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Abstract

We present fast distributed local control Connected Dominating Set (CDS) algo-
rithms for wireless ad hoc networks. We present two randomized distributed algo-
rithms, CDSColor and CDSTop which take into account the effect of wireless interfer-
ence and the consequent loss of messages during the execution of the algorithm. These
algorithms produce a CDS of constant size and constant stretch ratio with high proba-
bility, and converge in polylogarithmic running time. Specifically, algorithm CDSColor
requires the nodes to know (estimates of) the maximum degree ∆ and the size of the
network n and converges in O(∆ log2 n) time. Algorithm CDSTop requires the nodes
to know their three-hop topology and (an estimate of) the network size n and con-
verges in O(log2 n) time. To the best of our knowledge, these are the first distributed
interference-aware CDS algorithms for wireless ad hoc networks which break the linear
running-time barrier.

Keywords: Wireless Networks, Interference, Connected Dominating Set, Fast, Distributed
Algorithms, Theory

1 Introduction

Ad hoc Networking has been a focus of intense research in recent years due to its tremendous
potential in sensing, disaster relief, battle-field operations, community networking, etc. Ad
hoc networks are composed of wireless mobile nodes and are characterized by a lack of a fixed
communication infrastructure, frequent connectivity changes, strict bandwidth and power
constraints, and wireless interference: characteristics which pose difficult challenges in the
design of communication protocols for these networks. Several researchers have proposed the
use of a virtual backbone in the network as an alternative to a fixed routing infrastructure [30,
10, 11]. Nodes in the virtual backbone act as a connected skeleton for the entire network and
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frequently exchange local routing information (such as current traffic/mobility conditions,
neighborhood information, etc.) so that other routing and group communication protocols
can be implemented efficiently on top of the virtual backbone.

A Connected Dominating Set (CDS) is a natural candidate for virtual backbone infras-
tructure in ad hoc networks. A CDS is a connected subset of the network nodes such that
any node in the network is either part of the CDS or has a neighbor in the CDS. For a vir-
tual backbone to be effective, the underlying CDS must be small in size, have a low stretch
(i.e., preserve the shortest paths in the original network), and must be computable using fast
distributed local control algorithms. All currently known CDS algorithms in the literature
can be essentially classified into three categories. 1) Centralized algorithms which require
all the network nodes to know the complete network topology [8, 14]. 2) Fast localized dis-
tributed algorithms whose running time is constant (O(1)) or poly-logarithmic in the size of
the network (O(logk n), where k is a constant), but which do not take into account the effect
of wireless interference [9, 32, 33]. 3) Linear time localized distributed algorithms which
handle the effect of wireless interference [2, 3, 4, 5, 6, 31]. These algorithms typically involve
passing a token packet sequentially through each node in the network; the token contains
information about the current CDS topology in the node’s local neighborhood. Since the
token is handled sequentially, there are no concurrent transmissions and no packet losses due
to interference; however this imposes a linear running time on the algorithm.

Centralized CDS algorithms (from the first category) are hard to implement over an
ad hoc network due to the difficulties involved in collecting and maintaining the entire
network topology information at each node. Distributed algorithms which do not directly
incorporate the effects of wireless interference also present difficult and open implementation
challenges. In particular, it is unclear and open question if and how the underlying message
transmissions in these algorithms could be scheduled such that the algorithm converges
quickly (in constant or polylog time), in the presence of message losses due to interference.
Linear-time distributed algorithms do not exploit the massive parallelism available in the ad
hoc network. Further, linear-time algorithms are more susceptible to disruptions caused by
network dynamics, since there is a high likelihood of changes in network connectivity before
the termination of the distributed algorithm.

The above discussion naturally lead us to the following question: do there exist fast local
control distributed algorithms for CDS construction in wireless ad hoc networks? In this
work, we design two distributed CDS algorithms for wireless ad hoc networks, which answer
this question in the affirmative. Specifically, the following are the main results presented in
this paper.

1.1 Our Contributions

We present provably good fast interference-aware distributed algorithms for CDS construc-
tion in ad hoc networks. While several sub-linear distributed CDS algorithms exist in the
literature, none of them explicitly incorporate the loss of messages due to wireless inter-
ference; Our algorithms are guaranteed to converge in polylogarithmic time and produce a
valid CDS upon termination with high probability. To the best of our knowledge, ours is
the first work to present rigorous, fast converging, local control algorithmic techniques for
CDS construction in wireless ad hoc networks which take into account message losses due to
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interference, albeit with the assumption of synchronous network communication.
We present two distributed algorithms: a Distance-2 coloring based algorithm CDSColor

and a neighborhood topology based algorithm CDSTop. Algorithm CDSColor requires each
node to know the maximum degree ∆ and the total number of network nodes n and runs in
time O(∆ log2 n). Algorithm CDSTop requires each node to know their three-hop topology
and runs in time O(log2 n). Both these algorithms incorporate message loss due to collisions
from interfering transmissions.

A basic underlying primitive for algorithm CDSColor is the distributed Distance-2 vertex
coloring of nodes in the network. The Distance-2 coloring primitive arises naturally in many
applications such as broadcast scheduling and channel assignment in wireless networks. In
general, the colors could represent time slots or frequencies assigned to the nodes. Minimizing
the number of colors used in the coloring is very desirable for these applications, but is
known to be NP-hard [29]. Our coloring algorithm runs in time O(∆ log2 n), where ∆ is
the maximum degree and n is the number of network nodes and uses O(∆) colors for the
D2-coloring; this is at most O(1) times the number of colors used by an optimal algorithm.
To the best of our knowledge, ours is the first distributed coloring algorithm known for
the D2-coloring problem in wireless networks and could be of independent interest to other
distributed scheduling applications as well.

The distributed CDS algorithms presented in this paper are optimized for constructing
CDSs with certain powerful structural properties such as low size, low stretch and low degree,
as introduced by Alzoubi [2]. We note that our algorithms and analysis only require that
nodes know a good estimate of the values of the network parameters n and ∆ instead of their
exact values. Such estimates are easy to obtain in many practical scenarios. For instance,
consider the scenario where n nodes with unit transmission radii are randomly placed in a
square grid of area n. In this case, the maximum degree ∆ = Θ( logn

log logn
) with high probability.

We note that while the assumption of network synchronization could be unrealistic for many
ad hoc network scenarios, it is not too restrictive an assumption for networks enabled with
a Global Positioning System (GPS). Yet another promising approach is to implement our
algorithms on top of time synchronizers for wireless ad hoc networks (see Romer [28] for
instance).

The remainder of this paper is organized as follows: in Section 2, we introduce the basic
models and definitions which will be used in the rest of the paper. We survey related work
in Section 3. In Sections 4 and 5, we present our distributed CDS algorithms CDSColor

and CDSTop respectively. Section 6 contains concluding remarks and directions for future
investigation.

2 Preliminaries

2.1 Network and Interference Model

We model the network using an undirected graph G = (V,E): the nodes in V are embedded
in the plane. Each node has a maximum transmission range and an edge (u, v) ∈ E if u and
v are within the maximum transmission range of each other. We assume that the maximum
transmission range is the same for all nodes in the network (and hence w.l.o.g., scaled to one
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unit). This model results in the network being modeled as a Unit Disk Graph (UDG).
Time is discrete and synchronized across the network; units of time are also referred to

as time slots. Since the medium of transmission is wireless, whenever a node transmits a
message, all its neighbors hear the message. We model interference using a simple receiver
based model (Rx-model): if two or more neighbors of a node w transmit at the same time,
w will be unable to receive any of those messages (but will be able to detect that a collision
has occurred). In any time slot, a node can either receive a message, detect collision, or
transmit a message but cannot do more than one of these.

