
high school), race (X3, White and Black), and gender (X4, male and
female). One primary interest is in studying the relationship between
occupational and educational attainments and how this relationship
varies with race, gender, or both.

An initial glance at the data (see Table 3) and various odds ratios
reveals that the associations between variables differ quite widely.
For example, the odds ratio between occupational and educational
attainment (at less than high school level) within Black females is
26.9, while within White females it is 4.9. Clearly, fitting a simple
model such as independence to the entire distribution does not work
well. More refined modeling efforts are required.

To preserve certain association structures that appear to be inher-
ent within the data set, we design telescoping marginal models to
provide increasingly accurate fits with reducing dimension. Suppose
a researcher would like to fit a joint model in such a way that (1)
the two-way table for occupational and educational attainments fits
exactly or almost exactly with observed data, (2) the three-way table
for occupation by education by race fits accurately with observed
data, and (3) the joint distribution allows some degrees of freedom to
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TABLE 4: Partitioning of Canonical Parameters at First Level of Mixed
Parameterization

θ(1) for Canonical Component θ(2) for Mean Component

Difference Label for Difference Corresponding
Operator Log (cell) Parameter Operator Log (cell) Margin

∇1∇2∇3∇4 log π1111 β1234 ∇1∇2∇3 log π1112

∇2∇3∇4 log π2111 β234 ∇2∇3 log π2112

∇1∇2∇3∇4 log π1211 α1234 ∇1∇2∇3 log π1212

∇2∇3∇4 log π2211 α234 ∇2∇3 log π2212

∇1∇3∇4 log π1311 β134 ∇1∇3 log π1312
∇1∇2∇4 log π1121 β124 ∇3 log π2312






∇3∇4 log π2311 β34 ∇1∇2 log π1122 mijk+∇1∇2∇4 log π1221 α124 ∇2 log π2122

∇1∇4 log π1321 β14 ∇1∇2 log π1222

∇2∇4 log π2121 β24 ∇2 log π2222

∇2∇4 log π2221 α24 ∇1 log π1322

∇4 log π2321 m+++l

I log π2322 m++++

accommodate certain outstanding features in the entire joint distribu-
tion, given (1) and (2).

A three-level partition is designed to accomplish the above
modeling objective. At the first level, we select the mean component
µ(2) so that its parameters completely specify the three-way distribu-
tion of occupation by education by race. Table 4 shows the partition
(θ (1), θ (2)). For the ease of description in later analysis, the parameters
of the canonical component are labeled as β. Because educational
attainment X2 has three levels, we use α for associations of various
orders at the less than high school level and β for associations at
the high school or above level. A second-level partition further trans-
forms the three-way distribution of occupation by education by race
into a canonical component ξ (1) and a mean component ν(2), the latter
containing parameters necessary to specify the two-way marginal dis-
tribution of education by occupation, plus the univariate marginal
distribution of race. Finally, a third-level mixed parameterization
decomposes the education by occupation table within ν(2) into log
odds ratio and univariate distributions (Section 3.1).

The fitting procedure begins with the table of the lowest dimension,
the two-way table of occupation by education. The independence
model fits poorly (G2 = 1, 468, 1df ) and is clearly not a viable
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alternative. Because of the rather limited degrees of freedom for a
2 ×3 table, we proceed to consider three-way models for occupa-
tion by education by race that fit exactly with the two-way margin
of occupation by education. For the three-way table, associations are
indicated by (α∗, β∗), the definitions of which are analogous to their
counterparts of the four-way table in Table 4. For example, α∗

12 indi-
cates the conditional association between occupation and education
at the less-than-high-school level given that race is Black. The canon-
ical component ξ (1) contains the elements (α∗

123, β
∗
123, α

∗
23, β

∗
23, β

∗
13),

and the mean component ν(2) corresponds to the two-way margin of
occupation by education.

Table 5 shows the results of the analysis. Models 2 through 5 set a
selected subset of ξ (1) to zero. Only competitive models with relatively
good fits are reported. It can be seen that almost all models show rather
large values of G2, which could be a result of the fact that the three-
way table contains relatively large counts. Furthermore, most models
are not nested, making the use of G2 for comparison inappropriate.
Therefore, the Bayesian Information Criterion (BIC) statistic is also
used to support the decision in model selection.

