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AbstractScheduling dependent jobs on multiple machines is modeled by the graph multicoloringproblem. In this paper we consider the problem of minimizing the average completion timeof all jobs. This is formalized as the sum multicoloring problem: Given a graph and thenumber of colors required by each vertex, �nd a multicoloring which minimizes the sum ofthe largest colors assigned to the vertices. It reduces to the known sum coloring problemwhen each vertex requires exactly one color.This paper reports a comprehensive study of the sum multicoloring problem, treatingthree models: with and without preemptions, as well as co-scheduling where jobs cannotstart while others are running. We establish a linear relation between the approximabilityof the maximum independent set problem and the approximability of the sum multicoloringproblem in all three models, via a link to the sum coloring problem. Thus, for classes of graphsfor which the independent set problem is �-approximable, we obtain O(�)-approximationsfor preemptive and co-scheduling sum multicoloring, and O(� logn)-approximation for non-preemptive sum multicoloring. In addition, we give constant ratio approximations for anumber of fundamental classes of graphs, including bipartite, line, bounded degree, andplanar graphs.Index Terms: Graph Coloring, Sum Coloring, Chromatic Sums, Multicoloring, Scheduling,Dependant Jobs, Dining Philosophers.
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1 IntroductionAny multiprocessor system has certain resources, that can be made available to one job at atime. A fundamental problem in distributed computing is to e�ciently schedule jobs that arecompeting for such resources. The scheduler has to satisfy the following two conditions: (i)mutual exclusion: no two conicting jobs are executed simultaneously. (ii) no starvation: therequest of any job to run is eventually granted. The problem is well-known in its abstractedform as the dining/drinking philosophers problem (e.g., [D68, L81, NS95, SP88]).Scheduling dependent jobs on multiple machines is modeled as a graph coloring problem,when all jobs have the same (unit) execution times, and as graph multicoloring for arbitraryexecution times. The vertices of the graph represent the jobs and an edge in the graph betweentwo vertices represents a dependency between the two corresponding jobs, that forbids schedulingthese jobs at the same time. More formally, for a weighted undirected graph G = (V;E) withn vertices, let the length of a vertex v be a positive integer denoted by x(v). We denote by pthe maximum length in G, that is p = maxv2V fx(v)g. A multicoloring of the vertices of G is amapping into the power set of the positive integers, 	 : V 7! 2N . Each vertex v is assigned aset of x(v) distinct numbers (colors), and adjacent vertices are assigned disjoint sets of colors.The traditional optimization goal is to minimize the total number of colors assigned to G. Inthe setting of a job system, this is equivalent to �nding a schedule that minimizes the time forcompleting all the jobs. Another important goal is to minimize the average completion time ofthe jobs, or equivalently, to minimize the sum of the completion times. In the sum multicoloring(SMC) problem, we look for a multicoloring 	 that minimizesPv2V f	(v), where the completiontime f	(v) is the maximum color assigned to v by 	. We study the sum multicoloring problemin three models:� In the Preemption model (pSMC), each vertex may get any set of colors.� In the No-Preemption (npSMC) model, the set of colors assigned to each vertex has tobe contiguous.� In the Co-Scheduling model (coSMC), the vertices are colored in rounds: in each roundthe scheduler fully colors the vertices of an independent set in the graph. The set of colorsassigned to each vertex has to be contiguous and whenever two vertices use the same color,their smallest color must also be the same.The Preemption model corresponds to the scheduling approach commonly used in modernoperating systems [SG98]: jobs may be interrupted during their execution and resumed at later4



time. The No-Preemption model captures the execution model adopted in real-time systems,where scheduled jobs must run to completion. The Co-Scheduling approach is used in somedistributed operating systems [T95]. In such systems, the scheduler identi�es subsets of non-conicting or cooperating processes, that can bene�t from running at the same time interval (e.g.,since these processes do not use the same resources or communicate frequently with each other).Then, each subset is executed simultaneously on several processors, until all the processes inthe subset complete.The SMC problem has many other applications, including tra�c intersection control [B92,BH94], session scheduling in local-area networks [CCO93], compiler design and VLSI rout-ing [NSS99].1.1 The sum coloring problemWhen all the lengths are equal to 1, the problem, in all three models, reduces to the previouslystudied sum coloring (SC) problem. The �rst direct study of the problem is in [K89, KS89],where it is shown to be NP-hard, while a polynomial algorithm is given for the case where Gis a tree. Lower and upper bounds for the color sum of a graph are given in [TEA+89]. Ad=2 + 1-approximation is given in [KKK89] for graphs of average degree d.We note that coloring the graph with minimum number of colors does not always help insolving the SC problem. For instance, while bipartite graphs can be colored with two colors,there exist bipartite graphs (in fact, trees) for which any optimal solution for the sum coloringproblem uses 
(logn) colors [KS89].An exact algorithm is given in [J97] for partial k-trees (i.e. graphs of treewidth at most k). Itholds for a more general problem called the Optimum Chromatic Cost Problem (OCCP). Herea cost function c : Z+ 7! Z+ is associated with the color classes, and we are to assign a (single)color f(v) to each vertex v with the objective of minimizing Pv2V c(f(v)). In the SC problemwe have c(f(v)) = f(v). A polynomial algorithm was given for the OCCP on partial k-trees.Recent papers have focused on �nding approximation algorithms. The SC problem is con-sidered in detail in [BBH+98], including bounds on general graphs, (� + 2)=3-approximationof graphs of maximum degree �, and 2-approximation of line graphs. An improved 10=9-approximation was given in [BK98] for bipartite graphs, and a 2-approximation is given in [NSS99]for interval graphs.Intuitively, a good sum coloring would tend to use the smaller colors for as many vertices aspossible. The following natural heuristic was proposed in [BBH+98].5



