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Abstract

We present a 1.5-approximation algorithm for the following NP-hard problem: given a con-
nected graph G = (V,€) and an edge set E on V disjoint to &, find a minimum size subset of
edges F' C E such that (V,€ U F) is 2-edge-connected. Our result improves and significantly
simplifies the approximation algorithm with ratio 1.875 + ¢ of Nagamochi

1 Introduction

1.1 Problem definition and our result

A graph (possibly with parallel edges) is k-edge-connected if there are k pairwise edge-disjoint paths
between every pair of its nodes. We study the following fundamental connectivity augmentation
problem: given a connected undirected graph G = (V,€) and a set of additional edges (called
“links”) E on V disjoint to &, find a minimum size edge set F' C E so that G+ F = (V,E U F) is
2-edge-connected. The 2-edge-connected components of the given graph G form a tree. It follows

that by contracting these components, one may assume that G is a tree. Hence, our problem is:

Tree Augmentation Problem (TAP)
Instance: A tree T = (V,€) and a set of links E on V disjoint to £.
Objective: Find a minimum size subset F' C F of edges such that T'U F' is 2-edge-connected.

TAP is sometimes posed as the problem of covering a laminar family (see e.g. [1]). Namely,
given a laminar family £ on a groundset V', and an edge set E on V, find a minimum size F' C F

such that for every S € &, there is an edge in I’ with one endpoint in S and the other in V' — §.
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TAP is also equivalent to the problem of augmenting the edge-connectivity from k to k& + 1 for any

odd k; this is since the family of minimal cuts of a k-connected graph with k£ odd is laminar.

The first 2-approximation for TAP (which also holds for the weighted version) was given by
Frederickson & J4jé [4]. TAP is APX-hard even if the set E of links forms a cycle on the leaves of T
[1]. Improving the approximation ratio below 2 was a long-standing open problem posed by Khuller
in [9] as one of the main open problems in connectivity augmentation. The first approximation
ratio below 2 was given by Nagamochi [12]; he gave a (1.875+ ¢)-approximation algorithm for TAP.
In the conference version [3] we presented and sketched a proof of a 1.5-approximation algorithm

for the problem. Here we give a full and substantially simplified proof of this result.
Theorem 1.1 TAP admits a 1.5-approximation algorithm.

Several ideas introduced by Nagamochi in [12] are used in this paper (e.g., minimally leaf-closed
trees and some parts of the lower bound). Key to our analysis is a credit scheme for using the
different parts of the lower bound. This credit scheme has a “static” component and a “dynamic”
component. The static credit is computed in the beginning of the algorithm and is distributed to
different parts of the graph. The dynamic credit is available only after the algorithm “reveals” it
by proving that the optimum solution had to be larger than the initial static estimate. We believe

that this technique has merit of its own and may be useful for other connectivity problems.

1.2 Related work

Several particular cases of TAP were considered in the literature. Eswaran & Tarjan [2] presented a
linear time algorithm for the case when any edge is legal, namely when E forms a complete graph.
A more general problem than TAP is the minimum weight 2-Edge-Connected Spanning Subgraph
(2-ECSS) problem, where the goal is to find a minimum weight 2-edge-connected spanning subgraph
H of a given complete graph G. TAP is a particular case, when G contains a tree T' (or a connected
graph) of weight 0, and any other edge in G has weight in {1,000} (every link has weight 1, while
any other edge of G not in T has weight 00).

A problem sandwiched between 2-ECSS and TAP is weighted TAP, when the edges in F
have weights and the goal is to find a minimum weight augmenting edge set. There are few 2-
approximation algorithms for weighted TAP. The first algorithm, by Frederickson and J&jd [4] was
simplified later by Khuller and Thurimella [10]. These algorithms are based on constructing a
directed graph and computing a minimum weight arborescence. The primal-dual algorithm of [6] is
another simple combinatorial 2-approximation algorithm for the problem. The iterative rounding
algorithm of Jain [7] is an LP-based 2-approximation algorithms. The approximation ratio of 2 for
all these algorithms is tight even for TAP. However, while TAP admits an approximation algorithm

with ratio better than 2, no such algorithm is known for weighted TAP.