We also consider models that do not fit exactly with the two-way
table of occupation by education. Specifically, we fit UAM to the
three-way table (Models 6 through 8, Table 5). UAM models do not fit
well and do especially poorly in fitting to the occupation by education
2×3 marginal table, suggesting that marginal association patterns do
differ across various levels of educational attainment.

To assess whether the fit could be improved by using gender instead
of race as the moderating variable, we repeat the above analysis for
the three-way table based on occupation by education by gender.
The several models that provide the best fits are shown in Table 5
(Models 9 through 12). The fits show a surprising similarity to the
three-way analysis of occupation by education by race, suggesting
that gender has a similar moderating effect on the association pattern
between occupation and education. We also fit UAM models to the
three-way table. The fits are poor and are not reported here.

Among the two classes of models, we select the conditional asso-
ciation Model IVA (Model 5, G2 = 4.4, 1df , BIC = −8), although a
researcher may want to use other models for substantive reasons.
This model fits exactly with the two-way margin of occupation by
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TABLE 5: Telescoping Model Applied to the Three-Way Cross-Classification of
Occupation by Education by Race (Models 1-8) and Occupation by
Education by Gender (Models 9-12)

Model Equations df G2 BIC

1. Complete α∗
12 = β∗

12 = β∗
13 = α∗

23 = β∗
23 = 0 7 1,698 787

independence α∗
123 = β∗

123 = 0

2. Conditional α∗
123 = β∗

123 = 0 2 63 13

association IA:

homogeneity

across race

3. Conditional α∗
23 = β∗

23 = 0 2 28 –4

association IIA

4. Conditional α∗
23 = 0 1 20 –8

association IIIA

5. Conditional β∗
23 = 0 1 4.4 –8

association IVA

6. Completely α∗
12 = β∗

12 = β∗
13 = α∗

23 = β∗
23 6 767 330

homogeneous α∗
123 = β∗

123 = 0

UAM

7. Heterogeneous α∗
12 = β∗

12 = β∗
13 = α∗

23 = β∗
23 5 750 329

UAM α∗
123 = β∗

123

8. Dimensional α∗
12 = β∗

12, α
∗
23 = β∗

23 4 144 37

UAM α∗
123 = β∗

123 = 0

9. Conditional α∗∗
24 = β∗∗

24 = 0 2 40 2

association IB:

homogeneity

across gender

10. Conditional α∗∗
24 = β∗∗

24 2 38 6

association IIB

11. Conditional α∗∗
24 = 0 1 30 6

association IIIB

12. Conditional β∗∗
24 = 0 1 3.5 –7

association IVB

NOTE: UAM = uniform association model; BIC = Bayesian Information Criterion.



316 SOCIOLOGICAL METHODS & RESEARCH

TABLE 6: Table of Observed and Expected Counts for Occupation by Education
by Race From Model IVA (Table 5)

White Black

Nonmanual Manual Nonmanual Manual

College or above 1,140 (1,139.9) 102 (93.7) 109 (109.0) 15 (23.3)
High school or above 2,010 (2,010.0) 1,344 (1,352.4) 696 (696.0) 345 (336.9)
Less than high school 310 (310.0) 795 (795.2) 39 (39.1) 305 (305.0)

NOTE: Numbers in parentheses indicate fitted values.

TABLE 7: Parameter Estimates in Telescoping Models

Description of Parameter Parameter Estimate ASE

Three-way table
Interaction between occupation, education α∗

123 –1.43 0.20
(less than high school), and race
Occupation and education (less than high school) α∗

12 2.78 0.18
given race = Black
Occupation and race given education = α∗

13 1.11 0.18
less than high school
Education (less than high school) and α∗

23 0.43 0.09
race given occupation = manual
Occupation and education (high school β∗

12 0.82 0.28
or above) given race = Black
Interaction between occupation, education β∗

123 1.29 0.30
(high school and above), and race

Four-way table
Interaction between occupation, education, β124 1.82 0.18
and gender given race = Black
Interaction between occupation, race, and β134 1.20 0.30
gender given education = less than high school
Race and gender given occupation β14 –2.53 0.35
(manual) and education = less than high school

NOTE: ASE is asymptotic standard error of maximum likelihood estimate based on large-
sample theory. See Agresti (1990:54). All estimates are on log scale (e.g., α∗

12 is conditional
log odds ratio between occupation and education).

education and rather accurately to the expanded three-way table
(Table 6). Maximum likelihood estimates of this model are presented
in Table 7.