We use the UDG network model and the Rx-model for ease of exposition. Our techniques
can easily be extended to a variety of other network and interference models that are frequently
used to model ad hoc wireless networks. For instance, in (r, s)-civilized graphs [18], any two
nodes in the network are separated by a minimum distance of s and an edge between two
nodes exist only if they are separated by a distance of at most r. The connectivity condition
is only a necessary condition and not sufficient. In particular, lossy links or the presence
of obstructions could be modeled in the above class of graphs by the absence of an edge
between two nodes although they may have a distance ≤ r between them. Yet another
frequently studied network model is that of a random wireless network, where nodes are
placed randomly in a unit square and an edge exists between two nodes if they are at most
a distance of r apart, with lossy links and obstructions being modeled by the absence of the
corresponding edge in the graph. We note that all the above geometric network models share
an important property of being growth restricted metrics which were introduced by Karger
and Ruhl [17], which model several general and practical classes of network topologies; all the
distributed algorithmic techniques presented in this paper extend to growth restricted metric
graphs. Our techniques also extend to other interference models studied in the literature
such as the Tx-model [34], the Protocol model [15], and the Tx-Rx model [21].

2.2 Definitions

We now describe the definitions and notations used in the rest of the paper. All the defini-
tions below are with respect to the undirected graph G = (V,E).
Connected Dominating Set (CDS): A set W ⊆ V is a dominating set if every node
u ∈ V is either in W or is adjacent to some node in W . If the induced subgraph of the nodes
in W is connected, then W is a connected dominating set (CDS). A Minimum Connected
Dominating Set (MCDS) is a CDS with the minimum number of nodes.
Maximal Independent Set (MIS): A set M ⊆ V is an independent set if no two nodes
in M are adjacent to each other. M is also a Maximal Independent Set (MIS) if there exists
no set M ′ ⊃ M such that M ′ is an independent set. Note that in an undirected graph, every
MIS is also a dominating set.

For the remainder of this paper, we let W denote a CDS. The following properties are
often desirable in a CDS for efficient routing and scheduling.

(P1) Low Size: Let OPT be an MCDS in G. Then, |W | ≤ k1|OPT |, where k1 is a
constant.

(P2) Low Degree: Let G′ = (W,E ′) be the graph induced by the nodes in W . For
all u ∈ W , let d′(u) denote the degree of u in G′. Then, ∀u ∈ W, d′(u) ≤ k2, where k2 is a
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constant.
(P3) Low Stretch: Let D(p, q) denote the length of the shortest path between p and q

in G. Let DW (p, q) denote the length of the shortest path between p and q such that all the

intermediate nodes in the path belong to W . Let sW
.
= max{p,q}∈V

DW (p,q)
D(p,q)

. Then, sW ≤ k3,
where k3 is a constant.
Distance-k Neighborhood (Dk-neighborhood): For any node u, the Dk-neighborhood
of u is the set of all other nodes which are within k hops away from u.
Distance-2 Vertex Coloring (D2-coloring): D2-coloring is an assignment of colors
to the vertices of the graph such that every vertex has a color and two vertices which are
D2-neighbors of each other are not assigned the same color. Vertices which are assigned
the same color belong to the same color class. This definition is motivated by the fact that
nodes belonging to the same color class can transmit messages simultaneously without any
collisions.

3 Related Work

Table 1 presents a comparison of the various distributed CDS algorithms known in the
literature. Algorithms CDSColor and CDSTop, the two distributed algorithms presented in
this work, are also featured in the table. The columns from left to right correspond to the
following aspects of the algorithms respectively: the name of the algorithm, whether the
algorithm explicitly takes into account the loss of messages due to wireless interference, the
time complexity of the algorithm, the worst case approximation ratio of the size of the CDS,
the worst case stretch of the CDS, whether the CDS algorithm requires the network to be
synchronized, the graph classes to which the guarantees of the CDS algorithm apply, and the
information required at each node during the execution of the algorithm. We remark that Dai
et al. [9] present a constant upper bound on the size ratio of their distributed CDS algorithm
for random Unit Disk Graphs (UDGs). The SPAN algorithm [7] is implemented over the
802.11 MAC layer protocol and hence the worst case convergence time for SPAN is not
known (and assumed to be unbounded). We also note that the algorithm of Kuhn et al. [20]
takes as input a value k, runs in time O(k2) and yields a dominating set of expected size

O(k∆
2
k log ∆) times the optimal. A preliminary version of the techniques developed in this

paper also appears in Parthasarathy et al. [26]. As the table indicates, our distributed CDS
algorithms are the first to incorporate wireless interference and converge in polylogarithmic
time, albeit for synchronous networks.

Kuhn et al.[19] and Moscibroda et al.[25] propose fast interference-aware distributed al-
gorithms for wireless networks; the proposed algorithms construct a dominating set and a
maximal independent set and have time complexities, O(log2 n) and O( log3 n

log logn
) respectively.

Significantly, both these papers assume an asynchronous quasi-UDG model for the ad hoc
network and assume that the network nodes have no information about their local neigh-
borhood and do not possess a reliable collision detection mechanism (i.e., nodes can not
distinguish between collision and lack of transmission). However, unlike the techniques pre-
sented in this work, both these papers deal only with clustering the network and do not
deal with obtaining a connected substructure of the network. We believe that the algorith-
mic techniques presented here and those of [19] and [25] are complementary to each other
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Comparison of Distributed CDS Algorithms
Algo Interference Aware Time Size Stretch Sync Graph Class Info

Wan et al. [31] yes O(n) O(1) O(n) no UDG D1
Alzoubi et al. [2, 1] yes O(n) O(1) O(1) no UDG D1
Dai et al. [9] no O(1) O(n)∗ O(n) no undirected D2
Wu [33] no O(1) O(n) O(n) no directed D2
Wu et al. [32] no O(1) O(n) O(n) no undirected D2
SPAN [7] yes unbounded∗ O(1) O(1) no undirected D3

Kuhn et al. [20] no O(k2)∗ O(k∆
2
k log ∆) O(n) yes undirected Dk

Jia et al. [16] no O(logn log ∆) O(log ∆) O(n) yes undirected D1
Dubashi et al. [12] no O(log2 n) O(logn) O(logn) yes undirected D1
CDSColor yes O(∆ log2 n) O(1) O(1) yes UDG n,∆
CDSTop yes O(log2 n) O(1) O(1) yes UDG D3,n

Table 1: Comparison of Distributed CDS Algorithms: Note how the fast converging CDS
algorithms are typically not interference-aware and vice-versa. ‘Graph Classes’ UDG, undi-
rected and directed represent Unit Disk Graphs, undirected and directed graphs respectively.
‘Info’ refers to the extent of local information (and global parameters) which each node is
expected to know. * - See remarks in Section 3

and combining these approaches for developing faster CDS algorithms under more stringent
network models merits future investigation.

D2-coloring is a problem with natural applications to conflict-free broadcast scheduling
and channel assignment in wireless networks. In [29], it was shown that even in the case of
UDGs, it is NP-hard to minimize the number of colors used in the D2-coloring. However, for
many restricted graph classes such as UDGs, several centralized approximation algorithms
exist which use within O(1) times the number of colors used by an optimal D2-coloring
[29, 18, 27]. We present the first distributed implementation of D2-coloring for ad hoc
wireless networks.