The 2-ECSS problem was vastly studied. For general weights, the best known ratio is 2 by



Fredrickson and Jaja [4], which can also be achieved by the the algorithms in [10] and [7]. For par-
ticular cases, better ratios are known. Fredrickson and J4ja [5] showed that when the edge weights
satisfy the triangle inequality, the Christofides heuristic leads to a 3/2-approximation algorithm.
For the special case of 2-ECSS in which edges have {1, 00} weights, the currently best known ratio

is 5/4 [8]. Surveys on broad classes of connectivity problems can be found in [9] and [11].

2 Preliminaries

Let T = (V,€) be a tree. For u,v € V let (u,v) € £ denote the edge in T' and uv the link in £
between u and v. Let p(uv) denote the path between u and v in 7. A link uv covers all the edges
(and nodes) along the path p(uv). We designate a node r of T as the root, and refer to the pair
T,r as a rooted tree (we do not mention the root when it is clear from the context). The choice of r
defines a partial order on V: u is a descendant of v (or v is an ancestor of u) if v belongs to p(ru);
if, in addition, (u,v) € T, then w is a child of v, and v is the parent of u. The leaves of T are the
nodes in V' — r that have no descendants. We denote the leaf set of T" by L(T), or simply by L,
when the context is clear. The rooted subtree of T induced by v and its descendants is denoted by
T, (v is the root of T,). A subtree T" of T is called a rooted subtree of T if T' = T,, for some v € V.
For a node set U and a link set M, U NT" is the set of nodes in U that belong to T/, and M NT"’
is the set of links in M with both endnodes in T".

To contract a (not necessarily rooted) subtree T” of T is to combine all nodes in 7" into a single
node v. The edges and links with both endpoints in 7" are deleted. The edges and links with one
endpoint in 7" now have v as their new endpoint, but retain their correspondence with the edge or

link of the original graph.

If we add a link uv to a partial solution I, then the nodes along the path p(uv) belong to the
same 2-edge-connected component of the augmented graph (V,€ U I). Hence, we may contract
the nodes along p(uv). For a set of links I C FE, let T'/I denote the tree obtained by contracting
every 2-edge-connected component of 7"U I into a single node. Since all contractions are induced
by subsets of links, we refer to the contraction of every 2-edge-connected component of 7' U I into

a single node simply as the contraction of the links in I.
Definition 2.1 A link u'v' is a shadow of a link uv if p(u'v") C p(uv).

Every instance can be rendered closed under shadows by adding all shadows of existing links.
We refer to the addition of all shadows as shadow completion. Shadow completion does not affect
the optimal solution size, since every shadow can be replaced by some link covering all edges covered
by the shadow. Thus:

Assumption 2.1 The set of links E is closed under shadows, that is, if uv € E and p(u'v") C p(uv)
then u'v' € E.



The following reductions allow us to make some simplifying assumptions about TAP instances.

Definition 2.2 A cover F of T is shadows minimal if, for every link uwv € F, replacing uv by a

proper shadow of uv results in a set of links that does not cover T'.

Claim 2.2 Let F' be a shadows minimal cover of T'. Then there is exactly one link in F incident

to every leaf of T'. In particular, the leaf-to-leaf links in F' form a matching on L.

Proof: Let a be a leaf. If au,av € F for u # v, then we can replace the link av by its shadow
ending at the parent of a. Since every edge of T remains covered, this contradicts the shadow

minimality of F. The statement follows. O

Further simplifying assumptions can be made when we consider the relationship between pairs

of edges in T'.

Definition 2.3 A link is maximal if it is not a shadow of any other link. An edge e of T is
reducible with respect to a link set E if there is a unique maximal link that covers e, or if there

exists an edge € # e such that every mazximal link that covers €' also covers e.

If an edge (u,v) is covered by a unique maximal link ab, then adding ab to the cover is an
optimal step (i.e., the size of an optimal solution in the residual problem is smaller by one). If
an edge e is covered by any maximal link that covers e’ # e, then e may be contracted without
affecting the sizes of the optimal solution and the computed solution. Hence, we may preprocess

the instance so that:
Assumption 2.3 There are no reducible edges in the tree T with respect to the link set E.

The following statement shows that if there are no reducible edges, then paths in T' consisting

of degree 2 nodes can not end at leaves.
Claim 2.4 If there are no reducible edges, then every parent of a leaf has at least two children.

