Entropy and the Second Law:

Minimalist text: Basic Chemical Thermodynamics, E. B. Smith

Overview /History

The Second Law points the way to equilibrium. It may be used to calculate
the equilibrium constant for an endothermic or exothermic reaction, to show
that a perfect gas will expand to fill its container, and to show that heat
flows from a hotter body to a cooler body.

Entropy: Movitation

The change of energy alone is not sufficient to determine
the direction of a spontaneous process

At one time it was believed that a criterion for a reaction to occur sponta-
neously was that the reaction be exothermic.

More generally, it was believed that all systems evolve so as to minimize
their energy, eg an object spontaneously slides downhill, not uphill.

Counterexamples

Endothermic reaction

Ba(OH)s(s) + 2NH4NO3(s) — Ba(NOs3)a(s) + 2H20(1) + 2N Hs(aq)
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No energy change In an isolated system the energy is constant, but in
some cases spontaneous change only occurs in one direction. Eg when
a tap is opened a gas will spontaneously expand but the reverse process
never occurs,

Tap Closed Tap Open

— OF0O

Spontaneous change only occurs in one direction (expansion)
Ideal gas Empty even though there is no change in enersy

Similarly, two gases will mix spontaneously, but the reverse never oc-
curs,

Tap closed Tap open

OF® — OO

Gases spontaneously mix, but do not
Gas A Gas B spontaneously unmix

Nonequilibrium isolated systems evolve in a direction
that increases their disorder
e Looking at the two ideal-gas examples from a microscopic (molecular)

point of view, each process involves an increase in disorder or random-
ness of the system.

e In the case of the expanding gas, we initially know that each gas
molecule is in the left-hand container. But after the gas has expanded
each molecule could be in either container, and so its location is more
uncertain/random than before. The same considerations apply to the
mixing of two gases

e These examples suggest that systems seek to evolve so as to

— minimize their energy

— maximize their disorder

e There is competition between minimizing energy and maximizing dis-
order.

— In asimple mechanical system disorder is insignificant (few degrees
of freedom), so energy minimization dominates.

— In the mixing of two gases the energy changes are negligible and
disorder dominates.

— In general some compromise between the two processes must be
met. 2



Entropy: a thermodynamic state function for disorder

Heat transfer (g is related to disorder, since the disorder of a system increases
when it is heated. [Eg when a crystal melts the disorder of the molecular
arrangement increases.] But heat is not a very convenient mathematical
quantity, because it is an inexact differential. We want an ezact differential,
ie we want a state function.

Maths review: Inexact differentials and integrating factors

Given an inezact differential df, eg

df (x,y) = zdy — ydz

it may be possible to produce an exact differential dg by multiplying df by
an integrating factor I(z,y),

dg(z,y) = I(x,y) df (v, y)

In this example

I=1/y’
is an integrating factor since
1
dg(z,y) = 7 (zdy — ydz)
1
= %dy — —dx
Y Y

1s exact.
Another example: dw can be converted to an exact differential by multi-
plying by , 1

so & iIs an integrating factor for dw.
If we can find an integrating factor for heat then we’ll have the differential
of the desired state function for disorder!



An integrating factor for heat

dg =dU — dw = dU + PdV
For a monoatomic ideal gas

3

UT) = inRT
So ;
dU = §anT
So in this case
dq = SnRAT + PAV = SnRdT + gdv

Exercise Show that (g is not exact.
Dividing by T" produces the desired exact differential,

dg 3nR nRk
== =——-dI'+ —dV
ds T 2Td Vd

V.I.P. Exercise Show that dS is exact.

Bonus Exercise Integrate dS to obtain S(7,V) for a monoatomic ideal
gas.
In conclusion, for a monoatomic ideal gas the integrating factor for dq is

%, and the new state function S is called Entropy.



Definition of Entropy

Entropy is defined as

darev
ds = T
where dgrey is the heat absorbed by the system during a reversible process.

N.B. S'is a state function, and dS is an exact differential, even though
q is not. Thus AS is independent of path and hence is much more convenient
to use than Aq. For example, it is often convenient to calculate the energy
along a reversible path, even though the process of interest is irreversible.
All that matters is the initial and final states.

Entropy is the cornerstone of thermodynamics. Although it not initially
as familiar as heat, it may be readily understood in terms of a microscopic
picture outlined later in this section.

The Second Law postulates that entropy is a state function for all sub-
stances, not just for a monoatomic ideal gas. It cannot be proven, but it
can be made highly plausible. If one considers a thermally isolated piston
(dg = 0), then if the piston is compressed or expanded and finally returned
to its initial volume the temperature will always be greater than or equal to
the initial temperature. Caratheodory was able to show that this is all one
needs to assume in order to deduce the equation for entropy. Historically
entropy was discovered by considering the efficiency of heat-engines (Carnot
engines). All of these approaches require considerable effort. We’ll skip these
more general ‘derivations’ of entropy, though if you’re curious there is a sec-
tion on heat-engines/Carnot engines in Alberty.