Next, we proceed to fit to the entire four-way table a joint dis-
tribution under the constraint that it matches the previously fitted
three-way table of occupation by education by race (see Table 6).
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Our aim is to find a parsimonious and adequate representation for
the joint distribution through inference of the canonical component
θ(1). Because the canonical parameters all have conditional interpre-
tations, it might not be straightforward to design meaningful models
for θ(1) based on substantive grounds. To provide some structure
to θ(1), we impose the restriction that the two conditional associ-
ations across the various levels of education are uniform, that is,
α1234 = β1234, α234 = β234, α124 = β124, α24 = β24. The results of the
analysis are summarized in Table 8. We observe that three empiri-
cal associations, β1234, β234, and β24, are close to zero. Accordingly,
in the subsequent analysis, their values are set to zero to reduce the
total number of models to be fitted. We report the results from only a
sample of competitive models that fit relatively well in terms of BIC
statistics. The best model is one that uses three additional degrees
of freedom (Model 4, G2 = 146, 9df , BIC = −7). The model sug-
gests that occupation and gender are conditionally dependent, given
race and educational attainment levels. In other words, gender pro-
vides additional information about occupational attainment beyond
that provided by race and education. Table 7 provides the parameter
estimates, and Table 3 presents the fitted values of the joint table.

6. RELATIONSHIP WITH OTHER PARAMETERIZATIONS

6.1. RELATIONSHIP WITH LOG-LINEAR MODEL

Let log π = Dλ be a saturated log-linear model, where D is a
non-full-rank design matrix and λ is the interaction parameter. The
log-linear model is usually overparameterized and thus additional
identifiability constraints are required. One such constraint is to set
the parameter that corresponds to the first category to zero. When
all classifications are binary and a dummy coding scheme (set-first-
to-zero) is applied to D, the matrix D reduces to A in (4). In other
words, the log-linear model parameter λ is identical to its canonical
counterpart θ . However, when any classification has more than two
categories, θ in (4) is different from λ. For example, consider a poly-
tomous two-dimensional log-linear model:

log mij = λ + λA
i + λB

j + λAB
ij .
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TABLE 8: Telescoping Model Applied to the Four-Way Cross-Classification of
Occupation by Education by Race by Gender

Model Equations df G2 BIC

1. Conditional All available parameters set to zero 12 696 241

independence

2. Saturated All available parameters free 5 90 1

canonical

3. Conditional β1234 = β234 = β24 = 0 8 131 –6

association I

4. Conditional β1234 = β234 = β24 = 0;

association II β34 = 0 9 146 –7

5. Conditional β1234 = β234 = β34 = β124 = 0 9 240 35

association III

6. Conditional β1234 = β234 = β24 = 0;

association IV β34 = β124 = 0 10 255 39

7. Conditional β1234 = β234 = β24 = 0;

association V β14 = β124 = 0 10 420 121

8. Conditional β1234 = β234 = β34 = β124 = 0;

association VI β134 = 0 10 307 65

9. Conditional β1234 = β234 = β34 = β124 = 0;

association VII β134 = β24 = 0 11 449 126

10. Conditional β1234 = β234 = β34 = β124 = 0;

association VIII β14 = β24 = 0 11 674 240

NOTE: BIC = Bayesian Information Criterion. The constraints α1234 = β1234, α234 = β234,
α124 = β124, α24 = β24 are present in each fitted model.

The relationships between λ and θ of (8), (9), and (10) are as follows:

∇1(λ
A
i + λAB

iJ ) = θ iJ ,

∇2(λ
B
j + λAB

Ij ) = θIj , and

∇1∇2λ
AB
ij = θ ij .