Proof: For the sake of contradiction, suppose that v has a unique leaf child a in T. Let u the
parent of v. Thus v has degree exactly 2. Note that if there is a link av € F parallel to the edge
(u,v), then av can not be the only link incident to a, as otherwise the edge (a,v) is reducible.
Hence av is not maximal. Thus any maximal link incident to a covers the edge (u,v), which is a

contradiction as 7" has no reducible edges. O

For X, Y CV and a link set F, let F(X,Y) ={ay € F:z € X,y € Y} denote the set of links
in F' that have one endpoint in X and the other in Y; for z € V let degp(z) = |F(x, V)| be the
degree of x w.r.t. F'. For the rest of the paper fix F' to be some optimum shadows minimal solution
for an instance T'= (V, &), E of TAP.



3 The lower bound and the algorithm

3.1 The Lower Bound

Definition 3.1 A node s € V —r is a stem of T if it has exactly two children and both of them

are leaves. The link between the two children of a stem, if it exists, is called a twin-link.
Claim 3.1 If no edge of T is reducible, then there is a twin-link between the children of every stem.

Proof: Let s be a stem with children a, b, and let v be the parent of s. If ab ¢ F, then since there
are at least two links covering the edge (a, s) (because no edge is reducible), every maximal link that

covers (a, s) also covers the edge (s,v). Hence, (s,v) is reducible, contradicting the assumption. O

Lemma 3.2 Let L be the set of leaves and S be the set of stems of T', let X =V \ (LUYS), and
recall that F is any shadows-minimal cover of T. Let M be a maximum matching of leaf-to-leaf

links among all matchings in E not containing twin links. Then:

2 1 1
|F| > Z|L| — Z|M|+ 5 > degp(x). (1)
3 3 3x€X

Proof: Let My be the set of twin links in F and let My be the set of leaf-to-leaf links in F that
are not twin links. Note that degp(a) = 1 for every a € L, by Claim 2.2. In particular, Mp U Mp
is a matching, and |Mp| < |M]| (since M is a maximum matching without twin links). Partition F

into Mp U Mp, and all other possible combinations of endpoints of F'in L, S and X to get:
|F| = [Mp| + |Mp| + |F(L, S)| + [F(L, X)| + |F(S, S)| + [F(S, X)| + [F (X, X)]| .

Clearly
L] = 2(|Mp| + [MF|) + |F(L, S)| + | F(L, X)| - (2)

Note that if a, b are children of a stem s and ab € Mp, then degy(s) > 1. Therefore,
[Mp| < |F(L,S)| +2|F(S,5)| + |F(S,X)| . (3)
Multiply (2) by 2/3, multiply (3) by 1/3, and then add and rearrange the terms to get:
2 1 - 2 2 1
gw - g’MF’ < |Mp|+|Mp|[+ F(L,S) + §|F(L,X)’ + g’F(Sa S+ g’F(Sa X)| <

1 1

< B = S (IF(L, X)] + [F(S, X)| + 2|F(X, X)) = |[F| = 5 ) degp() .
rzeX

Thus, since |Mp| < |M| we get:

2 1 1 2 1 1
|F| > Z|L| — <[ Mp|+ - Y degp(z) > S|LI = 2 |M[+ - Y degp(z) .
3 3 3 3 3 3
zeX zeX



not a leaf
/

Figure 1: Illustration to Definition 3.2. Links are shown by dashed lines and paths by wiggly lines.

The lower bound in Lemma‘3.2 can be used to obtain a 1.8-approximation algorithm. We now

present the lower bound we use to obtain a 1.5-approximation algorithm.

Definition 3.2 A leaf a1 is locked by a link biba, and b1bo is a locking link, if the following holds
(see Figure 1). The nodes by, ba,a1 are leaves of a rooted proper subtree T, of T (so uw # r) so
that by, a1 are children of a stem s that is a proper descendant of u, and any leaf to leaf link in E

incident to ay has its other endnode in {b1,ba}.

Lemma 3.3 Let F, Mp, X be as in Lemma 3.2. Let M be a mazrimum matching among all match-
ings in E without twin links and without locking links. Let J be the set of links in F' that are not
incident to a leaf locked by a link in F'. Then:

2 1 1
B = ZIL| = M|+ 2 ) deg, (). (4)
3 3 3x€X

Proof: Let My, be the set of locking links in Mp and note that Mp \ M} is a matching without
locking links and without twin links, of size |Mp| — |[My|. As M is a maximum matching of this
type, we have |M| > |Mp| — |M}|. Thus |Mp| < |M|+ |M}|. Substituting the last inequality in
(1) gives

2 1 1
[Fl > ZILI = 5 (IM|+[ME]) + 5 > degp(x)
3 3 3
rzeX
1 1 1 ,
= ZILl =M+ | Y degp(z) — [Mp] ).
3 3 3
rzeX
Now we observe that the last term in the obtained bound equals the last term in (4), since for any

link b1by € M} there is a unique link a1z € F with z € X. O

The term Z|L| — §|M]| in (4) can be computed in polynomial time. The other terms depend on

F which is not known to us, and are partly revealed during the run of the algorithm.