MAXIS: Choose a maximum independent set in the graph, color all of its vertices with the nextavailable color; iterate until all vertices are colored.This procedure was shown to yield a 4-approximation. This factor of 4 was shown to be tightin [BHK99], where a family of graphs was constructed for which the approximation ratio ofMAXIS is asymptotically 4. In the case that the size of a maximum independent set can onlybe approximated within a factor of �, MAXIS yields a 4�-approximation.Known hardness results for the sum coloring problem carry over to the sum multicoloringproblem. SC cannot be approximated in general within an n1�� factor, for any � > 0, unlessNP = ZPP [FK96, BBH+98]. Also, it is NP-hard to approximate within some factor c > 1 onbipartite graphs [BK98]. Furthermore, the SC problem is NP-hard on interval graphs [S99], andon planar graphs [HK99].1.2 Our Results for the Sum Multicoloring problemThis paper reports a comprehensive study of the sum multicoloring problem. We detail belowour results.General graphs: We �rst inspect the MAXIS algorithm which is a natural candidate heuristicalso for the SMC problems. We show that MAXIS is only an 
(pp) approximation algorithm forpSMC (recall that p is the largest length in the graph). For the npSMC problem, its performancecannot even be bounded in terms of p.In view of that, we resort to di�erent algorithms. In our central results we establish a linearrelation between the approximability of the weighted maximum independent set problem (WIS)and SMC in all three models, via a link to the SC problem and the MAXIS algorithm. Thereductions are universal in that they apply to any hereditary family of graphs. For classesof graphs where WIS is polynomially solvable, we obtain a 16-approximation to both pSMCand coSMC, and a O(logmin(n; p))-approximation to npSMC. The linearity of the reductionimplies that for classes of graphs where WIS is �-approximable, the ratios are O(�) for pSMCand coSMC and O(� logmin(n; p)) for npSMC.Applying known results on the solvability and the approximability of WIS, we get for thepSMC approximation ratio of 16 on perfect graphs [GLS88], O(� log log�= log�) on bounded-degree graphs [H99], and O(n= log2 n) on arbitrary graphs [BH92, H99].
6



Important special classes of graphs: We further study special classes of graphs. ForpSMC, we describe an algorithm with a ratio of 1:5 for bipartite graphs. We generalize this toan algorithm with a ratio of (k + 1)=2 on k-colorable graphs, when the coloring is given. This,for instance, gives a relatively simple and practical algorithm with a ratio of 2:5 for pSMC onplanar graphs. We also present an algorithm with ratios of (� + 2)=3 for graphs of maximumdegree �, 2 for line graphs, and k for intersection graphs of k-uniform hypergraphs.For npSMC, we give an algorithm with ratios of 2:796 on bipartite graphs and 1:55k + 1on k-colorable graphs (with the k-coloring given). These colorings have the advantage of alsoapproximating comparably the number of colors they use.Relationships among the multicoloring models: We explore the relationship among thethree models and give a construction that indicates why the npSMC model is \harder". Namely,while �nding independent sets iteratively su�ces to approximate both the pSMC and the coSMCproblems by a constant factor, any such solution must be 
(log p) o� for the npSMC problem.1.3 Organization of the PaperIn Section 2 we give some de�nitions and notations. In Section 3 we present the approximationresults for general graphs, in all three models. In Section 4 we deal with bipartite graphs bothfor the Preemption and No-Preemption models. These results are generalized to k-colorablegraphs, when the coloring is given. Finally, in Section 5 we address bounded-degree graphs andline graphs, primarily for the Preemption model.2 De�nitions and notationsWhen we refer to a graph G = (V;E), we mean a simple, �nite, undirected graph, and implicitlyassume an associated length mapping x : V 7! N . Denote by S(G) = Pv x(v) the sum of thelengths of the vertices in G. An independent set in G is a subset I of V such that any twovertices in I are nonadjacent. A multicoloring of G is an assignment 	 : V 7! 2N , such thateach vertex v 2 V is assigned x(v) distinct colors and the set of vertices colored by any color iis independent.Given a multicoloring 	 of G, denote by c	1 (v) < � � � < c	x(v)(v) the ordered collection of x(v)colors assigned to v, and by f	(v) = c	x(v)(v) the largest color assigned to v. The multicolor sum
7



of G with respect to 	 is SMC	(G) = Xv2V f	(v) :Let SMCA(G) denote the multicolor sum of the coloring produced by algorithm A on G.A multicoloring 	 is contiguous (nonpreemptive), if for any v 2 V , the colors assignedto v satisfy c	i+1(v) = c	i (v) + 1 for 1 � i < x(v). In the context of scheduling, this meansthat all the jobs are processed without interruption. A contiguous multicoloring 	 solves theCo-Scheduling problem, if the set of vertices can be partitioned into k disjoint independentsets V = I1 [ � � � [ Ik with the following two properties: (i) c	1 (v) = c	1 (v0) for any v; v0 2 Ij,1 � j � k, and (ii) c	x(v)(v) < c	1 (v0) for all v 2 Ij and v0 2 Ij+1, 1 � j < k. In the context ofscheduling, this means scheduling to completion all the jobs corresponding to Ij, and only thenstarting to process the jobs in Ij+1, for 1 � j < k.Theminimum multicolor sum of a graphG, denoted by pSMC(G), is the minimum SMC	(G)over all multicolorings 	. We denote the minimum contiguous multicolor sum ofG by npSMC(G).The minimum multicolor sum of G for the Co-Scheduling problem is denoted by coSMC(G).When the model under investigation is clear from the context, we denote these numbers bySMC(G). We further omit G when the graph under investigation is clear from the context.Since in any multicoloring of G, x(v) � f	(v) for all vertices, it follows that S(G) �pSMC(G). Since any co-schedule of G is a nonpreemptive coloring of G and any nonpreemptivecoloring of G is also preemptive, it follows that pSMC(G) � npSMC(G) � coSMC(G). Hence,we get the following proposition.Proposition 2.1 For any graph G,S(G) � pSMC(G) � npSMC(G) � coSMC(G) :Let P be the SMC problem in any of the three models. We say that an algorithm Aapproximates P within a ratio of �, if for all graphs G (or for all graphs belonging to a speci�edfamily of graphs) we have that SMCA(G)SMC(G) � � ;where SMC(G) is the optimal multicolor sum for P on G. We also say then that A gives a �-approximation. This is the traditional performance ratio; we consider also two stricter measures.An algorithm is said to approximate within an absolute ratio of �, ifSMCA(G)S(G) � � :An algorithm is said to approximate within a service-time ratio of �, ifFor all v 2 V; fA(v)x(v) � � ;8