Reversible and Irreversible Heat and Work

Next we want to show that dgrev > dgjpey- It is easier to proceed indirectly,
by showing that dwrev < dw;j ey, and then combining this with the First
Law:

1. ﬂwrev < ﬂwirrev
The reversible work is less than the irreversible work.

dw < dw.
rev 1rrev

1) dw = Heat Bath

B ext dv
P (> ,dV <0
Virrev ="~ P dV > ~PdV=dw,,

ii) dw< 0 Heat Bath

Fext >

Wirrev =~ Pext dv

P <P ,dV>0

Wirrev =" P dV > -Pdv= dwrev

N.B. dwis deﬁned as the work done on the system

by the environment,
so dw = —ngth, dw# -PdV



2. ereV > dqn'rev
In the previous example the change of state dU can be caused by either
a reversible or an irreversible process,

dU = dqrev + dwrev = dqirrev + dwirrev

therefore darev — ddiyroy = Aoy — dwrev
from part (1) dw; oy — dwrey > 0
SO darev — dgiprey > 0 as desired.

Entropy for Reversible and Irreversible Pro-
cesses

Combining dS = dqrev/T with dqrev > dgjrey gives

ds — dqu_‘eV > dqigev ds >

3|5

It is often useful to rearrange this as

dg <TdS

Combined First and Second Laws

The first law is dU = dq+dw = dq— PoytdV. Combining this with dq < T'dS
gives,

|[dU < TdS — PdV|

where T" and P are the environmental temperature and pressure, and the
equality holds for reversible processes. This equation is useful because all
the variables — U, T, S, P,V, — are state functions. It can be rearranged to
express dS in terms of dU and dV .

This equation, together with dS > dq/T, are the ones to remember.
The preceding equations/derivation are not particularly important. It is
important to remember that the equality only holds for reversible processes.

So far we haven’t defined the Second Law. For our purposes, dS > dq/T
together with 7" > 0 constitute the Second Law.



Entropy Changes in an Isolated System

Consider an isolated system, Ag = dw = 0.

ereV

=0
T

reversible change dS =

irreversible change dS > m =0

T
Thus,

dS >0 isolated system g =dw =0

Comment: the universe is (probably) an isolated system, so its entropy is
increasing!

Exercise Suppose a cylinder is compressed rapidly (irreversibly), and then
return it to its original volume and temperature. What can you say about

e ASsystem

e ASenvironment

Maximum entropy and minimum energy principles

The easiest way to show that entropy increases and energy decreases is to
start from the combined first and second law,

dU <TdS — PdV

If S and V are constant then the right hand side is zero and we get the
minimum energy principle,

dU)gy <0

Note that this only applies when the entropy and volume are constant, a
rather inconvenient set of constraints.
The combined first and second law can be rearranged to express dS in
terms of dU and dV/,
dsS > dU + PdV

If U and V are constant we recover the maximum entropy principle,

dS)yy >0

The point to remember is that the minimum energy principle and maximum
entropy principle can easily be derived from the combined first and second
law.

Exercise Show the the restrictions of constant (U,V) in the maximum
entropy principle are equivalent to the restrictions dg = dw = 0 used earlier
in this section.



Spontaneous Change and Equilibrium

Any change that spontaneously occurs in an isolated system leads to an
increase in entropy, dS > 0. These changes can’t spontaneously be reversed,
because this would require d.S < 0.

In an isolated system,
S During Spontaneous Change,

dS>0

Equilibrium

t

If an isolated system is left for long enough it will eventually reach a state of
maximum entropy. Any further change would involve dS < 0, so it cannot
occur spontaneously.

In an Isolated System (dq = dw = 0)
Equilibrium is the State of Maximum Entropy

This maximum-entropy principle can be used to derive a number of other
variational principles for systems at equilibrium. One familiar example is
that a mass in a graviational field moves to the position of minimum potential
energy — the minimum energy principle. The maximum entropy principle is
not always convenient to apply, because it requires an isolated system. One
hint on how to adapt this to a non-isolated system such as a system in a heat
bath is to use the combined first and second laws to write entropy as,
1 P
s > TdU + TdV

The independent variables here are U and V/, ie the natural variables for en-
tropy are U and V', S = S(U, V). The maximum entropy principle holds for
an isolated system, where the natural variables are constant. This suggests
that, to obtain a variational principle for a system at constant temperature
and volume, we first transform entropy to be a state function whose natural
variables are T" and V. This is easily achieved by taking the U < T' Leg-
endre transform, S(U,V)— > X(T,V) We’ll meet several thermodynamic
variational principles in the next sections.