3.2 The credit scheme and the invariants of the algorithm

We explain how we use the lower bound (4). Let U denote the set of leaves unmatched by M, so

|U| = |L| — 2 - |M|. By multiplying both sides of (4) by 1.5 and rearranging terms, we obtain

3 3 1
S L= U+ 5 - M|+ 5 Y degy(a) . (5)
2 2 2z€X

We prove the following statement that implies Theorem 1.1.

Theorem 3.4 There exists a polynomial time algorithm that for an instance of TAP computes a
solution I of size at most the right-hand size of (5). Thus |I| < 1.5-|F|.

Initially, the algorithm assigns coupons to unmatched leaves and to links in M so that the total
number of coupons assigned equals the sum of the first two terms in the right hand side of (5). For

technical reasons, we also assign 1 coupon to the root .

Initial assignment of coupons:

e Every unmatched leaf gets 1 coupon, and r gets 1 coupon.

e Every link in M gets 3/2 coupons.

Compound nodes. Our algorithm iteratively contracts certain subtrees of T'. We refer to the
nodes created by contraction as compound nodes. Compound nodes always own 1 coupon. Non-
compound nodes are referred to as original nodes (of T'). Each time a contraction takes place, the
new compound node gets 1 coupon, which together with the links added is paid by the total credit
of the contracted subtree. For technical reasons, r is also considered as a compound node. Our

algorithm is designed to maintain the following invariant:

Invariant 3.5 (Coupons Invariant) Every unmatched leaf and every compound node of T/I

(including r) owns 1 coupon, and every link in M owns 3/2 coupons.

Tickets. To charge the last term %3,y deg;(z) in (5), we introduce tickets. A ticket worth
1/2 coupon. If we can prove that some z € X is an endnode of a link in J, then we may claim a
ticket (1/2 coupon) at x. In fact, we will often claim tickets in a subtree T” of T' without specifying
exactly the link e € M or the node z € X on which the ticket is claimed. All we care about is that

T’ contains a ticket. No ticket is claimed twice, if we follow the following simple rule.

Rule for claiming tickets:

Immediately after claiming tickets in T", the whole tree T" is contracted into a compound node.



This indeed implies that no ticked is claimed twice. If a ticket is claimed at a node x, then x is

contracted into a compound node, while tickets are never claimed on compound nodes.

Summarizing, we use the following notation for the credit distributed in a rooted subtree T" of
T/I. Let coupons(T”) denote the total number of coupons owned by 7”; this includes the coupons
owned by nodes of 77 (every unmatched leaf and every compound node of 7" owns 1 coupon), and
3/2 coupons for every link in M with both endnodes in T”. Let tickets(T') = Y, cxqr deg ()
denote the number of tickets in 7”. Let credit(T") = coupons(T") + jtickets(T").

The high level idea of our algorithm is to repeatedly find a tree 7' in T'/I and a cover B’ of T"
so that credit(T’") > |B’| + 1. In such a case we have enough credit in 7" to pay for the | B’| links
to cover and contract 7", and to assign a coupon on the resulting compound node, to satisfy the
Coupons Invariant. If we iteratively cover trees in this way until T" is completely covered, then the
number of links we use is at most the right hand side of Inequality (5), as claimed in Theorem 3.4.

One such simple operation, that relies on coupons only, is as follows.

Definition 3.3 If there exists a link uv so that coupons(p(uv)) > 2 then adding uv to the partial

solution, and assigning one coupon to the obtained compound node is called a greedy contraction.

A greedy contraction, if exists, can be found in polynomial time. Omne of the steps of the

algorithm is to apply all possible greedy contractions exhaustively.

Lemma 3.6 If all greedy contractions are exhausted, then contraction of a link in M does not

create a new leaf.