that is, the highest color assigned to v is at most � x(v). It follows that if an algorithm has aservice-time ratio �, then it also has an absolute ratio �, and if an algorithm has an absoluteratio �, it also has an approximation ratio �.3 General graphsIn this section we describe a reduction from approximating sum multicoloring in all three modelsto the problem of approximating weighted maximum independent sets (WIS). This generalizes(using di�erent techniques) a relationship derived for the sum coloring problem [BBH+98]. Inthis and the following sections, � denotes the approximability of WIS on the input graph.In Section 3.1 we analyze the MAXIS algorithm. We show that MAXIS performs poorly onall three SMC problems. We next describe our main approximation technique in Section 3.2that involves a di�erent objective function, the sum of averages of a multicoloring. We showthat the minimum sum of averages of a given graph can be well approximated using the MAXISalgorithm on a derived graph. In Section 3.3 we give an O(�)-approximation for pSMC; in thisand the following sections, � denotes the approximation ratio of WIS on the input graph. InSections 3.4 and 3.5 we present and analyze an algorithm that approximates both npSMC andcoSMC | the former within a ratio of O(� logmin(p; n)) and the latter within O(�). We discussthe time complexity of our algorithms in Section 3.6.In attempting to explain the logarithmic factor in the approximation of npSMC, we note thatthe algorithm described in Section 3.5 constructs a co-schedule which in the analysis is comparedwith an optimal preemptive schedule. In Section 3.7, we show that this discrepancy in theperformance is inherent by constructing a graphH for which coSMC(H) = 
(log p)�npSMC(H).3.1 The MAXIS heuristicWe consider here the MAXIS heuristic applied to the sum multicoloring in the three models, andshow that its performance is not up to par with the sum coloring case. This leads us to modifythe heuristic in the following section to better take into account the lengths of the jobs.In the preemptive case there are several possible de�nitions forMAXIS. One natural de�nitionforMAXIS is to repeat, as long as needed, the following procedure: color a maximum independentset with one color, then reduce the lengths of all the vertices in the chosen set by one. Thefollowing example shows that such an algorithm has an approximation ratio of 
(pp).Let G be the following graph with pp + 2 vertices: two nonadjacent vertices with length9



p, and a clique of pp vertices of length 1. The two special vertices are connected to all thevertices of the clique. MAXIS colors �rst the two special vertices with p colors and then colorsin a sequence each vertex in the clique with one color. This yields a multicolor sum of2p+ (p+ 1) + (p+ 2) + � � �+ (p+pp) = 
(ppp) :On the other hand, the optimal solution schedules the clique vertices �rst. This yields a multi-color sum of 1 + 2 + � � �+pp+ 2(p+pp) = O(p) :Thus, the approximation ratio is 
(pp).In the Co-Scheduling model, MAXIS runs its selected jobs to completion before �ndingthe next set of independent jobs. Consider the tree with vertices vi, 1 � i � 2t+1 = n, and theedges fvivt+i; vnvt+i : i = 1; : : : ; tg. All vertices have unit length except vn that requires p colors.MAXIS �rst colors v1; v2; : : : ; vt and vn. As a result, the �rst color for vertices vt+1; vt+2; : : : ; v2tis p+1. The cost of this coloring is t�1+p+t�(p+1) � np=2. The optimal solution assigns verticesv1; v2; : : : ; vt color 1, vertices vt+1; vt+2; : : : ; v2t color 2, and vertex vn colors 3; 4; : : : ; p+ 2. Thecost of that coloring is t � 1 + t � 2 + (p + 2) � 2(n + p). Hence, the approximation ratio is
(min(n; p)).In the No-Preemption model, the algorithm may do still worse. Whenever the set ofcurrently colored vertices becomes a non-maximal independent set, a natural MAXIS in thismodel would �nd the largest set of vertices that the solution can be extended with. Considerthe graph G composed of independent sets A, B, and C, each with t = n=3 vertices. The edgesbetween A and B are given by faibj : ji� jj > 1g. Vertices of C are connected to all verticesof A n fa1g and B n fb1g. Vertices of A and B have length 2, while vertices of C have length1. Observe that, for t > 2, C [ fa1; b1g forms the only maximum independent set in the graph,hence it gets colored in the �rst iteration of MAXIS. In iteration 2, only a1 and b1 are beingscheduled and the only vertices nonadjacent to both of them are a2 and b2, which are thereforescheduled at that point. In iteration 3, similarly, a1 and b1 have been completed and a2 and b2are still being scheduled. Therefore, only a3 and b3 can be added. In general, vertices ai andbi start to get colored in iteration i. The cost of the schedule is then t + 2Pt+1i=2 i = 
(t2). Abetter schedule colors �rst the vertices of C, then the vertices of A, and �nally the vertices ofB. The total cost is then t + 3t + 5t = O(t). Hence, the approximation ratio is 
(t) = 
(n),independent of p.
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3.2 The main approximation techniqueEn route to approximating multicoloring sums, we consider another measure of a multicoloring,the sum of the average color values assigned to the vertices. We denote by AV	(v) the averagecolor assigned to v by a multicoloring 	, namely,AV	(v) = Px(v)i=1 c	i (v)x(v) :Let SA	(G) = Pv AV	(v) denote the sum of averages of 	, and let SA(G) be the minimumpossible sum of averages. Note that SA(G) � pSMC(G), and equality holds only in the unit-length case.We approximate the sum of averages by a reduction to the sum coloring problem on a derivedweighted graph. Recall, that � denotes the approximability of WIS on the input graph G.Lemma 3.1 For any graph G, there exists a polynomially constructible multicoloring 	 satis-fying SA	(G) � 4� � SA(G) : (1)Proof. Given a graph G, we construct a derived weighted graph H as follows. The graph has aclique of x(v) copies of each vertex v, with each copy of v adjacent to all copies of neighbors ofv in G. The weight w(vi) of each copy vi of v is 1=x(v).There is a one-to-one correspondence between multicolorings 	 of G and colorings of H, asthe x(v) copies of a vertex v inG all receive di�erent colors. Let 	 also refer to the correspondingcoloring of H. Observe thatSC	(H) = Xv2V (G) x(v)Xi=1 w(vi) c	i (v) = Xv2V (G) Px(v)i=1 c	i (v)x(v) = SA	(G) :Using the result of [BBH+98] on the performance ofMAXIS, which holds also for the weightedcase, we obtain the same bound on the approximation of the average completion time.Observe that each iteration of MAXIS can be applied to a subgraph of H that contains onlyone copy of each vertex v of G (that has not yet been fully colored), since two copies of the samevertex cannot participate in the same independent set. This is especially signi�cant when �, theapproximability of WIS, is a function of the number of vertices; hence, a �(n)-approximation ofWIS implies a 4�(n)-approximation of SA. 11