Luby[22, 23] proposed randomized distributed algorithms for vertex coloring and MIS
construction in arbitrary undirected graphs. Our distributed algorithms are inspired by
Luby’s algorithms which were originally meant for a system of parallel processors. Our
adaptations which are meant for wireless ad hoc networks are further constrained by the
fact that messages can be lost due to collisions.

4 A centralized scheme

The distributed algorithms presented in this article are distributed implementations of a
well-known centralized scheme for CDS construction. This scheme and its variants form the
basic template for several distributed algorithms known in the literature as well as those
developed in this work. Algorithm 1 takes as input a network G = (V,E). Lines 2 to 7
compute a Maximal Independent Set (MIS) as follows: iteratively choose vertices which are
currently not in MIS and which do not currently have a neighbor in MIS. Since G is an
undirected graph, any maximal independent set for G is also a dominating set. Marathe
et al.[24] first showed how this simple covering strategy results in O(1) approximation for
UDGs for covering problems such as minimum dominating sets. Lines 8 to 11 connect the
nodes in MIS using gateway nodes. Specifically, every MIS node u is connected to every
other MIS node v in its D3-neighborhood, using a shortest path between u and v. Nodes in
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these shortest paths which are not part of the MIS act as the gateway nodes; gateway nodes
along with the nodes in MIS, constitute the CDS. The algorithm is illustrated in Figure 1.

Algorithm 1 CENTRALIZED − CDS(G = (V,E))

1: U = V
2: MIS = φ
3: while U 6= φ do
4: Pick any u ∈ U
5: MIS = MIS ∪ {u}
6: U = U \ ({u} ∪N(u))
7: end while
8: CDS = MIS
9: for all {u, v} ⊆MIS do

10: if D(u, v) ≤ 3 then
11: P = set of nodes in a shortest path from u to v
12: CDS = CDS ∪ P
13: end if
14: end for
15: return CDS

Figure 1: A CDS produced by the centralized algorithm: nodes enclosed in the circle are
the MIS nodes; nodes within the squares are the gateway nodes; together they form the
CDS.

Alzoubi et al. [2] proved that this scheme generates a CDS with constant stretch, constant
degree and size within a constant factor of the optimal. Other variants of the this scheme
trade off the size, degree and stretch guarantees: for instance,[31] builds a CDS with lower
worst case degree and size ratio while sacrificing the constant stretch guarantee. As noted
earlier, our distributed algorithms are distributed implementations of this scheme; however,
our techniques can be easily modified to implement several other variants of this scheme as
well, thus yielding the desired tradeoffs.
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5 Distributed CDS Algorithms

In this section, we present our distributed CDS algorithms. Both the algorithms are ran-
domized and can be parametrized to yield a valid CDS upon termination with very high
probability. The basic contention resolution mechanism which underlies many stages of
these distributed algorithms are as follows. Multiple neighboring nodes could contend for
the channel at the same time, resulting in collisions and loss of messages at the intended
recipients. However, the randomized transmission scheduling typically chooses transmit-
ters and channel access probabilities such that each message has a constant probability of
successful reception by its intended recipients. By repeating the randomized scheduling
scheme a logarithmic number of times, messages are guaranteed to be successfully received
by their intended recipients with high probability (w.h.p.)1. This is also the basis of the
poly-logarithmic running times of our distributed algorithms. We now present the details of
our distributed algorithms.

5.1 Algorithm CDSColor

We now present our first distributed CDS algorithm. Each node knows the maximum degree
∆, and the size of the network n. There are three stages in the algorithm. The first stage
involves D2-coloring the nodes in the network using a list of c colors.The second stage involves
constructing a Maximal Independent Set (MIS) and the third stage involves connecting the
MIS. The second and third stages can be easily implemented since transmissions can be
scheduled using the D2-coloring computed in the first stage. We now present these stages in
detail.
Stage 1: D2-coloring This stage is parametrized by three positive integers: c, t, and r (to
be specified later). Each node u has a list of colors L(u) which is initialized to {1, 2, . . . c}.
Time is divided into frames of length c time slots. The coloring algorithm proceeds in a
synchronous round by round fashion. Typically, each round involves the following steps.
Some of the yet-uncolored nodes choose a tentative color for themselves. Tentative color
becomes permanent for a node, say v, if none of v’s D2-neighbors have chosen the same
tentative color as v. In this happens we say that v is successful. The unsuccessful nodes
update their color list by removing the set of colors chosen by their successful D2-neighbors
in this round and continue their attempts to color themselves in the future rounds. The
coloring algorithm terminates after t rounds. We now present the details of a specific round.

Each round consists of four phases: TRIAL, TRIAL-REPORT, SUCCESS and
SUCCESS-REPORT. The details of these phases are given below.
TRIAL: Only the yet-uncolored nodes participate in this phase. This phase consists of
a single frame. At the beginning of this phase, each yet-uncolored node u becomes awake
with probability 1

2
and goes to sleep with the complementary probability. When a node goes

to sleep it skips the current round. Each awake node u chooses a tentative color color(u)
uniformly at random from L(u). Note that L(u) is the list of colors available for node u in
the current round and this list may change in the future rounds. Node u then transmits a
TRIAL message {ID(u), color(u)} at the time slot corresponding to color(u) in this frame:

1In the rest of the paper, by w.h.p., we mean a probability value which is at least 1− 1
nδ , where δ > 0 is

a constant which can be made arbitrarily large by appropriately choosing the parameters of the algorithm.
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for e.g., if u is yet-uncolored and if color(u) = 5, u transmits the message {ID(u), 5} at the
fifth time slot of this frame. In general, the TRIAL message (and other types of messages
below) may not reach all the neighbors of u due to collisions.
TRIAL-REPORT: This phase consists of r frames. At the beginning of this phase, every
node u in the network prepares a TRIAL-REPORT message. This message is the concate-
nation of all the TRIAL messages received by u in this round. During every frame of this
phase, u chooses a time slot independently at random within the frame (recall that a frame
contains c time slots), and broadcasts the TRIAL-REPORT message during this time.
SUCCESS: This phase consists of a single frame. At the beginning of this phase, every
awake node u determines if the tentative color it chose during the TRIAL phase is a safe
color or not. In our algorithm, u deems color(u) to be safe if each TRIAL-REPORT message
received by u contained the TRIAL message sent by u. In this case, color(u) becomes the
permanent color for u and u creates a SUCCESS message {ID(u), color(u)} and broadcasts
it to all its neighbors. This transmission is done at the time slot corresponding to color(u)
within this frame. In future rounds, u does not participate in the TRIAL and SUCCESS
phases since it successfully colored itself in this round.
SUCCESS-REPORT: This phase is similar to the TRIAL-REPORT phase. The SUCCESS-
REPORT message for every node u in the network is a concatenation of SUCCESS messages
which were received by u in this round. This phase also consists of r frames. During every
frame of this phase, u chooses a time slot independently at random within the frame and
broadcasts its SUCCESS-REPORT message during this slot. Crucially, at the end of this
phase, any yet-uncolored node v removes from its list L(v), any color found in the SUCCESS
or SUCCESS-REPORT messages received by v in this round. This ensures that v does not
choose the colors of its successful D2-neighbors in the future rounds.
This completes the description of a single round of the coloring stage. As mentioned ear-
lier, the coloring stage consists of t such rounds, upon which the D2-coloring subroutine
terminates.
Stage 2: Constructing the MIS The previous stage ensures that all nodes in the network
have a valid D2-coloring using colors {1, 2, . . . c}. During this stage, a maximal independent
set (MIS) is built iteratively in c time slots. During slot i, all nodes belonging to color
class i attempt to join the MIS. A node joins the MIS if and only if none of its neighbors
are currently part of the MIS. After joining the MIS, the node broadcasts a message to its
neighbors indicating that it joined the MIS. Nodes transmitting during the same time slot
belong to the same color class and hence do not share a common neighbor. Clearly, this
stage requires exactly c time steps.
Stage 3: Connecting the MIS This stage requires six phases. Each phase is one frame
long and a single frame is of length c. As in stage two, nodes transmit only during the
time slot corresponding to their D2-color. During the first phase, all MIS nodes transmit a
PHASE-1 message. This message just consists of the node’s ID. In the second phase, any
node u which received a PHASE-1 message, transmits a PHASE-2 message. This message
is a concatenation of ID(u) and all the PHASE-1 messages received by u. In the third
phase, any node u which received a PHASE-2 message, transmits a PHASE-3 message. This
message is a concatenation of ID(u) and all the PHASE-2 messages received by u.