Proof: Let ab € M. Note that in the original tree T" the contraction of ab does not create a leaf,
since M contains no twin links. Thus, if the contraction of ab creates a leaf in T'/I, then p(ab)
contains a compound node in 7'/I. This holds as some structure that hanged out of a node of
p(ab) and contained a leaf is now gone (this structure was avoiding the contraction of ab in T from

creating a new leaf). But then ab gives a greedy contraction, contradicting the assumption. O

Invariant 3.7 (Matching Invariant) M is a matching on the original leaves, and a contraction

of a link in M does not create a new leaf.

3.3 The algorithm

Our approach is iteratively to exhaust greedy contractions, and then to find a rooted subtree T” of
T /1 with its cover B’, to contract 7" with B’, and to leave a coupon on the created compound node
(in order to satisfy the Coupons Invariant 3.5). If we require not to over spend the credit provided
by the right hand side of (5), we need

credit(T") > |B'| + 1 (6)

to hold. In the next section we will prove the following statement:



Lemma 3.8 Suppose that Invariants 3.5 and 3.7 hold for T and I. Then there exists a polynomial
time algorithm that finds a rooted subtree T' of T/I and a cover B’ C E of T' so that (6) holds,
namely: credit(T") > |B'| + 1.

Algorithm Approz(T = (V,€), E) (A 1.5-approximation algorithm)

Initialization:
-1+ 0.
- Contract reducible edges of T" and update I accordingly.

- M + maximum matching among leaf-to-leaf non-twin and non-locking links in 7'/1.

While T'/I has more than one node do:
- Exhaust greedy contractions and update I accordingly.
- Find a subtree 7" of T'/I and a cover B’ of T as in Lemma 3.8.

- Contract T”, assign 1 coupon on the new compound leaf, and set I < I U B’.
EndWhile

Algorithm Approx initiates I < () as a partial cover. It applies the reductions from Section 2
(specifically, we need Assumptions 2.1 and 2.3), computes a maximum matching M on the leaves
among the non-twin and non-locking links, and initiates the credit scheme as described in Sec-
tion 3.2. In the main loop, the algorithm iteratively exhausts greedy contractions, computes T7"’, B’
as in Lemma 3.8, adds B’ to I, contracts 7", and leaves a coupon on the created compound leaf.

The stopping condition is when I covers T', namely, when 7'/I is a single node.

It is easy to verify that all actions needed to be taken by the algorithm can be implemented in
polynomial time. The credit scheme used implies that the algorithm computes a solution I as in
Theorem 3.4, namely |I| is at most 1.5 times the right-hand size of (5). Hence the approximation

ratio of 1.5 follows from the lower bound (4), and the proof of Theorem 1.1 is now complete.

4 Proof of Lemma 3.8

4.1 Semi-closed trees and their properties

The up-link incident to a node w is defined as the link uv such that v is as close as possible to the
root; under Assumption 2.1, v is an ancestor of u. We denote the highest link incident to u by
up(u). For a node set U C V', we let up(U) = {up(u) : uw € U}.

Definition 4.1 ([12]) Let U be a subset of nodes of T. A rooted subtree T' of T is U-closed if
there is no link in E from UNT' to T\T'. T is leaf-closed if it is L(T)-closed. A leaf-closed T"

is minimally leaf-closed if any proper proper rooted subtree of T' is not leaf-closed.

Proposition 4.1 ([12]) A minimally leaf-closed subtree T" of T is covered by up(L(T")).



A naive approach to find 77, B” as in Lemma 3.8 is by taking 7" to be minimally leaf-closed and
B’ = up(L(T")). However, we do not have enough credit for that, since |L(T")| can be much larger
than coupons(T'), not to mention the one extra unit of credit. This is since every link biby € M
owns 3/2 coupons, while taking the up-links of by, b requires 2 coupons. Hence we define 7" and
its cover B’ so that coupons(T') > |B’| holds, and one extra unit of credit is provided with the help
of tickets. Our main new idea is to use minimally semi-closed trees, defined below, which admit

such a cover B’, assuming invariants from Section 3.2 hold.

Definition 4.2 (Semi-closed tree) A rooted subtree T’ of T/I is semi-closed (w.r.t. a proper
matching M ) if the following holds:

e For any biby € M either both by, by belong to T', or none of by, by belongs to T".

o T is closed w.r.t. its unmatched leaves.

T’ is minimally semi-closed if T” is semi-closed but any proper subtree of T’ is not semi-closed.

Note that a semi-closed T” is not leaf-closed (this why we called it “semi-closed”); T" is closed
with respect to every unmatched leaf, but matched leaves may have links to nodes outside T". The

following statement explains how we intend to cover minimally semi-closed trees.