3.3 The Preemption modelOur approach for approximating pSMC is to transform multicolorings with small sum of averagesinto ones with nearly equally small sum of �nish times. Note that this is not always the case,as a coloring 	 with a small sum of averages may assign a few high colors to the vertices, thusresulting in poor �nishing times. We resolve this problem by using the vertex sets of the colorsof 	 twice, which ensures that the �nish time of a vertex in the new coloring is at most fourtimes its average color in 	.Theorem 3.2 pSMC can be approximated within a ratio of 16�.Proof. First, obtain a multicoloring 	 by applying Lemma 3.1 on the input graph G. Next,form the multicoloring 	0 that \doubles" certain color sets of 	:	0(v) = n2i; 2i + 1 : i = c	t (v); t � dx(v)=2eo :Note that 	0(v) may contain x(v) + 2 colors, in which case we assign to v the subset of x(v)smallest colors.Let mv = c	dx(v)=2e be the median color assigned to v by 	. The largest color used by 	0 isf	0(v) = c	dx(v)=2e + c	bx(v)=2c � 2mv. Also mv � 2 � AV	(v), since fewer than half the elementsof a set of natural numbers can be larger than twice its average. Thus f	0(v) � 4 �AV	(v) andSMC	0(G) � 4 � SA	(G). By Lemma 3.1, SA	(G) � 4 � SA(G) � 4 � pSMC(G), thus 	0 is a16�-approximation for pSMC(G).3.4 The No-Preemption modelThe following algorithm LengthGrouping (LG) approximates solutions to both the npSMC andcoSMC problems. The idea is to separate vertices of roughly the same lengths into groups, andto ensure that at any given time vertices from only one such group are being colored. Sincecoloring vertices with large lengths yields relatively limited progress per time unit, we assign tosuch vertices small weights. Speci�cally, the weight of each vertex is inversely proportional toits length. Then, we run the MAXIS algorithm on the resulting weighted graph, and for eachindependent set found, color the jobs to completion.LG(G)Let G0 = (V;E0; x0; w), wherex0(v) = 2dlog x(v)e, for each v 2 V ,w(v) = 1=x0(v), the weight of each v 2 V , and12



E0 = E [ f(u; v) : x0(u) 6= x0(v)g.Apply weighted MAXIS to G0, coloring the vertices nonpreemptively in each iteration.Let 	 denote the multicoloring produced by LG. Note that 	 is a co-schedule, since jobs arecolored to completion. Since G0 is a supergraph of G and the lengths in G0 are upper boundson the lengths in G, 	 is also a valid multicoloring of G. By a weight-class (or length-class), wemean a set of vertices in G0 of the same weight (and length).Lemma 3.3 SMC	(G) � 4� � pSMC(G0).Proof. First, note that for any coloring 	, the largest color of a vertex di�ers from the averagecolor by at least half the length of the vertex, i.e. f	(v) � AV	(v) + (x(v)� 1)=2, with equalityholding when 	 is contiguous. Thus,SMC	(G0) = SA	(G0) + S(G0)� n2 : (2)Also, for a coloring 	� that minimizes pSMC(G0) it holds thatSA(G0) � SA	�(G0) � pSMC(G0)� S(G0)� n2 : (3)Note that the coloring 	 produced by LG satis�es Lemma 3.1. Thus, combining (2) and (3)with (1) we have thatSMC	(G0) = SA	(G0) + S(G0)� n2 � 4� � SA(G0) + S(G0)� n2 � 4� � pSMC(G0) :Finally, the cost of 	 on G is at most its cost on G0, since it assigns 2dx(v)e � x(v) colors to eachvertex.Lemma 3.4 LG approximates npSMC within a ratio of 8� log p.Proof. We claim that pSMC(G0) � 2 log p � pSMC(G) :The lemma then follows from Lemma 3.3.Consider a multicoloring 	 of G. Apply it to the vertices of G0, by �rst repeating eachcolor twice to account for the rounding up of the lengths. Observe that the vertices of individuallength classes of G0 are properly colored and are pairwise consistent, while vertices from di�erentlength classes may conict. We can combine the colorings of the individual length classes intoa coloring of G0 by executing one step from each class in turn, in a round-robin fashion. Thecoloring of each vertex is slowed down by a factor of log p, the number of length classes. Then,we have constructed a multicoloring of G0 whose sum is at most 2 log p � pSMC(G).13



Let r be the number of di�erent lengths in the graph, and let q be the ratio between thelargest to the smallest length. Using r and q we now derive a tighter performance bound for LG.Theorem 3.5 LG approximates npSMC within a ratio of O(�minfr; log min(q; n)g).Proof. First, note that the graph can be separated to r length groups; this yields the O(r)-approximation. We now show, that the O(log p) ratio in Lemma 3.4 can be replaced withmin(log q; logn). The log q ratio is obtained by scaling; the O(log n) bound clearly holds whenp is polynomial in n. When p is superpolynomial, we add to LG an initial phase, in which wecolor a subset of the vertices; then, we apply LG on the remaining vertices, which form O(log n)length groups. More speci�cally, let Small = fv j x(v) � p=n3g. Consider coloring �rst thevertices of Small in an arbitrary order nonpreemptively. The color sum of the vertices in Smallis at most (1 + 2 + : : : + n)p=n3 < p. Also, they use at most n � p=n3 = p=n2 colors; this addsto the cost of coloring each of the remaining vertices p=n2, i.e., we add to the total cost at mostp=n. Hence, we get an additive term of at most 1=n in the approximation ratio.Algorithm LG now yields a performance ratio O(logn) for npSMC, since at most log(p=(p=n3)) =3 log n length-classes remain in the graph.3.5 The Co-Scheduling modelWe �nd that LG yields a better approximation of the co-scheduling problem. Recall that G0 isthe derived weighted graph produced by LG.Theorem 3.6 LG approximates coSMC within a ratio of 16�.The theorem follows by combining Lemma 3.3, the fact that pSMC(G0) � coSMC(G0), andthe following lemma, which shows that the optimal co-schedule of G0 is within a constant factorof that of the original graph G.Lemma 3.7 coSMC(G0) � 4 � coSMC(G).Proof. Call an algorithm proper if the algorithm never gives the same color to vertices fromdi�erent weight-classes. For example, LG is proper. Let OPT denote an optimal co-schedulefor G. Let X be the length of the longest job in a given round of OPT. Rounding the lengthto a power of two results in a length X 0 = 2dlogXe. Note that in contrast to LG, OPT is notnecessarily proper. However, we can simulate one round of OPT by at most log p rounds of aproper algorithm, one for each weight-class.Consider the schedule that breaks a round of OPT into a sequence of rounds, of length1; 2; 4; : : : ;X 0. That is, the algorithm takes the independent set of vertices chosen by OPT and14