By the end of the third phase, every MIS node u knows every other MIS node v in its
D3-neighborhood. Node u also knows all paths of length at most three between itself and
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v. Node u constructs a PHASE-4 message as follows: for every other MIS node v such
that v is in its D3-neighborhood and ID(v) > ID(u), u chooses a path of length at most
three hops between itself and v. It adds this information to its PHASE-4 message. All MIS
nodes transmit a PHASE-4 message during the fourth phase. Every node u which received
a PHASE-4 message transmits a PHASE-5 message. This message is a concatenation of
all the PHASE-4 messages received by u. Finally every node u which received a PHASE-5
message transmits a PHASE-6 message. This message is a concatenation of all the PHASE-5
messages received by u. By the end of this stage, any MIS node u knows the path between
itself and any other MIS node v which in its D3-neighborhood. In addition, any node w
which is not part of the MIS, knows if it is part of the final CDS or not. All three stages are
illustrated in Figure 2.

We now specify the values for the various parameters in the algorithm, which completes
the description of the algorithm: c = k4∆, t = k5 logn, and r = k6 logn, where k4, k5 and
k6 are suitable constants.

5.2 Analysis of Algorithm CDSColor

Theorem 1 The running time of the algorithm is O(∆log2n).

Proof The first stage consists of t rounds, each of which consists of 2(r + 1) frames. The
second and third stages consist of 1 and 6 frames respectively. Hence, the total number of
frames is O(tr) = O(log2 n). All frames are of length c = O(∆). Hence, the running time is
O(∆log2n).

The following definition and claims are useful for the rest of the analysis.
Definition: Let S be a set of disks in the plane. Let C be a disk in the plane. For any
disk s, we let s denote both the disk and the set of points contained within the disk. We
say that S is a covering for C iff the following hold: 1. C ⊆ ⋃

s∈S s 2. ∀s ∈ S, s ∩ C 6= φ
3. ∀{s1, s2} ⊆ S, the center of s1 lies outside the center of s2 and vice versa. We state the
following simple claim from geometry.

Claim 2 Let S be a set of disks of radius r1 and C be a disk of radius r2. Let S be a covering
for C. Then, |S| ≤ k0(

r1+r2
r1

)2, where k0 is a constant. In addition, such a covering always
exists.

We use the above claim to prove the following lemma.

Lemma 3 Let G = (V,E) be a UDG with maximum degree ∆. Let C be a disk of radius
r ≥ 1

2
. The number of nodes of V which lie within C is at most 4k0r

2(∆ + 1).

Proof Let S be a set of disks of radius 1
2

which cover C. The maximum number of nodes
which lie within any disk in S is at most ∆+1 (since such nodes form a clique). The number
of disks in S by Claim 2 is at most 4k0r

2. Hence, the lemma follows.

Theorem 4 All messages in the algorithm require at most O(∆ logn) bits.
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(a) (b)

(c) (d)

b

1 2
3

a

(e)

Figure 2: Algorithm CDSColor: sub figures (a) & (b) represent the TRIAL and SUCCESS
phases of the D2-coloring stage; squares, hexagons and circles represent three distinct colors;
solid enclosures represent permanent colors and dotted enclosures represent tentative colors;
nodes that are not enclosed are not awake; note how two D2-neighbors enclosed in dotted
squares are unsuccessful in sub figure (b). Sub figures (c) and (d) represent the MIS con-
struction phase: nodes in (d) with black fillings are the MIS nodes; all nodes enclosed within
circles join the MIS first; after this, only one node within a square can join the MIS; other
colors are not shown for clarity. Sub figure (e) shows how the MIS nodes get connected;
nodes along the dotted lines 1,2, and 3 know about the MIS node ‘a’ through PHASE-1,
PHASE-2 and PHASE-3 messages; PHASES-4,5, and 6 are analogous.
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Proof The TRIAL and SUCCESS messages transmitted by a node u are of the form
{ID(u), color(u)}. The PHASE-1 and PHASE-4 messages are of the form {ID(u)}. The
PHASE-2 (PHASE-5) message is a concatenation of a node’s ID and the PHASE-1 (PHASE-
4) messages transmitted by its one-hop MIS neighbors. All one-hop MIS neighbors are within
a disk of radius one and the subgraph induced by the MIS nodes is a UDG with maximum
degree zero. Hence, by Lemma 3, there can be at most O(1) MIS nodes within a disk of
radius 1. Hence PHASE-1, PHASE-2, PHASE-4, and PHASE-5 messages require at most
O(logn) bits. All other messages are a concatenation of at most ∆ messages of the previous
types and hence require at most O(∆ logn) bits.

Theorem 5 The total number of messages transmitted by the algorithm is at most O(n log2 n).

Proof There are O(log2 n) frames in the algorithm. Each node transmits at most once
per frame. Hence the theorem follows.

We now prove the following lemmas which pertain to the correctness of the algorithm.

Lemma 6 Let u be a node which is yet-uncolored at the beginning of a round i. Let Li(u)
be the color-list of u in the beginning of round i. Let S be the set of D2-neighbors of u which
are yet-uncolored at the beginning of round i. Then, |Li(u)| ≥ |S| + 1. In particular, the
color-list of u is never empty before u is successfully colored.

Proof Recall that c = k4∆ is the initial size of the color-list for all nodes. Lemma 3
implies that the maximum number of D2-neighbors for any node is at most 16k0(∆+1). Let
the constant k4 be chosen such that k4 > 32k0. Hence each node initially has a list of c colors
which is strictly greater than the number of its D2-neighbors. A node removes at most one
color for each of its successful D2-neighbors in any round. Hence, the lemma follows.

The above lemma ensures that the TRIAL phase is well defined: i.e., no node has an
empty color-list before it is successfully colored. The following lemma ensures that the
TRIAL-REPORT and SUCCESS-REPORT phases are executed correctly, resulting in a
valid D2-coloring of vertices.

Lemma 7 Let u be a node which transmits TRIAL(SUCCESS)-REPORT messages during
a fixed round i. Let v be a fixed neighbor of u. Consider the event that v does not receive
even a single TRIAL(SUCCESS)-REPORT message collision-free from u during round i.
The probability of this event occurring is at most 1

nδ .