Examples

Isothermal Expansion of a Perfect Gas

Consider the expansion of a gas in a piston.

.
b
Ry

vacuum

L {2 dw=P, =0

A
SRS TS
AN

Eo R R
[

ac

o
E--

In a reversible expansion dS = dq/T. Heat flows directly from the sys-
tem to the environment, or vice versa, so

dqsystem = —fldenvironment
and hence dSsystem = _dSenvironment
therefore  dSuyerall = dSsystem + @Senvironment = 9

ie There is no overall change in entropy during a reversible process. It
is easy to calculate dSsystem for a perfect gas. A perfect gas is
defined as an ideal gas whose internal energy U depends only on tem-
perature, U = U(T'), not on pressure or volume. In an isothermal
expansion the temperature is constant, so

dU = 0
but dU = erev-i-dw
S0 ﬂQrev = —ﬂW
nRT
= PdV = —dV
Vv
B Vi
so  Agrev = nRT /A dVV =nRT lnvj
and hence
Agrev @

ASsystem =—7 = nRIn T
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Irreversible expansion Consider now the isothermal expansion of the per-

The

fect gas into a vacuum. The change in entropy of the system is the same
as for the reversible process, because the initial and final states of the
system are the same in both cases.

For the vacuum,

FPext = 0
so fdw = —PoydV =0
and dq¢ = —dw=

so this is an adiabatic expansion.

Some thought suggests that

ASvacuum = 0

[ It is easiest to adopt a microscopic (molecular) point of view, and make
the rather tenuous argument that a vacuum is 'nothing’ and therefore
can’t have order/disorder, and therefore can’t have entropy! A related
way to think about it is that it is not possible to set up pressure-waves in
a vacuum, so the vacuum is always equilibrated during the expansion of
the piston. In fact the same final state of the vacuum could be reached
by expanding the piston slowly (reversibly) and adiabatically, in which
case dSvacuum = dq/T = 0. See also Macquarrie sec. 20.6 and the top
of page 835]

Thus in this case

Ve Ve
ASoverall =nRln 7,4 +0=nRln 7,4

As Vg > VA,
the overall entropy increases during the irreversible process.

entropy change of the perfect gas is the same for the reversible and
irreversible expansions, but the overall entropy change is different in
the two cases.
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Direction of Heat Flow

ds = 'E dS = dq
b T
overall 20
=T > T

Heat flows from the hotter to the cooler body

Consider heat flowing reversibly from a reservoir at temperature 7}, to a
reservoir at 1.

dq dq

as = -4
Th+Tc

Th_Tc

= g T,

In order for entropy to increase we must have Tj, > T,
ie heat flows from the hotter to the cooler reservoir.
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Microscopic Basis for Entropy

Consider M gas molecules, first contained in one half of a container, and
then allowed to occupy the entire volume.

State A

State B

The probability that any one molecule is in the left half is 1/2, and the
1 M
probability all the molecules are in the left half is <§> . Thus the probability

of being in state A relative to state B is

o3
B 2
If instead the volumes V4 and Vg are allowed to vary, one can show

M
PA _ <&> 7.€. lnp—B:Mln@
B Vs j Vs

Vi

f AS=nRln—

c nRIn VA
The relation between entropy and probability is
R . pB
Sp—Sa=—In—
PUPATNG s

Defining Boltzmanns constant k = R/Na = 1.38 x 1072,

where W is the number of microscopic states corresponding to a given ther-
modynamic state, ie the relative probability of being in the thermodynamic
state.
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Exercise: Use the microscopic formula for entropy to calculate the entropy
difference between two states of a mole of gas, one in which the gas is con-
tained in a volume twice as large as the other.

Answer: AS =kInW; — kinWy = kln W, /W, = kIn2Na =58 JK 1.

Comment: The microscopic entropy can decrease. However, this requires
the system to move from a state of higher probability to a state of lower
probability — a rare event. Considering the previous example, the entropy
will decrease if all the molecules spontaneously move into the left half of the

Na
container. However, the probability of this is vanishingly small, ~ (§>

Comment: In a typical mechanical system there is usually only one or two
possible arrangements of the system (W = 1 or W = 2). Thus entropy is
negligibly small for such systems and only energy need be considered when
determining the equilibrium configuration.

The Third Law

As the temperature of a substance is decreased, the number of accessible
molecular arrangements is steadily reduced. At absolute zero, many pure
substances only have one possible molecular arrangement — a perfect crys-
tal, in which case S = kIn1 = 0. This leads to the Third Law,

The entropy of a perfect crystal is zero at absolute zero.