schedules them properly, one weight-class after the other. This is a valid proper schedule ofG0, where each vertex is delayed by at most a factor of 4, in comparison to OPT. This followssince 1 + 2 + 4 + : : : + X 0 < 4X. Since any proper algorithm is also a co-schedule algorithm,coSMC(G0) � 4 � coSMC(G), and the lemma follows.3.6 Time complexityWhen the maximum job length is super-polynomial in the length of the input, the derivedweighted graph G0 to which MAXIS is applied also becomes super-polynomial. It is however notnecessary to construct the whole graph.At most one copy of any node is selected in an iteration of MAXIS. Thus, before eachiteration we build the weighted graph based on remaining nodes. Without loss of generality,MAXIS repeats the same independent set as long as none of its nodes are fully colored. We cantherefore handle ri color classes in each iteration i, where ri is the smallest length remainingin that iteration. After each iteration, a new vertex becomes fully colored. Hence, the numberof iterations is at most n. The time complexity is therefore O(nf(n)), where f(n) is the timecomplexity of the maximum independent set algorithm.It also follows that any coloring output by our algorithms can be represented in O(n2) space.3.7 A construction separating coSMC and npSMCWe have given O(1)-approximations for both the pSMC and the coSMC problems, while onlya minfO(log p); O(log n)g-approximation for the npSMC problem. Notice that the analysis inLemma 3.4 rates LG, that in fact produces a co-schedule, in terms of a stronger adversary that�nds the best possible preemptive schedule. This implies the following inequalities:pSMC(G) � npSMC(G) � coSMC(G) � O(logminfp; ng) � pSMC(G) : (4)It would be interesting to know the precise relationships among these three models. We givea partial answer by constructing a graph H for which coSMC(H) = 
(log p) � npSMC(H),matching inequality (4).Assume for simplicity that p is a power of 2. The graph H = (V;E) is as follows. The vertexset is V = fvi;j;kg, for i = 0; 1; : : : ; log p, j = 1; 2; 3; : : : ; 2(log p)�i, and k = 1; 2; : : : ; 2i, where thelength of vi;j;k is 2i. The edge set is E = �(vi;j;k; vi0;j0;k0) : i = i0 and k = k0	. In other words, thegraph has p vertices of each length ` = 2i, arranged in p=` completely connected independentsets of size ` each; vertices of di�erent lengths are nonadjacent.15



Intuitively, sets containing \short" vertices (i.e. with \small" lengths) are decomposed into alarge collection of independent subsets of vertices. Each such independent subset contains \few"vertices. On the other hand, each set of vertices with a given \large" length is decomposedinto a \small" collection of independent subsets of vertices, where each independent set contains\many" vertices.Now, consider a co-scheduling algorithm. Suppose that the maximum length chosen in someround is a \large" `. This round delays \many" short vertices which must wait for the ` timeunits to pass. For example, there are p=2 size-2 independent sets of length 2. All but one of these(still remaining) sets is delayed ` time-units. Instead, in the Preemption or No-Preemptionmodel, we could schedule those p=2 size-2 independent sets one after the other.Indeed, consider the straightforward nonpreemptive coloring where the di�erent lengths areprocessed independently and concurrently. Then, the number of colors used is p, and since thegraph has p log p vertices, the multicoloring sum is O(p2 log p).On the other hand, any independent set contains at most 2i vertices from length-class ` = 2i.Hence, in any independent set whose longest task length is `, there are at most 2` vertices. Thisfollows since vertices with length larger than ` were not chosen into this set, plus, the number ofvertices of length less than ` in the chosen independent set sum to at most `=2+`=4+ � � �+1 < `.Thus, at most 2t vertices are completed by step t, for each t = 1; 2; : : : ; p log p=2. In particular,at most half of the vertices are completed by step p log p=4. Thus, the color sum of the remainingvertices is 
(p2 log2 p). Hence, an 
(log p) separation between these models. As n = p log p, thisresult also implies an 
(log n)-separation.4 Bipartite graphs and k-colorable graphsIn this section, we turn our attention to graphs of small chromatic numbers. Since it is ingeneral hard to color even 3-colorable graphs e�ciently, we assume that we are either given aparticular k-coloring or that a k-coloring is easy to compute for the given graph. In addition,our results apply to graphs, in which a maximum independent set can be found in polynomialtime. For a given k, let the set of vertices V be partitioned into k disjoint independent sets V =V1[� � �[Vk. In Section 4.1 we study an algorithm for the Preemption model and in Section 4.2we study another algorithm for the No-Preemption model and the Co-Scheduling modelusing di�erent techniques.
16



4.1 The Preemption modelFirst consider the following Round-Robin (RR) algorithm. At round t = kh + i, for 1 � i � kand h � 0, give color t to all the vertices of Vi that still need a color. Since each vertex v iscolored in every k-th time-slot, fRR(v) � k x(v). Thus, RR has a service-time ratio of k. Inparticular, it has service-time ratios of 4 on planar graphs and � + 1 on graphs of maximumdegree �. For bipartite graphs, its ratio is 2.In this subsection we give a nontrivial algorithm with a ratio of (k + 1)=2, for k-colorablegraphs with the coloring given. This gives a ratio of 2.5 for planar graphs, and k=2+1 for partialk-trees. In particular, for bipartite graphs the ratio is 1:5� 1=(2n). For simplicity, the result isdescribed for bipartite graphs only, with the result for general k derived similarly.We need the following de�nitions and notations. Denote by �(G) the size of a maximumindependent set in G. Processing an independent set W � V means assigning the next availablecolor to each v inW , decreasing x(v) by one, and removing fully colored vertices from the graph.The resulting graph is called the reduced graph of G. Finally, let (n) = 2n2=(3n� 1).Informally, algorithm BipartiteColor (BC) distinguishes between two cases. When the sizeof the maximum independent set in the current reduced graph is \large", then BC processes amaximum independent set. Otherwise, BC works in a fashion similar to RR. Once a vertex (ora collection of vertices) is assigned its required number of colors, the algorithm re-evaluates thesituation.BCLet G = (V1; V2; E) be a bipartite graph.Let n = jV j = jV1j+ jV2j.while G 6= ; doif �(G) � (n)thenLet m = minv2V x(v).Assume without loss of generality that V1 contains at least as manyvertices v with x(v) = m as V2.Assign the next m colors to the vertices in V1,and the following m colors to the vertices in V2.elseFind a maximum independent set I � V .Let m = minv2I x(v).Assign the next m colors to the vertices in I.17