Proof Consider the event that the TRIAL-REPORT message transmitted by node u in a
particular frame is not received by node v. We now compute the probability of this event.
Recall that u (and any other node) chooses a time slot independently at random within a
frame and transmits the TRIAL-REPORT message. Let Tx,j denote the time slot chosen by
a node x in frame j. Let S = {v}⋃

N(v) \ {u}. Note that S is the set of nodes which could
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interfere with u’s transmission and cause collision at v. Specifically, node v will not receive
u’s message during frame j only if there exists a node x ∈ S such that Tx,j = Tu,j. We have,

Pr[∃x ∈ S, Tx,j = Tu,j] = 1 − Pr[∀x ∈ S, Tx,j 6= Tu,j]

= 1 −
∏
x∈S

Pr[Tx,j 6= Tu,j]

= 1 −
∏
x∈S

(
1 − 1

c

)

= 1 −
(
1 − 1

c

)|S|

≤ 1 −
(
1 − 1

c

)∆

Since c = k4∆, by letting k4 > 1, we have

(
1 − 1

c

)∆

≥ 1

4

Hence, Pr[∃x ∈ S, Tx,j = Tu,j ] ≤ 3

4

In order for v not to get even a single TRIAL-REPORT message of u, the above event
(∃x ∈ S, Tx,j = Tu,j) should occur for all frames j ∈ {1, . . . , r} in the TRIAL-REPORT
phase. Thus,

Pr[v not receiving any TRIAL-REPORT from u] ≤
(

3

4

)r

=
(

3

4

)k6 logn

=
1

nδ

Here, δ is a constant which can be made arbitrarily high by choosing an appropriate value
of k6. This completes the proof of the lemma.

Lemma 8 Let u, v be any fixed pair of D2-neighbors. When the algorithm terminates, u and
v have the same color with at most a negligible low probability of 1

nδ , where δ is a constant
which can be made arbitrarily high.

Proof Assume that u and v have been successfully colored with the color z, during rounds
i and j respectively. W.l.o.g., let i ≤ j. There are two possible cases.

The first case occurs when u and v are neighbors of each other. In this case, since u
is colored successfully in round i, no neighbor of u and no neighbor v (except u), chose
the tentative color z during round i (otherwise, the TRIAL-REPORT of v would not have
contained the TRIAL of u, and u would not have deemed itself successful). This also implies
that v received the SUCCESS message of u during round i collision-free. Hence, v would
have removed color z from its list during round i, leading to a contradiction.

13



The second case occurs when u and v are not neighbors of each other. In this case, there
exists a node x which is a neighbor of both u and v. By the same arguments as above, x
receives the TRIAL and SUCCESS messages of u during round i, collision-free. Hence, the
TRIAL-REPORT and SUCCESS-REPORT messages of x in round i, contains the color z.
Node v would deem z as its permanent color during round j = i, only if it did not receive any
TRIAL-REPORT messages transmitted by x in round i. Node v would choose color z during
a round j > i, only if it did not receive any SUCCESS-REPORT messages transmitted by x
in round i. By Lemma 7, both these events occur with the negligible low probability of 1

nδ ,
where δ is a constant which can be made arbitrarily high. This completes the proof of the
lemma.

Lemma 9 Consider the final colors of all the nodes after the D2-coloring algorithm termi-
nates. No two nodes which are D2-neighbors of each other have the same color, w.h.p.

Proof There are at most n2 pairs of neighbors. By Lemma 8 and using the union bound,

the probability of any of these pairs having the same color is at most n2
(

1
n

)δ
. Hence, the

probability of no pair of neighbors having the same D2-color is at least 1 − 1
nδ−2 , where δ is

a constant which can be made arbitrarily high. This completes the proof of the lemma.

Lemma 10 Let u be a yet-uncolored node at the beginning of a particular round i. Let S(u, i)
denote the event that u was successfully colored during round i. Then, Pr[S(u, i)] ≤ 3

4
.

Proof Recall that Li(u) is the color-list of u in the beginning of round i. Let N be the set
of D2-neighbors of u which are yet-uncolored in the beginning of round i. Let A(x) denote
the event that node x is awake during round i. Let C(x, z) denote the event that node x
chose the tentative color z during the TRIAL phase of round i. We note that for the event
S(u, i) to occur, at least one of the the following two events should occur:

1. A(u): u was not awake in round i. This event occurs with probability 1
2
.

2. ∃(x ∈ N, z ∈ Li(u)) such that C(x, z) and C(u, z): Some D2-neighbor of u choose the
same color as u. We denote this event as F (u).

We now compute Pr[F (u)]. We first note that for any node x, the probability that it
chooses any color from its list is at most 1/2, since it needs to be awake before choosing a
color. In addition, Pr[C(x, z)] ≤ 1

2|Li(x)| , since x chooses a color uniformly at random from
its list. We have,

Pr[F (u)] =
∑

z∈Li(u)

Pr[C(u, z)](
∑
x∈N

Pr[C(x, z)])

=
1

2|Li(u)|
∑

z∈Li(u)

(
∑
x∈N

Pr[C(x, z)])

=
1

2|Li(u)|
∑
x∈N

(
∑

z∈Li(u)

Pr[C(x, z)])
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≤ 1

2|Li(u)|
∑
x∈N

1

2

≤ |N |
4|Li(u)|

By Lemma 6, |Li(u)| ≥ |N | + 1. Hence, the above probability is at most 1
4
. Hence, we have

Pr[S(u, i)] ≤ 1

2
+

1

4

which completes the proof of the lemma.

Lemma 11 When D2-coloring algorithm terminates, w.h.p. all nodes are successfully col-
ored.

Proof By Lemma 10, the probability of a particular node u remaining yet-uncolored after

the algorithm terminates is at most
(

3
4

)t
=

(
3
4

)k5 logn
= 1

nδ . Hence, the probability of some

node remaining yet-uncolored after the algorithm terminates is at most n
nδ = 1

nδ−1 . Here, δ
is a constant which can made arbitrarily high by choosing the appropriate value of k5. This
concludes the proof of the lemma.

Theorem 12 The first stage computes a valid D2-coloring w.h.p.

Proof Lemmas 9 and 11 together yield this theorem.

Theorem 13 The second and third stages compute a valid MIS and CDS respectively w.h.p.

Proof Observe that if the first stage produces a valid D2-coloring, then no packets are
lost due to collision and the second and third stages are executed correctly. By Theorem 12,
the first stage computes a valid D2-coloring w.h.p. Hence this theorem follows.

5.3 Algorithm CDSTop

We now describe our distributed CDS algorithm based on neighborhood topology informa-
tion. Each node is assumed to have knowledge of its D3-topology, i.e., nodes in its three hop
neighborhood and the edges between these nodes. The algorithm comprises of two stages.
An MIS is constructed in the first stage and it is connected in the second stage. Both the
first and the second stage of the algorithm involve the use of the collision-free broadcasting
algorithm of Gandhi et al. [13], to broadcast messages to D2 and D3-neighborhoods respec-
tively: the broadcast subroutine utilizes the D2 and D3-topology information to create a
collision-free broadcast schedule. We now present the details of these stages below.
Stage 1: Constructing the MIS This stage proceeds in a synchronous round by round
fashion. The MIS is initially empty. Typically, some nodes are successful at the end of
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each round. A node is deemed successful if either the node joins the MIS or one of its
neighbors joins the MIS. Successful nodes do not participate in the future rounds, while the
yet-unsuccessful ones continue their attempts in the future rounds. The MIS construction
terminates after t rounds.