Lemma 4.2 For a semi-closed subtree T' of T w.r.t. M let B(T") be the union of M NT" and the

up-links of the unmatched leaves of T'. If T is minimally semi-closed then B(T") covers T".

Proof: Let T” be obtained by contracting M NT’. Note that the leaves of 7" are the unmatched
leaves of T'. Otherwise, if 7" has a leaf a that is not a leaf of T”, then the subtree of T” that was
contracted into a is a semi-closed tree (with no unmatched leaves), contradicting the minimality of
T’. Note also that T” is minimally leaf-closed, since T” is minimally semi-closed. Thus the up-links
of the unmatched leaves of T" cover T" (if T' has no unmatched leaves then T is a single node),

by Proposition 4.1. The statement follows. O

Let T" be a (not necessarily minimally) semi-closed tree and let C'(7”) be the set of non-leaf
compound nodes of 7" (recall that this includes r, if r € T"). Note that |[B(T")| = |L(T")|+|M NT’|
and coupons(T') = |L(T")| + |C(T")| + 3|M N T’|. Hence:

coupons(T') — | B(T")| = % AM AT+ |C(T)] . (7)

We will show that except one special type (see Definition 4.3), a semi-closed tree 77 and B(T")
satisfy (6). We will also show that if all semi-closed trees are of this special type, then we can find

a “larger” tree T" and its cover B’ that satisfy (6).

In what follows, let T/ be a (not necessarily minimally) semi-closed tree and let v be the root

of T'. Unless stated otherwise, we assume that v # 7.

10



4.2 Characterizing semi-closed trees with credit(T") < |B(T")| + 1

Intuitively, the next lemma says that if 77 has no stems, then every link in F incident to a node in

U NT’ contributes a ticket, unless its other endnode is a matched leaf.

Lemma 4.3 Suppose that all the compound nodes of T' are leaves, and that T' has no stem. Then:
tickets(T') > |UNT'|—2- IMNT'|+1. (8)
Furthermore, if T' is leaf-closed then tickets(T') > 1.

Proof: T has no locked leaf, since T” has no stem. Note that there is no link between two nodes
in U (as otherwise a greedy contraction applies), and that 7" is U-closed. Thus a link in F' covering
aleaf a € UNT’ contributes a ticket, unless its other endnode is a matched leaf. E.g., if a € UNT’
and ax € I, and if = is not a matched leaf, then z € X, and as T” is U-closed, x € X NT” and so 1"
owns a ticket. In addition, as we assume that v # 7, there must be a link from 7’ to T —T" covering
the edge between v and its parent. This link cannot have an endnode in U NT", as T" is U-closed.
Thus the endnode of this link in 7" contributes a ticket, unless this endnode is a matched leaf. In
particular, 7" has a ticket if 7" is leaf-closed. Summarizing, |U NT’| 4+ 1 links are needed to cover
the unmatched leaves and the edge between v and its parent, and every such link contributes a
ticket unless it is incident to a matched leaf. Now recall that there is exactly one link in F' incident
to every matched leaf, by the Matching Invariant 3.7 and Claim 2.2. Thus exactly 2 - |M NT"| links

in F' are incident to the matched leaves. The statement follows. O
Claim 4.4 If credit(T") < |B(T")| + 1 then C(T") = 0 (in particular, r ¢ T') and |M NT'| = 1.

Proof: If |C(T")| > 1 or if [M NT’| > 2 then coupons(T") — |B(T")| > 1, by (7). Hence the case to
consider is CNT" = () and M NT" = ). Note that since 7" has no matched pair, then T has no link
between its leaves, as otherwise greedy contraction applies. In particular, 7’ has no stems. Thus
tickets(T") > |L(T")| +1 > 2, by Lemma 4.3, and the statement follows. O

Claim 4.5 If credit(T') < |B(T")| + 1 then T' has no stem, and thus also has no locking link.

Proof: Suppose to the contrary that 7”7 has a stem s with children a1, b1. As no greedy contraction
applies, one of ay, by is matched by M, say bibs € M. By Claim 4.4 M NT" = {by1by}. Consider
a link from a; to a leaf b. We cannot have b ¢ T” since T" is {aq}-closed, and we cannot have
b e T — {b1,bs} since then a greedy contraction applies with aq,b. Thus we must have b = by or
b = by; this implies that b1b; locks a1, contradicting that M has no locking links. O

Claim 4.6 If credit(T') < |B(T")| + 1 then T' has exactly 3 leaves.