6.2. RELATIONSHIP WITH AM MODEL

The objective of mixed parameterization is similar to that of
AM models. Both approaches aim to simultaneously design models
for some of the selected marginal and the entire joint distribution.
Formally, the AM model (Lang and Eliason 1997) is formed by
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simultaneously specifying a log-linear (A) model for the joint
distribution, log m = Wα, and a regression type (M) model for the
margin, log Mm = Xβ. The distinction between an AM model and
mixed parameterization is that in the latter, the A (canonical) and M
(mean) parts are mutually exclusive components of the joint distribu-
tion. While the AM model is convenient to use because its A model
adopts an established tool—the log-linear model—the A and M mod-
els are required to satisfy certain compatibility conditions (Lang and
Eliason 1997:208). One of them is that “the range space of the A
model matrix W contains the range space of the M model, in symbol
R(W) ⊇ R(MT ).” In other words, the A model should be broad
enough to avoid inducing any undue constraints on the margin Mm.
When the condition R(W) ⊇ R(T ) does not hold, there may not exist
a solution for m that satisfies both the A and M models.

Compared with the log-linear model, both mixed parameterization
and the AM approaches share several common advantages. For illus-
tration, we use the analysis of mobility table as an example. First,
modeling and comparison of marginal distributions (e.g., origin and
destination marginal distributions) are made explicit and direct. Stan-
dard log-linear models, on the other hand, model the marginal distri-
bution of structural mobility implicitly through induced constraints
on the log-linear model parameters λ. Second, even when the A
component in both AM and mixed parameterization (e.g., modeled
using quasi-symmetry) does not fit the data well, structural mobility
(marginal) change can still be summarized without bias. Third, both
of the simultaneous approaches often result in a model that combines
the best of both the A and the M models.

6.3. RELATIONSHIP WITH MARGINAL MODEL

The marginal model approach can be viewed as a special case of
multilevel mixed parameterization. For any n-way table, it uses all of
the marginal associations ranging from (n − 1) to 2 dimensions as
distribution parameters, with the partitions being strictly hierarchi-
cal. For the multilevel partition, one proceeds as follows: recursively
apply mixed parameterization (n − 1) times, each time retaining the
highest order canonical association and transforming the remaining
parameters into mean parameters. In other words, the marginal model
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can be viewed as an extreme case of applying mixed parameteriza-
tion to every combination of variables: zooming in to the lowest order
marginal distributions, then to the second-order margins, and so forth.
Although each application of mixed parameterization to a marginal
distribution is complementary, in general, the variation independence
between parameters in a marginal model does not hold (the same can
be said for parameters within the mean component of mixed para-
meterization). The likelihood for a marginal model is constructed in
reverse order, moving from n one-dimensional marginal distributions,
to n(n − 1)/2 two-dimensional marginal distributions, and so on. In
the process, 2n − 1 marginal distributions are constructed. The pro-
cess is computationally intensive if covariates are involved.

7. MODELS AND COMPUTATIONAL ALGORITHMS

We outline an algorithm for obtaining maximum likelihood estimates
for models formulated in terms of mixed parameters. Consider the
following models:

Canonical model: θ(1) = g(B1α) and

mean model: µ(2) = h(B2β),

where B1 and B2 are either known design matrices or matrices of
observed covariates and both g and h are smooth functions. Given
some starting values, α(0), β(0), the estimation proceeds with the fol-
lowing two steps:

1. Based on the current value (α(t), β(t)) search for the next β that gives
the largest increase in likelihood. Denote the updated value by β(t+1).

2. Based on the value of (α(t), β(t+1)) search for the next α that gives
the largest increase in likelihood. Denote the updated value by α(t+1).