During this stage, each node u maintains a status variable which is defined as follows:
status(u)=in iff u has joined the MIS; status(u)=out if any neighbor of u has joined the
MIS; status(u)=unsure otherwise. All nodes are initially unsure and become in or out of
MIS during the course of the algorithm. Let Vi be the set of nodes whose status is unsure
at the end of round i− 1. For any node u ∈ Vi, let Ni(u) = N(u) ∩ Vi. Let MISi be the set
of nodes which join MIS in round i.

There are four phases in each round of the first stage: TRIAL, CANDIDATE-REPORT,
JOIN, and PREPARE. We now present the details of these phases for a particular round
i.
TRIAL: In this phase, each unsure node decides if it is a candidate for MISi. Specifically,
each unsure node u chooses itself to be a candidate for joining MISi, with probability

1
2(|Ni(u)|+1)

. Node u will not be a candidate in this round with the complement probability.
This phase does not involve any message transmissions.
CANDIDATE-REPORT: This phase ensures that each node knows if there is a neigh-
bor who is a candidate. This step consists of p time frames, each frame consisting of two
slots. During every frame of this phase, each candidate node chooses one of the two slots
independently at random and broadcasts a CANDIDATE message. Any node which receives
a CANDIDATE message or experiences collision during this phase, knows that there is a
neighboring candidate; otherwise it assumes that there is no neighboring candidate.
JOIN: This phase requires a single time slot. In this phase, some unsure nodes become
either in or out. How should a candidate decide if it should join MISi (become in)? A
candidate joinsMISi if none of its neighbors are candidates forMISi, i.e., if it did not receive
a CANDIDATE message during the previous phase. All nodes who joined MISi transmit a
JOIN message. unsure nodes which receive a JOIN message or experience collision, change
their status to out. Other unsure nodes do not change their status.
PREPARE: Each unsure node u computes Ni+1(u) at the end of this phase. This phase
consists of p time frames. Each frame is further subdivided into α sub-frames of length c.
During every frame of this phase, each node in MISi, chooses independently at random,
one of the α sub-frames. During this sub-frame, it broadcasts a PREPARE message using
the algorithm in [13] to its D2-neighbors. The length of the sub-frame, c is the number
of time slots required by [13] to transmit a message from a node to its D2-neighbors. The
PREPARE message broadcast by a node simply consists of its ID. By the end of this phase,
every unsure node knows all the nodes in its D2-neighborhood which joined MISi. Since it
knows its D3 (and hence D2) topology, it can easily compute the value Ni+1(u). Note that,
since the message is being broadcast to the two-hop neighborhood, the broadcast algorithm
guarantees that c is at most a constant [13].
Stage 2: Connecting the MIS.
In this phase the MIS computed in the previous stage is connected using intermediate nodes.
Specifically, every MIS node connects itself to every other MIS node which is at most three
hops away. This stage consists of two phases: HELLO and CONNECT. We now present
the details of these phases.
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HELLO: This phase is similar to the PREPARE phase in the first stage. The objective of
this phase is for each MIS node to announce itself to other MIS nodes in its D3-neighborhood.
This phase consists of p frames, where each frame is subdivided into α′ sub-frames of length
c′. During every frame of this phase, each node u ∈ MIS node selects independently at
random, one of the α′ sub-frames. During this sub-frame, u broadcasts a HELLO message
using the algorithm in [13] to its D3-neighborhood. By the end of this phase, each MIS node
knows any other MIS node in its D3-neighborhood.
CONNECT: This phase is similar to the HELLO phase. The only difference arises in
the contents of the CONNECT message. Each node u ∈ MIS prepares its CONNECT
message as follows. For every node v ∈ MIS such that v is in its D3-neighborhood and
ID(v) > ID(u), the CONNECT message of u contains the tuple {ID(v), u ; v}. u ; v is
the shortest path between u and v. As mentioned earlier, CONNECT messages are broadcast
in the same way as the HELLO messages. In general, intermediate nodes which are not part
of the MIS may join the CDS, since they could be a part of the shortest path between two
MIS nodes.

We complete the description of our topology based distributed CDS algorithm by speci-
fying the values of the various parameters involved: we let p = k7 logn and t = k8 logn. We
let α and α′ be the maximum number of MIS nodes in the D2 and D3-neighborhoods of any
node respectively: these values are fixed constants [13]. Let c and c′ be the maximum number
of time slots required by the broadcast algorithm [13] to broadcast a message to the D2 and
D3-neighborhoods of a node respectively: both these values are fixed constants as well [13].
Due to lack of space, we state only the main claim pertaining to the performance analysis of
our algorithm here. The detailed proof of this claim involves several subtle probabilistic and
geometric arguments; the reader is referred to Figure 3 for an illustration of the algorithm.

5.4 Analysis of Algorithm CDSTop

Theorem 14 The running time of the algorithm is O(log2 n).

Proof The first stage consists of t rounds, each of which consists of (2p + 1 + pαc) slots.
The second and third stages together consist of 2p frames, each of which consists of (α′c′)
slots. Since α, α′, c, and c′ are constants, the running time is O(tp) = O(log2 n).

Theorem 15 All messages transmitted in the algorithm require at most O(logn) bits.

Proof The CANDIDATE, JOIN and PREPARE messages just consist of a node’s ID. The
HELLO and CONNECT messages transmitted from an MIS node u to another MIS node v
just consists of ID’s of u, v, and at most 2 intermediate nodes in the path between u and v.
Hence all these messages require at most O(logn) bits.

The following lemmas pertain to the correctness of the various phases in the algorithm.

Lemma 16 Consider a candidate node u during a particular round i of the algorithm.
Consider a neighbor v of u. Node v either receives a CANDIDATE message or experiences
collision w.h.p. during the CANDIDATE-REPORT phase of this round.
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Figure 3: Algorithm CDSTop: subfigures (a), (b), & (c) show the MIS construction phase:
nodes filled with the pattern are unsure nodes; nodes within the dotted circles in (b) are
the candidate nodes; in subfigure (c), nodes with black fillings are in the MIS and nodes
with white fillings are out of the MIS. Subfigure (d) shows the final MIS; note the 3-hop
broadcast tree rooted at the encircled MIS node; such 3-hop broadcast trees are employed
by MIS nodes to inform and connect to other MIS nodes within the 3-hop neighborhood.
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Proof Recall that the CANDIDATE-REPORT phase consists of p frames each con-
sisting of two time slots. Let A(u, v, j) denote the event that both u and v chose the same
time slot to transmit their CANDIDATE messages during frame j. Node v will not receive
u’s CANDIDATE message and not experience collision during frame j only if A(u, v, j) oc-
curs. If v is not a candidate during round i, then Pr[A(u, v, j)] = 0. Else, Pr[A(u, v, j)] = 1

2
.

Node v will not receive u’s CANDIDATE message or experience collision during each of the
p frames in the phase, if the event

∧p
j=1A(u, v, j) occurs.

Pr[
p∧
j=1

A(u, v, j)] ≤ 1

2p

=
1

2k7 logn

=
1

nδ

Here, δ can be made arbitrarily high by choosing an appropriate value of k7.

Lemma 17 Consider a round i and a node u ∈ MISi. Consider a D2-neighbor v of u.
v receives (at least one of) the PREPARE message transmitted by u collision-free w.h.p.
during the PREPARE phase of round i.