Proof: By Claims 4.4 and 4.5, T" has exactly one matched pair. If 7" has no unmatched leaves,
then the contraction of the matched pair creates a leaf, contradicting that M is proper. If 7" has at
least 4 leaves, then |[UNT'| > 4—2 = 2, hence tickets(T') > |UNT'|—=2-|MNT"|+1 >2-2+1=1.
In this case credit(T") — |B(T")| > 3(|M NT'| + tickets(T")) > 1. 0

11



Figure 2: Deficient trees; tree edges are shown by bold lines, matching links by dashed lines. Edges
vu, us in the figure can in fact be paths, possibly of the length zero; y is not a stem of the original

tree T, and a may not be a leaf of T so its degree in F' might be large, but b1, by are original leaves.

The following type of trees is the only type of semi-closed trees for which our “usual methods”
above can not be used to prove that credit(T') > |B(T")| + 1.

Definition 4.3 (Deficient tree) Suppose that T' has exactly 3 leaves and one matched pair, all
its compound nodes are leaves, and that T' is not leaf closed. Let a denote the unmatched leaf of

T'. Then T' is deficient (see Figure 2) if there is an ordering b1, be of its matched pair so that:

(i) aby € E and the contraction of aby does not create a leaf.

(ii) There exists bax € E so that x € T —T" (namely, T is not {ba}-closed).

If the ordering by, bs is not unique (this can happen if T' is as in Figure 2(b)), then we assume that

if up(b1) = byuy and up(by) = baug then ug is an ancestor of uj.
Clearly, checking if 7" is deficient or not can be done in polynomial time.

Lemma 4.7 Suppose that T' has exactly 3 leaves and exactly one matched pair, all its compound
nodes are leaves, and that T" is not leaf closed. If T' is not deficient, then T' has a ticket, and thus
credit(T") > |B(T")| + 1.

Proof: We prove that if 77 has no ticket then 7" is deficient. Let by, by be the matched pair of
T'. Let ya be the link in F covering a. If y ¢ {b1,b2} then y € TN X, and y € T” since T’ is
{a}-closed. Also, y is not a compound node, by assumption. Hence in this case 7" has a ticket.
Thus assume y € {b1,ba}. If the contraction of ay creates a leaf y, it can only happen in the case
y = by in Figure 2(a), and the link boa exists and bea € F. The created leaf s must be covered in
F by a link incident to a node in p(ab2). This node can not be an internal node of p(abs) as then
as it is not a compound node, it has a ticket, and it cannot be b; as degp(b1) = 1. Thus the link
in F' covering the creates leaf s must be incident to a, say az. As the tree is a-closed, z belongs to
T and z is not compound. We cannot have z = by, since by has degree 1 in F. It can not be b; as
b; needs to cover the root. Thus z € X and 7" has a ticket.
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Thus w.l.o.g. we assume that ab; € F' and the contraction of ab; does not create a leaf. Consider
any link wz € F covering v, where w € T" and x € T — T'. If w is not a leaf of T”, then 7" has a
ticket at w. We have w # by as ab; € F. Also, w # a, as T" is {a}-closed. It follows therefore that

w = by, and the statement follows. O

Summarizing, we obtain the following statement:

Corollary 4.8 Let T’ be a (not necessarily minimally) semi-closed tree. If credit(T") < |B(T")|+1
then T' is deficient.

4.3 Finding a good tree when all minimally semi-closed trees are deficient

Note that we can compute all semi-closed subtrees of 7'/I in polynomial time, as every semi-closed
tree is a rooted subtree of T'/I, and since we can check in polynomial time whether a given subtree
is semi-closed. If T'/T has a minimally semi-closed subtree 7" that is not deficient, then 7" and
B(T") satisfy the requirement of Lemma 3.8. Thus we may assume that all minimally semi-closed
subtrees of T'/I are deficient. In this case, we show that we can still find a semi-closed tree T and
its cover B so that credit(T) > |B| 4+ 1. But before that we need the following statement.

Claim 4.9 Let T’ be a deficient tree and let a, by, by be as in Definition 4.3. If T is a rooted subtree
of T/I containing by that is {ba}-closed, then T properly contains T' and T is not deficient.