The procedure is iterated for t > 0 until a measure of the change
in (α(t), β(t + 1)) does not exceed a specified threshold. At each iter-
ation of the algorithm, evaluation of the vector of cell probabili-
ties π(θ(1)(α), µ(2)(β)) is necessary (Fitzmaurice and Laird 1993)
because the likelihood is the object to be maximized and its value
depends on π and the observed data n (see equation (2)). Cell proba-
bilities are computed by the iterative proportional fitting (IPF) algo-
rithm. IPF starts with a q-dimensional probability table π(θ(1)(α(t)),
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θ(2) = (0, . . . , 0)T ) (not necessarily a probability distribution) and
iteratively scales each of the marginal distributions identified in the
set µ(2) until its mean matches µ(2)(β(t)). The value of θ(1) is not
altered after the IPF step (Darroch and Ratcliff 1972). In other
words, the “starting values” define the association structure. The algo-
rithm for fitting margins of order higher than 1 is also outlined in
Gange (1995).

Incidentally, the partition of a q-dimensional θ into p-dimensional
θ(1) and (q − p)-dimensional µ(2) offers some computational advan-
tages in the estimation procedure. For example, if Newton-Raphson
is used to update the parameters in Steps (a) and (b), then we invert
two smaller covariance matrices instead of a single large one.

Two commonly used methods can be employed to obtain maximum
likelihood estimates in Steps (a) and (b). The first method is to apply
Newton-Raphson–type algorithms to search for the next point of iter-
ation. An alternative way is to use a one-dimensional search method
or Newton approximation for updating the parameters. The latter
method is consistent with the spirit of Goodman (1979) and Becker
(1990), who suggested using the unidimensional Newton algorithm
to circumvent the problem of inverting large Hessian matrices.

8. DISCUSSION

While the theory and methodology of mixed parameterization used
in this article are built on established work in statistics and sociology,
we believe the article offers several important contributions to the
sociology literature. The following summarizes these contributions
and discusses possible future research.

1. Mixed parameterization generalizes the conventional method of mod-
eling associations and univariate marginal distributions. For example,
the mean component in mixed parameterization can include bivari-
ate marginal distributions. Indeed, one can even fit a model to a
selected set of aggregated counts that corresponds to a set of trans-
formed mean parameters. The theory of mixed parameterization of
Barndorff-Nielsen and Cox (1994) is rather general and allows such
models. The fitting of models (including saturated ones) to selected
sets of counts is not uncommon in sociology. For example, in some
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mobility models, the diagonal cells are required to be fitted exactly
(e.g., see discussion in Becker et al. 1998:518). Possible extensions
of mixed parameterization to include such application would provide
researchers in sociology with an even more flexible tool.

2. Multilevel partitioning of the parameter space makes possible the
design of a sequence of compatible and meaningful telescoping mod-
els that describes fine marginal structures for cross-classified data.
The multilevel partitioning scheme may be particularly useful when
the joint table is sparse (i.e., contains less information on average
per variable) but the marginal tables of interest are relatively dense
(i.e., contain more information on average per variable). To take
advantage of the differential information present in the data, one
modeling strategy would be to fit increasingly accurate models to a
telescoping set of judiciously chosen marginal tables of decreasing
dimension. The same principle might be applied to nontelescoping
models. While nontelescoping models may be meaningful in socio-
logical research, certain issues arise, such as the fact that one marginal
model may induce constraints on another. Further investigations are
necessary.

3. A system of matrix and difference operators makes possible param-
eterization of the joint density into the exponential family, which
is a powerful vehicle for further exploring the statistical properties
of mixed parameters (Barndorff-Nielsen 1978). Such a system also
defines local conditional associations of various orders. When other
types of parameters are required, the matrix representation needs to
be modified. For example, instead of local odds ratio, which is used
in this article, Glonek (1996) used multivariate logistic contrasts or
global odds ratios as the distribution parameters in characterizing
the mean component µ(2). Therefore, one possible direction of future
research is to extend the system of matrix and difference operators
to incorporate different types of parameters (e.g., global odds ratios)
and cross-classifying variables (e.g., non-equally-spaced categories
and partially ordered categories).

4. The comparison of three prominent methodologies in the literature—
the log-linear model, the AM model, and the marginal model—
to mixed parameterization provides insights into the relationship
among these important modeling approaches. Furthermore, this article
demonstrates how multilevel mixed parameterization accommodates
commonly used models. Both could be meaningful for practitioners
who seek to extend or improve existing methods to broaden the scope
of their applications in sociology.
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