endifReduce the graph G, omitting vertices that were fully colored.Update the value of n.end whileAlgorithm BC runs in polynomial time, since a maximum independent set can be found in abipartite graph in polynomial time, using ow techniques (cf., [H69]), and since in each iterationat least one vertex is deleted.Before we prove the approximation ratio of BC, we need the following observations.Observation 4.1 Let H, H 0 be identical graphs with respective length functions x, x0, such thatx0(v) � x(v), for each v 2 V . Then, pSMC(H 0) � pSMC(H) + (S(H 0)� S(H)).Proof. First, suppose that H and H 0 di�er only in one vertex v and in one unit. Namely,x0(v) = x(v)+1, and for any u 6= v, x0(u) = x(u). Construct a multicoloring 	 for H as follows.Use an optimal multicoloring of H 0, except remove v from the last independent set in which vappeared. The coloring 	 is feasible for H. In this way f(v) is decreased by at least one unit,and we get that pSMC(H 0) � pSMC(H) + 1. Now, the observation is deduced by repeatedlyapplying the above.For the next observation, let 	 be some multicoloring and V 0 � V . Suppose that 	 assignsthe �rst i colors only to vertices in V 0 and that x(v) � i, for all v 2 V 0. Let G0 be the resultingreduced graph. Finally, let SMC	(G0) be the multicolor sum of 	 restricted to G0. Namely,using independent sets i+ 1; i + 2; : : : of 	, relabeled as 1; 2; : : :.Observation 4.2 SMC	(G) = n � i+ SMC	(G0).Proof. The added cost of each vertex in G over that in G0 is exactly i. This holds for verticesin V 0, since their lengths have reduced by exactly i. It also holds for vertices in V � V 0, sincethese were not colored in the �rst i steps of 	, while the color values have decreased by i.We are now ready to prove the main theorem of this subsection.Theorem 4.3 BC approximates pSMC on bipartite graphs within a ratio of 1:5� 1=2n.Proof. We prove the theorem by induction on S(G). The basis of the induction is S(G) = 1.Since we assume that the lengths are nonnegative integers, S(G) = 1 implies that the graphcontains only a single vertex, whose length is 1. BC is optimal in this case. For S(G) � 2, weconsider separately the two cases in the algorithm.18



Case 1: �(G) � (n).Recall that, without loss of generality, BC �rst colors vertices of V1. Let V1(m) be the subsetof vertices in V1 whose length is m. Let G0 be the reduced graph after the �rst 2m colors areassigned. By de�nition, all lengths decreased by m, and vertices in V1(m) were omitted. Thatis, for all v, the residual length is x0(v) = x(v) �m. We can apply Observation 4.2 twice, asall vertices are delayed by the �rst m steps, while the vertices of V n V1(m) are delayed in thesecond m steps. Thus, using that jV1(m)j � 1,SMCBC(G) = (n+ (n� jV1(m)j)m + SMCBC(G0) � (2n� 1)m+ SMCBC(G0) : (5)Now, let G� be the reduced graph after an optimal multicoloring has assigned m colors, withreduced lengths x�(v). Since x(v) � m for all v, we have by Observation 4.2 thatpSMC(G) = mn+ pSMC(G�) : (6)Note that for any v 2 V , x(v) was decreased by at most m, that is, x�(v) � x(v) �m. Sincein G0 every x(v) was decreased by m, x�(v) � x0(v). Therefore, by Observation 4.1, S(G�) �S(G) �m�(G), since S(G) is reduced by at most �(G) in each of the �rst m colors. On theother hand, S(G0) = S(G)�mn, since in G0 we have reduced the length of each vertex in G bym. Thus, S(G�)� S(G0) � (n� �(G))m : (7)Combining Equations (6) and (7) and Observation 4.1, we get thatpSMC(G) � (2n� �)m+ pSMC(G0) : (8)We now apply the induction hypothesis and get thatSMCBC(G0)pSMC(G0) � 1:5� 1=(2n) : (9)By the assumption that �(G) � (n), it follows that(2n� 1)m(2n� �(G))m � 1:5 � 1=(2n) : (10)Combining Equations (5), (8), (9) and (10), we get that SMCBC(G)=pSMC(G) � 1:5 � 1=(2n);as required.Case 2: �(G) > (n).Let G0 be the reduced graph after BC assigns the �rst m colors to the vertices of a maximumindependent set I. Using Observation 4.2 with V 0 = I we have thatSMCBC(G) = nm+ SMCBC(G0) : (11)19



By de�nition, for every v 2 V , x(v) � x0(v). Also, since S(G) � S(G0) = �(G)m, we have byObservation 4.1 that pSMC(G) � �(G)m+ pSMC(G0) : (12)Now, by the induction hypothesis, inequality (9) holds for G0. Furthermore, since �(G) > (n),nm�(G)m � 1:5 � 1=(2n) : (13)Thus, the required ratio follows from Equations (11), (12) and (13). This completes the proof.4.2 The No-Preemption and Co-Scheduling modelsLet Vi[x] denote the set of vertices in Vi of lengths up to bxc.We illustrate our approach for k-colorable graphs on bipartite graphs. The following algo-rithm produces a co-scheduling.� Color all the vertices in V1[1] with the �rst color, then color all the vertices in V2[2] withthe next 2 colors.� Color the remaining vertices of V1[4] with the next 4 colors, then color the remainingvertices of V2[8] with the next 8 colors.� In general, for i = 0; 1; : : :, color the remaining vertices of V1[22i] with the next 22i colors,then color the remaining vertices of V2[22i+1] with the next 22i+1 colors.For a given vertex v 2 V1, the worst case occurs when x(v) = 22i + 1, for some i. Then, v is�nished in step x(v) +Pij=0(22j + 22j+1) = x(v) + 22i+2 � 1 = 5x(v) � 5. The same can beargued for any u 2 V2. Thus, the worst case completion time of any vertex is bounded by afactor of 5, giving a service-time ratio of 5.We can improve this by examining two schedules: in the �rst we start with V1[1] and thenalternate between V2 and V1, and in the second we start with V2[1] and then alternate betweenV1 and V2. It follows that each vertex v is completed within 3x(v) steps in one schedule andwithin 5x(v) in the other, or at most 4x(v) steps on the average. Hence, the sum of the betterof the two schedules is at most 4S(G). Note that this improves the absolute ratio to 4 but notthe service-time ratio.We now generalize this algorithm, both to general k, as well as to a more re�ned schedulebased on randomly selected starting point. Let � be a constant to be optimized, and let d = �k.Our algorithm is as follows. 20