Proof: As T is {b}-closed, and there is a link boz € E with € T — T”, the root of T is a proper
ancestor of the root of T”. It remains to show that if T is semi-closed then T is not deficient. Note
that T is {a}-closed, since T” is. Thus the only possibility for T to be deficient is if we are in the
case of Figure 2(b), so that bya € E and T is not {b1 }-closed. However, in Definition 4.3 we assume
that by has higher up-link than by, which implies that 7" is {b; }-closed. This is a contradiction. O

Definition 4.4 The tree T and its cover B are defined as follows, see Figure 3. Let M be the
matching obtained from M by replacing every link biby € M that belongs to some minimally semi-
closed deficient tree T' by the link bia, where a,b1,by are as in Definition 4.3; so bia exists and
its contraction does not create a leaf, thus M is a proper matching. Then T is any minimally
semi-closed tree w.r.t. the new proper matching M. Let B = (T N M) Uup(L(T)) (note that B
indeed covers T, by Lemma 4.2).

Remark: Note that there might be links in M N M (this is the set of links in M that do not belong
to any deficient tree), see Figure 3(a). In fact, it might be that 7'/ has many leaves, but there
is only one minimally semi-closed subtree 7", and this 7" is deficient. An example is as follows.
Take a path r = vy,...,v9, and attach to every v; a leaf u;. Then attach to vg a tree T as in
Figure 2, so vgr, = v. The matching M is bibs plus the appropriate u;,v; edges. The tree T" is a

unique minimally semi-closed subtree in this example, and T is deficient.
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(b)

Figure 3: Illustration to Definition 4.4. Matching links are shown by dashed lines. (a) All minimally

semi-closed trees are deficient. (b) The matching M and the minimally semi-closed trees w.r.t. M.

Recall that we use the notation B(T") = (T' N M) Uup(L(T")) for any semi-closed tree T’, and
that by Lemma 4.2 B(T") covers T" if T' is minimally semi-closed. Here and everywhere, unless
stated otherwise, “semi-closed” means semi-closed w.r.t M. We will prove that T is semi-closed,
but this does not imply that B (T) covers T, since T is not minimally semi-closed. Instead, we use
B to cover T, and note that B # B(T). We will prove that |B| = |B(T)|. As T is semi-closed,
then by Corollary 4.8 (which is valid for any semi-closed tree) credit(T) > |B(T)| +1 = |B| + 1,

unless T is deficient. Consequently, the following statement finishes the proof of Lemma 3.8.

Lemma 4.10 Suppose that all semi-closed subtrees of T'/I are deficient, and let T and B be as De-
finition 4.4. Then T is semi-closed (w.r.t. M), T is not deficient, and |B| = |B(T)|. Consequently,
credit(T) > |B| + 1.

Proof: We prove that if T intersects a deficient tree T' with leaves a, by, by as in Definition 4.3,
then T is {ba}-closed. As T’, T are rooted trees, they share a leaf. If this leaf is by, we are done. If
this leaf is b; or a, then both bi,a € T, since T is semi-closed with respect to M. Thus the least

common ancestor u of by, a is in T. This implies by € T, since by is a descendant of u (see Figure 2).

Clearly, T intersects some deficient tree T77. Thus by Claim 4.9, T is not deficient. We show
that T is semi-closed. Note that biby € M \M if, and only if, by, by belong to some deficient tree T";
thus either by, by € T (if T" is a subtree of T'), or none of by, by in T’ (otherwise). The same holds for
biby € M N M, by the definition of 7. It remains to prove that if a € T is a leaf unmatched by M
then T is {a}-closed. If a is unmatched by M, this follows from the definition of T'. Otherwise (a
is matched by M), a is the unmatched leaf of a deficient T7”. Then T” is {a}-closed, T” is a subtree
of T, and thus T is also {a}-closed.

To see that |B| = |B(T)|, note that B is obtained from B(T') by replacing every biby € M \ M
that belongs to a deficient tree T’ contained in T by the link bya (17, a, by, by as in Definition 4.3).
Hence B and B (T) coincide on links not belonging to deficient trees, while for links belonging to

deficient trees there is a bijective correspondence between links in B and B(T).
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The last statement follows from Corollary 4.8 and Claim 4.9. Indeed, as |B| = |B(T)| and T is
semi-closed, we can have credit(T) < |B|+1 only if T is deficient, by Corollary 4.8. But we proved
that T is not deficient, thus credit(T) > |B| + 1, as claimed. O
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