There are a number of exceptions to this rule, including ice! These exceptions
arise whenever W > 1 at absolute zero. In the case of ice, each oxygen atom
has two hydrogen bonds and two covalent bonds, and these can be arranged
in several ways.

14



Entropy of Solids, Liquids and Gases

We saw in the previous section that the entropy of a gas increases with
volume. The entropy of a chemical system is closely related to the freedom
possesed by the molecules in the system, so we expect entropy to increase as
a compound goes from solid to liquid to gas. One can also reach the same
conclusion from macroscopic thermodynamic considerations:
Recall that
dH = dq+ VdP

SO
dg = dH)p

The entropy of vaporisation is,

0

AT’@’U AH
ASvap = d )P:ﬂ>>

T T
So

Ssolid < Sliquid < Sgas

Thus the reaction
CaCOs(s) — CaO(s) +COy(g) has AS >>0

because the gas has high entropy and the solids have low entropy.
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Entropy as a function of Temperature and Pres-
sure

Pressure: We have seen that, for the isothermal expansion of a perfect gas,

Vi
AS =nRIn VB isothermal expansion of a perfect gas
A

Substituting in PV = nRT gives,

P
AS =-nRIn P_B isothermal expansion of a perfect gas
A

For many problems it is convenient to express this as
S=S5,—nRInP isothermal expansion of a perfect gas

where S, is the entropy at 1 atmosphere pressure and P is the pressure in
units of atmospheres.

Temperature: CombiningdS = quﬂ together with Cy = (ﬂi];;v) and
v

Cp= farev gives dS in terms of the heat capacities,
dar ),

(Z) -

or), T

2s\" _cr

or), T

Exercise: Integrate these expressions from T4 to Tz, assuming C'y and Cp
are constant.
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Maximum Efficiency of Heat Engines

A heat engine harnesses a heat-flow from a hot reservoir to a cold reservoir
to produce work.

W

Ideally the engine would convert all the heat ¢, from the hot reservoir into
work, but the Second Law (AS > 0) limits the efficiency of the engine, and
some wasted heat is ejected to the cold reservoir. In the ideal case of a
reversible engine AS = 0,

—qh qc

AS = 0= 24 =

T, T,
e T
% Heat energy wasted = 9e _ Le
an T

From a microscopic perspective, the kinetic energy of the molecules is being
converted into work. If all the kinetic energy is converted to work then the
molecules end up at absolute zero (7, = 0).

Exercise: Assuming that a standard car engine operates at 800K and a
diesel engine at 1300K, estimate the relative efficiency of the two engines.

Exercise: A heat pump or refrigerator is a heat engine operated in
reverse. Work is performed to move heat from a cold reservoir to a hot
reservoir. For small temperature differences heat pumps are much more
efficent that electric heaters. For example if you have a battery which can do
1J of work, an electric heater can produce at most 1J of heat. If T, = 280
and T, = 300, use conservation of energy, q, = q. + w, together with the
efficiency formula above to calculate g,. You should get g, >> 1.
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Homework: 1 atm = 10°Nm 2

1.

What is the entropy change of a system during a cyclic process, i) When
the entire cycle is reversible ii)When part of the cycle is irreversible.
Give reasons for your answer.

. True or False? For every process in an isolated system (a) AT = 0, (b)

AU =0, (c) AS = 0.

Calculate AS when 0.011m? of a perfect gas at 273K and 1 atm pres-
sure is isothermally compressed to 10 atm pressure.

The heat capacity of argon at constant pressure is 20.8JK tmol~!.
Estimate the entropy change when one mole of argon is heated from
300K to 1200K at 1 atm pressure.

Calculate the entropy change when one mole of ice at 268K is melted to
form water at 323K. The heat capacity of ice is 3.8JK ~'mol~! | that
of water is 75JK ~'mol~!, and the enthalpy of fusion of ice at 273K is
6.02k Jmol L.

Calculate the entropy change when one mole of cadium vapour at 1 atm
pressure is heated from 1040K to 1100K and subsequently isothermally
compressed to a pressure of 6 atm. You may assume that the vapour
follows perfect gas behaviour, and C, = 12.5J K 'mol™'.

1 mole of A at 1 atm pressure and 1 mole of B at 2 atm pressure are
separated by a partition and surrounded by a heat reservoir. When the
partition is withdrawn, how much does the entropy change? Assume
perfect gases.

A household refrigerator operates between 35C' and —10C. How many
joules of heat can in principle be removed per joule of work?

AH for the graphite — diamond phase transition, which occurs at
10'°Nm=2 and 2000K, is 1.9kJmol~'. Calculate AS for the transition.
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