Steps(G;�)Let X be a random number uniformly chosen from [0; 1).Let d = �k.Let Y = dX .for i = 0 to logd p dofor j = 1 to k doLet Aij = di�1�j Y .Color the remaining vertices of Vj[Aij ],using the next bAijc colors.Clearly, the output is a co-schedule. The bipartite graphs case corresponds to Steps(G,2).Remark: The algorithm can be derandomized, by examining a set of evenly spaced candidatesfor the random number X. The additive error term will be inversely proportional to the numberof schedules evaluated.Lemma 4.4 Let X be a uniform random variable on [0; 1). Let d > 1 and let Y = dX be arandom variable. Then, E[Y ] = d� 1lnd :Proof. The distribution function of Y is given byFY (y) = P [Y � y] = P [dX � y] = P [X � logd y] = logd y :Thus, the expected value of Y isE[Y ] = Z d1 yF 0Y (y) dy = Z d1 y 1y lnd dy = d� 1lnd :Theorem 4.5 The expected multicolor sum of Steps is at most (1:544k+1)S(G) on a k-colorablegraph G, and at most 2:796S(G) on a bipartite graph G.Proof. Let v be a vertex. We bound the expected delay until v gets colored. Let � be the colorclass of v, i.e. such that v 2 V� . Let Av = minfAi;� : Ai;� � x(v)g, representing the length ofthe interval in which v was colored.Let Xv = logdAv � logd x(v). Thus, Av = dXv x(v). Note that Xv is a uniform randomvariable on [0; 1). This is easy to see when x(v) = di�1�� for some integer i, since then Xv is21



identical to the X in the pseudocode. On the other hand, the fact that logdA1;� ; logdA2;� ; : : :is an arithmetic sequence with unit separation implies that the value of x(v) does not a�ect thedistribution of Xv. Thus by Lemma 4.4,E[Av ] = E[dXv ]x(v) = d� 1lnd x(v) :Note that the lengths Aij are increased by a factor of � in each iteration of the inner loopof Steps. Therefore, the delay time dv of v, or the time until v starts to get colored, is at mostdv � 1Xi=1 Av�i = Av 1�� 1 : (14)Thus, E[dv ] � d� 1lnd � 1d1=k � 1 x(v) : (15)For bipartite graphs, this implies thatE[dv ] � �2 � 12 ln� � 1�� 1 x(v) = �+ 12 ln� x(v) :The function f(x) = x+1ln(x) is minimized when x = 3:5911, which results in the bound E[dv] �1:796x(v). The expected cost of the coloring is thusE[SMC	(G)] =Xv E[dv ] + S(G) � 2:796S(G) :where 	 is the (probabilistic) coloring output of Steps(G; 3:5911).For k-colorable graphs, we use the inequality 1 + x � ex to bound d1=k � 1 � (lnd)=k,obtaining from (15) that E[dv ] � d� 1lnd � klnd x(v) :The function g(x) = x�1ln2 x takes a minimum at x = 4:9215, resulting in E[dv ] � 1:544k x(v).Hence, E[SMC	(G)] � (1:544k + 1)S(G) :where 	 is the coloring output of Steps(G; 4:92151=k).We can also bound the service-time ratio of k-colorable graphs. For each vertex v, it holdsthat Av � d x(v), since Ai+1;j=Aij = d. Using that ex � 1 + x+ x2=2, it follows from (14) thatdv � dd1=k � 1 x(v) � dk(lnd)(1 + lnd=2k) x(v) :Let d = e, the base of the natural logarithm, we obtain a worst-case bound on the �nish timeof v of f	(v) � � ek1 + 1=2k + 1� x(v) � ek + e=21 + 1=2k x(v) = ek x(v) :We summarize the results of this section in the following theorem.22



Theorem 4.6 Steps approximates coSMC (and thus also npSMC) for bipartite graphs with anabsolute ratio of 2:796 and a service-time ratio of 5. For k-colorable graphs, it gives an absoluteratio of 1:544k + 1 and a service-time ratio of ek.5 Bounded degree graphs and line graphsIn this section we consider two families of graphs for which a variation of the greedy coloringachieves \good" approximation factors. In Subsection 5.1 we consider bounded degree graphswith maximum degree �. In Subsection 5.2 we consider line graphs.The �rst-�t greedy algorithm gets the vertices of the graph in some order and colors eachvertex with the �rst available colors. It is a reasonable candidate algorithm for the Preemptionand theNo-Preemptionmodels but not for theCo-Scheduling problem. For bounded-degreegraphs, �rst-�t greedy achieves absolute ratios of � + 1 for pSMC and 2� + 1 for npSMC. Forline graphs, it can be shown to achieve an approximation factor of 
(pp).In this section we consider a modi�ed �rst-�t greedy algorithm, Sorted Greedy (SG), whichorders the vertices in a nondecreasing order of lengths, before coloring the vertices in a �rst-�tmanner. We show that SG improves the approximation ratios for bounded degree graphs to(� + 2)=3 and � + 1 for pSMC and npSMC respectively. For line graphs the improvement ismore impressive { SG obtains a ratio of 2. In addition, we also bound the service-time ratio ofSG, whereas the service-time ratio of �rst-�t is unbounded.In the rest of this section, let 	 denote the multicoloring produced by SG. Let Q(G) denotethe quantity Puv2E min(x(u); x(v)). Observe thatQ(G) � Xuv2E x(u) + x(v)2 = 12 Xv2V d(v)x(v) � �2 S(G) : (16)5.1 Bounded degree graphsIn the �rst two theorems we state the approximation ratio of SG for pSMC and npSMC. Wethen present a third theorem that states the service-time ratio in both models.Theorem 5.1 SG approximates pSMC within a ratio of (� + 2)=3, and this is tight.Proof. First observe that each edge can delay only the incident vertex that is colored later. ForSG, this delay amounts to the minimum of the lengths of the endpoints. Thus, the multicolorsum of SG is bounded by SMC	(G) � S(G) +Q(G) : (17)23



For uv 2 E, denote by Du(v) the number of colors given to u, that are smaller than f	(v).Clearly, pSMC(G) � S(G) + Xv2V maxu2N(v) fDu(v)g � S(G) + Xv2V Pu2N(v)Du(v)� :In the above, each edge uv contributes (Du(v) +Dv(u))=� to the sum. Since Du(v) +Dv(u) �minfx(u); x(v)g, it follows that pSMC(G) � S(G) + Q(G)� : (18)Let d = 2Q(G)=S(G). Then, from (17) and (18),SMC	(G)pSMC(G) � g(d) � 1 + d=21 + d=(2�) :Since d � � by (16), and g(d) is monotonically increasing, we have thatg(d) � g(�) = 1 +�=23=2 = 2 +�3 :A matching lower bound was shown in [BBH+98] for the sum coloring problem, thus it alsoapplies to pSMC.Theorem 5.2 SG approximates npSMC within a ratio of �+ 1.Proof. In the No-Preemption model, a vertex v can be delayed not only by the lengths ofits neighbors but also by gaps in the set of available colors that are too small for coloring vcontiguously. There can be as many gaps as neighbors, and each gap can be of length x(v)� 1.Hence, SMC	(G) � S(G) + Xuv2E (x(u) + x(v)) � (� + 1)S(G) +Q(G) : (19)By inequalities (19) and (18), the approximation ratio is then at most � + 1.With similar arguments we can prove weaker bounds for absolute and service-time ratios ofSG.Theorem 5.3 SG has absolute ratios of �=2 + 1 for pSMC and 3�=2 + 1 for npSMC. It hasservice-time ratios of �+ 1 for pSMC and 2� + 1 for npSMC.Proof. The absolute ratios follow directly from Inequalities (16), (17), and (19).Consider now the service-time. In the preemptive model, each vertex v is delayed only by thelengths of those of its neighbors that appear earlier in the sequence. There are at most � suchneighbors, each with no greater length, hence v is delayed at most �x(v). In the nonpreemptivemodel, each neighbor can additionally cause a gap of up to x(v) � 1 colors that v cannot use,adding at most another � factor. 24