Proof Recall that the PREPARE phase is divided into p frames, each of which is di-
vided into α subframes, where the constant α is the maximum number of MIS nodes in
the D3-neighborhood of any node. Let F (u, j) denote the sub-frame of frame j during
which u broadcast its PREPARE message to its D2-neighborhood. Let S denote the D3-
neighborhood of v. If v does not receive u’s PREPARE message during the sub-frame F (u, j)
of frame j, then there exists w ∈ S \ {u} such that the event F (w, j) = F (u, j) occurred.

Pr[∃w ∈ S \ {u}F (w, j) = F (u, j)] = 1 − Pr[∀w ∈ S \ {u}F (w, j) 6= F (u, j)]

= 1 − Πw∈S\{u} Pr[F (w, j) 6= F (u, j)]

= 1 − Πw∈S\{u}(1 − 1

α
)

= 1 −
(
1 − 1

α

)|S|−1

= 1 −
(
1 − 1

α

)α−1

≤ 1 − 1

e

Let B(u, v, j) denote the bad event that v does not receive u’s prepare message during frame
j. The above inequalities imply Pr[B(u, v, j)] ≤ 1 − 1

e
. Node v will not receive any of the

PREPARE messages transmitted by u if the event
∧p
j=1B(u, v, j) occurs.

Pr[
p∧
j=1

B(u, v, j)] = Πp
j=1 Pr[A(u, v, j)]
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≤
(
1 − 1

e

)p

≤
(
1 − 1

e

)k7 logn

≤ 1

nδ

Here, δ is a constant which can be made arbitrarily large by choosing an appropriate value
of k7. This completes the proof of the lemma.

Lemma 18 Consider a node u ∈MISi and a D3-neighbor v of u. Node v receives (at least
one of) the HELLO (CONNECT) messages transmitted by u collision-free w.h.p. during the
HELLO (CONNECT) phase of the second stage.

Proof The proof of this lemma is identical to the proof of lemma 17, except for the follow-
ing differences: the PREPARE message is broadcast to D2-neighborhood of a node, whereas
the HELLO (CONNECT) message is broadcast to the D3-neighborhood. The constants α
and c in the proof of lemma 17 are replaced by the constants α′ and c′ in this proof.

Lemma 19 Consider the following bad events:

1. During the CANDIDATE-REPORT phase of some round of the first stage, a
neighbor of some candidate node did not receive any of the CANDIDATE messages
transmitted by the candidate node and did not experience collision.

2. During some round of the algorithm, a D2-neighbor of some MIS node did not receive
any of the PREPARE messages transmitted by the MIS node.

3. During some HELLO (CONNECT) phase of the second stage, a D3-neighbor of
some MIS node did not receive any of the HELLO (CONNECT) messages transmitted
by the MIS node w.h.p.

W.h.p., none of the above bad events happen during the course of the algorithm.

Proof The proof for all three bad events stated above are similar and uses the union
bound. By Lemma 16, during a fixed round i, for a fixed candidate node u and for a fixed
neighbor v of u, the probability of v not receiving any of u’s CANDIDATE messages and
not experiencing collision is during round i is at most 1

δ
. There are O(n2) pairs of neighbors

and O(logn) rounds. The probability of the bad event occurring during at least once during

any of these rounds for any pair of neighbors is at most O(n
2 logn
nδ ) = O( 1

nβ ), where δ (and
hence β) can be made arbitrarily high. Similarly, by lemmas 17 and 18, and by arguments
which are essentially the same as the above, the second and third bad events occur with
probability at most O( 1

nβ ), where β can be made arbitrarily high. Hence, none of the three
bad events occur w.h.p.
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Lemma 20 The MIS computed at the end of the first stage is an independent set w.h.p.

Proof The MIS computed at the end of the first stage will not be an independent set,
only if one of the first two bad events in Lemma 19 occur. These events occur with negligible
probability. Hence the lemma follows.

Lemma 21 If MIS is a maximal independent set, then the second stage computes a valid
CDS w.h.p.

Proof Assume that the first stage computes an MIS which is a valid maximal independent
set. Then the CDS computed in the second stage will not be valid, only if the third bad event
in Lemma 19 occurs. Lemma 19 states that this event does not occur during the second
stage, w.h.p. Hence the lemma follows.

We now prove that the MIS is also maximal, i.e., all nodes are either in or out of the
MIS after the first stage. Let H be a disk of radius 1

2
. Let V (H) denote the set of nodes

which lie within H . Consider a fixed round i during the first stage of the algorithm. Let
C(u, i) denote the event that node u was a candidate for MISi. Recall that Vi is the set of
unsure nodes before round i. Let Xi(H) be the random variable which denotes the number
of candidate nodes within disk H . Let Vi(H)

.
= V (H)

⋂
Vi. The following lemmas hold.

Lemma 22 Pr[Xi(H) > 0] ≤ 1
2

Proof Since H is a disk of radius 1
2
, any two nodes within H are neighbors of each other.

Hence,

E[Xi(H)] = Σu∈Vi(H) Pr[C(u, i)]

= Σu∈Vi(H)
1

2(|Ni(u)| + 1)

≤ Σu∈Vi(H)
1

2(|Vi(H)|)

=
1

2

Lemma 23 Let v ∈ Vi(H) be a candidate for MISi. Then, Pr[Xi(H) ≥ 2|C(v, i)] ≤
1
2
. Hence, Pr[Xi(H) = 1|C(v, i)] ≥ 1

2
. Since this holds for any v ∈ Vi(H), Pr[Xi(H) =

1|Xi(H) ≥ 1] ≥ 1
2
.

Proof Let Yi(H) be the random variable which denotes the number of candidates in
V(H) \ {v}. Clearly, Xi(H) = Yi(H) + 1.

Pr[Xi(H) ≥ 2|C(v, i)] = Pr[Yi(H) ≥ 1|C(v, i)]

= Pr[Yi(H) > 0|C(v, i)]
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≤ E[Yi(H)|C(v, i)]

= Σu∈Vi(H)\{v} Pr[C(u, i)|C(v, i)]

= Σu∈Vi(H)\{v} Pr[C(u, i)]

= Σu∈Vi(H)\{v}
1

2(|Ni(u)| + 1)

≤ Σu∈Vi(H)\{v}
1

2(|Vi(H)|)

≤ 1

2

For the rest of the analysis, let S be a set of disks of radius 1
2

which cover the disk of
unit radius centered at u. Let H ∈ S contain node u.

Lemma 24 Pr[u ∈MISi|C(u, i)] ≥ β, where β > 0 is a constant.

Proof

Pr[u ∈MISi|C(u, i)] ≥ Pr[(Xi(H) = 1)
∧

(∀(s ∈ S \ {H})(Xi(s) = 0))|C(u, i)]

≥ Pr[(Xi(H) = 1)|C(u, i)] Pr[(∀(s ∈ S \ {H})(Xi(s) = 0))|C(u, i)]

≥ 1

2
Πs∈S{H} Pr[Xi(s) = 0|C(u, i)]

≥ 1

2

(
1

2|S|−1

)

≥ 1

2|S|

= β

Claim 2 implies that |S| is O(1). Hence, β > 0 is a constant.

Consider the graph F whose vertices are the disks in S, and two vertices H1, H2 are
adjacent in F iff there exists nodes u ∈ V (H1) and v ∈ V (H2) such that (u, v) ∈ E. Claim 2
implies that the maximum degree of any node in F is at most a constant ψ. We now construct
a directed forest F = (S, I) as follows. For every H1 ∈ S, let p(H1) = minu∈Vi(H1) Pr[C(u, i)].
If p(H1) <

1
4|Vi(H1)|ψ2 , then |Ni(u)| ≥ 2|Vi(H1)|ψ2. Hence, there exists H2 adjacent to H1 in

F such that |V (H2)
⋂
Ni(u)| ≥ 2|Vi(H1)|ψ. We add the edge (H2, H1) in F . Note that we

add at most one in-edge for every node H ∈ S and if the directed edge (H2, H1) exists in
F , then |Vi(H2)| > |Vi(H1)|. Hence F is an out-directed forest. We now prove the following
claims.