5.2 Line graphs and intersection graphs of hypergraphsThe line graph LG of a graph G = (V;E) is the intersection graph of E | the vertices in LGare the edges of G and two vertices in LG are adjacent whenever the corresponding edges in Gare. Note that a multicoloring of LG corresponds to an edge multicoloring of G.A property of a line graph LG is that its edges can be partitioned into cliques, such that eachvertex belongs to at most two cliques [H69]. The following theorem capitalizes on this propertyto achieve a constant approximation factor for this family of graphs.Theorem 5.4 SG approximates pSMC of line graphs within a ratio of 2� 4=(� + 4), and thisis tight.Proof. Given a line graph LG of a graph G, form another line graph H as follows. For eachvertex v in G, H contains a vertex for each of the d(v) edges incident on v in G. That is, H is adisjoint collection of the maximal cliques in LG. Each vertex in LG corresponds to exactly twovertices in H. Further, all the edges in LG have corresponding edges in H.The minimummulticolor sum of a clique C is found by ordering the vertices by nondecreasinglength, giving a contiguous coloring. Each vertex is delayed by the sum of the lengths of earliervertices, or in other words, each edge uv causes a delay of min(x(u); x(v)). Thus,pSMC(C) = Xv2C x(v) + Xuv2E(C)min(x(u); x(v)) = S(C) +Q(C) :Since the cliques of H are disjoint, the multicolor sum of H is the sum of the multicolor sumsof the cliques, or pSMC(H) = S(H) +Q(H) :Observe that since each vertex in LG appears twice inH, S(H) = 2S(LG), and any multicoloringof LG corresponds to a multicoloring of H of double the weight, pSMC(H) � 2 � pSMC(LG).Further, there is a one to one correspondence between the edges of LG and H, thus Q(H) =Q(LG). Hence, we have pSMC(LG) � S(LG) + 12Q(LG) : (20)As before, let d = 2Q(LG)=S(LG). Then, from (17) and (20), we bound the approximation ratioby SMCSG(LG)pSMC(LG) � g(d) � 1 + d=21 + d=4 :Since g(d) is monotone increasing and d � �, we haveg(d) � g(�) = 2� 4=(� + 4) :This matches the bound proved for the sum coloring of regular edge graphs [BBH+98].25



Intersection graphs of set systems: We can generalize the argument for line graphs tointersection graphs of set systems where each set is of size at most k, e.g. k-uniform hypergraphs.In the context of resource allocation, these graphs correspond to the case where each job requiresthe use of up to k resources to execute.Theorem 5.5 Let LH be an intersection graph of a hypergraph H, where each edge is of cardi-nality at most k. Then, SG approximates pSMC(LH) by a factor of k.Proof. Recall, that each edge ei in H is represented by a vertex ei in LH , and all the edgescontaining some vertex v in H form a clique in LH . As the maximal cardinality of any edge inH is k, each vertex in LH belongs to at most k maximal cliques. An argument similar to theone we used for line graphs, shows thatpSMC(LH) � S(LH) + 1kQ(LH) : (21)Thus, using (17), we haveSMC	(LH) � k�1� 2(k � 1)� + 2k �pSMC(LH) :
6 DiscussionExtensions to vertex-weighted graphs: In the weighted SMC problem, each vertex v isassociated with a weight w(v) and the goal is to minimize Pv2V w(v) f	(v). All of the resultsin this paper apply also to this optimization goal without any overhead. We have chosen to givethe results for the unweighted case in order to simplify the presentation.We indicate briey the modi�cations needed for some of the results. In Lemma 3.1, ifG is the weighted input graphs, we de�ne the weights of the derived graph H by wH(vi) =wG(v)=x(v). Other arguments of that section follow directly, if we replace n by W = Pv w(v),and rede�ne S(G) as Pv x(v)w(v). In Section 4.1, we rede�ne (n) as 2W 2=(3W � 1) and�(G) as the maximum weight of an independent set in G. Results of Section 4.2 need nomodi�cations. Finally, in Section 5, rede�ne SG to order the vertices in a nondecreasing orderof the w(v)=x(v) values. Let the value of Q(G) be Puv2E min(w(v)x(u); w(u)x(v)) and replaceDu(v) by w(v)Du(v).Waiting time: Another measure of a multicoloring of interest is the total waiting time, orthe sum of the �nishing times less the sum of the lengths. Also, the average waiting time is26



the total waiting time divided by the number of jobs. In the unit-weight case, this correspondsto numbering the colors starting from 0 instead of 1. In general, the total waiting time of amulticoloring 	 is equal to its multicolor sum, SMC	(G), less the sum of the lengths, S(G).This measure is harder to approximate than SMC. We can observe from the proof of The-orem 5.4 that SG approximates the average waiting time of a preemptive multicoloring of linegraphs within a ratio of 2. Also, by subtracting S(G) from the right hand sides of (17) and (21),it approximates intersection graphs of hypergraphs within a ratio of k. Obtaining nontrivialapproximations of other graph classes is an open problem.New developments: In [HKP+99], e�cient polynomial time algorithms were given for thenpSMC problem on trees and paths, while an e�cient polynomial time approximation scheme(PTAS) was given for pSMC on trees. Shortly after, PTASs were given in [HK99] for bothnpSMC and pSMC on both partial k-trees and planar graphs.Open problems: One important issue is to reduce the logarithmic approximation factor inthe nonpreemptive case. This appears to be hard in general, but we may at least expect progresson special classes of graphs.Interval graphs are an important class of graphs, for which our problems have numerousapplications. Since WIS is polynomially solvable on this class, we have from our general argu-ments ratios of 16 for pSMC and O(logn) for npSMC, as well as 4 for SC from the results of[BBH+98]. All of these ratios can certainly be improved by a MAXIS-like algorithm.In the preemptive case, we know few cases of polynomially solvable classes of graphs. Re-solving the case of trees, or even the case of paths, would be interesting.AcknowledgmentsWe would like to thank two anonymous referees, who provided many helpful comments on thispaper.References[B92] M. Bell. Future directions in tra�c signal control. Transportation Research PartA, 26:303{313, 1992. 27
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