Claim 25 Let H be a vertex in F and let Children(H) be the children of H in F . Then,
|Vi(H)| ≥ 2(ΣH′∈Children(H)|Vi(H ′)|).

Proof The number of vertices adjacent to H in F (and F ) is at most ψ. If (H,H ′) is an

edge in F , then |V (H)i| ≥ 2ψ|Vi(H ′)|. Hence, |Vi(H)|
ψ

≥ 2|Vi(H ′)|. Since, there are at most
ψ children of H , the claim follows.
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Claim 26 Let T be a tree in the forest F . Let H be any node in T . Let Desc(H) denote
the descendents of H in T . |Vi(H)| ≥ ΣH′∈Desc(H)|Vi(H ′)|. In particular, this claim holds
for the root of the tree T .

Proof Let Height(H) denote the height of H in the tree T . The leaf nodes have a height
of 0. Their parents have a height of 1 and so on. The proof is by induction on Height(H).
Base Case: Height(H) = 0. In this case, H is a leaf node and has no descendents. Hence
the claim holds.
Induction Hypothesis: Let the claim hold for all nodes such that their height is ≤ h.
Induction Step: We now prove the claim for a node H such that Height(H) = h + 1.
For any H1 ∈ Children(H), by the induction hypothesis, |Vi(H1)| ≥ ΣH2∈Desc(H1)|Vi(H2)|.
Hence,

|V (H)
⋂
Vi| ≥ 2(ΣH1∈Children(H)|Vi(H1)|)

≥ ΣH1∈Children(H)2|Vi(H1)|
≥ ΣH1∈Children(H)(|Vi(H1)| + ΣH2∈Desc(H1)|Vi(H2)|)
= ΣH′∈Desc(H)|Vi(H ′)|

This completes the proof of the claim.

Claim 27 Let T be any tree in the forest F and let H denote the root of T . Pr[|Xi(H)| >
0] ≥ γ, where γ > 0 is a constant.

Proof Since H is the root of T , it does not have any in-edge incident upon it. Hence, for
all u ∈ Vi(H), Pr[C(u, i)] ≥ 1

4ψ2|Vi(H)| . Hence,

Pr[|Xi(H)| > 0] ≥ Σu∈Vi(H) Pr[C(u, i)]

≥ Σu∈Vi(H)
1

4ψ2|Vi(H)|

≥ 1

4ψ2
= γ

Let Zi ⊆ Vi denote the set of nodes which are candidates for MISi or which have a
neighbor who is a candidate for MISi.

Lemma 28 E[|Zi|] ≥ κ|Vi|, where κ > 0 is a constant.

Proof Let T be any tree in the forest F . For any H ′ ∈ T , let Zi(H
′) be the set of nodes

in Vi(H
′) which are candidates for MISi or which have a neighbor who is a candidate for

MISi. We now show that ΣH′inT |Zi(H ′)| ≥ γΣH′inT |Vi(H ′)|, where γ > 0 is a constant. If
this holds for every tree in the forest, then clearly the lemma holds. We now prove the above
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inequality for T . Let H be the root of T . Since there is no in-edge (H ′, H) incident upon
H , the following holds:

ΣH′∈T E[|Zi(H ′)|] ≥ E[|Zi(H)|]
≥ |Vi(H)|Pr[|Xi(u) > 0]

≥ 1

2
βΣH′∈T |Vi(H ′)|γ

≥ κ(ΣH′∈T |Vi(H ′)|)

This concludes the proof of the lemma.

Let ε be the minimum probability of a fixed candidate in a round i joining MISi. Lemma
24 ensures that ε > 0 is at least a constant. Let succi ∈ Vi be the successful nodes during
round i, i.e., these set of nodes either joined MISi or have a neighbor which joined MISi.
The following lemma holds.

Lemma 29 E[|succi|] ≥ ε|Vi|, where ε > 0 is a constant. Hence, for all i > 0, E[|Vi|] ≤
(1 − ε)E[|Vi−1|].

Proof

E[|succi|] ≥ E[|Zi|] min
u∈Xi

Pr[u ∈MISi]

≥ βE[|Zi|
≥ βκ|Vi|
≥ ε|Vi|

Theorem 30 The expected number of messages transmitted during the algorithm is O(n logn).

Proof During the second stage, each MIS node broadcasts at most 2p messages to its
D3-neighborhood. Each of these broadcasts involve O(1) transmissions [13]. Hence, the
total number of transmissions during this stage is at most O(p|MIS|) = O(n logn). We
now compute the expected number of messages broadcast during the first stage. During the
PREPARE phase in round i, each node in MISi broadcasts p messages to its D2 neighbor-
hood. Each of these broadcasts involve O(1) transmissions. Since each MIS node broadcasts
in the PREPARE phase of a single round, the total number of messages transmitted during
this phase is O(p|MIS|) = O(n logn). The total number of messages transmitted during
the JOIN phase is |MIS| = O(n). Finally, during the CANDIDATE-REPORT phase of
a round i, all nodes in Xi ⊆ Vi transmit p candidate messages. Since |Vi| decreases geomet-
rically in expectation with each round, the total expected number of messages transmitted
during this phase is at most pΣiE[|Vi|] = O(p|V1|) = O(n logn). This completes the proof of
the theorem.

Lemma 31 All nodes are successful at the end of the first stage w.h.p.
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Proof The expected number of unsure nodes at the end of p rounds is E[|Vp+1|]. Pr[|Vp+1| >
0] ≤ E[|Vp+1|]. By Lemma 29,

Pr[|Vp+1| > 0] ≤ E[|Vp+1|]
≤ |V1|(1 − ε)p

≤ n(1 − ε)k7 logn

≤ n

nδ+1

≤ 1

nδ

where δ > 0 is a constant which can be made arbitrarily large by choosing an appropriate
value of k7. Hence the lemma follows.

Theorem 32 The MIS computed by the first stage is valid w.h.p.

Proof By Lemma 19, MIS is an independent set w.h.p. Lemma 31 all nodes are successful
at the end of the first stage w.h.p and hence the MIS computed is maximal w.h.p. Hence
the theorem follows.

Theorem 33 The CDS computed at the end of the second stage is valid with high probability.

Proof Theorem 32 implies that the MIS is valid w.h.p. Lemma 21 implies that if the MIS
is valid, then the CDS is valid w.h.p. Hence the theorem follows.

6 Conclusion and Future Work

We presented fast distributed CDS algorithms for ad hoc wireless networks, which compute
a CDS in poly-logarithmic time, even after taking into account, the effects of wireless inter-
ference. These are the first such interference-aware distributed virtual backbone algorithms
which provably break the linear time barrier. Interesting future extensions include designing
provably good fast distributed algorithms which incorporate the effect of node mobility and
relax the assumptions of network synchronization. Both these extensions present fundamen-
tal analytical challenges and has tremendous practical significance for large scale ad hoc
wireless networks.
Acknowledgments. We would like to thank V.S. Anil Kumar, Madhav Marathe and
Aravind Srinivasan for several useful discussions.
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