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Abstract
We design combinatorial approximation algorithms for the Capacitated Steiner Network (Cap-
SN) problem and the Capacitated Multicommodity Flow (Cap-MCF) problem. These two
problems entail satisfying connectivity requirements when edges have costs and hard capacities.
In Cap-SN, the flow has to be supported separately for each commodity while in Cap-MCF,
the flow has to be sent simultaneously for all commodities. We show that the Group Steiner
problem on trees ([14]) is a special case of both problems. This implies the first polylogarithmic
lower bound for these problems by [19]. We then give various approximations to special cases
of the problems. We further exhibit a relationship between Cap-SN, Cap-MCF, and the Group
Steiner Tree problem, to derive polylogarithmic approximation algorithms for a related problem
called Connected Cap-SN. Another special case we study is as follows. Given a bipartite graph
G = (A ∪ B, E) and an integer k > 0, find A′ ⊆ A and B′ ⊆ B of minimum total size |A′|+ |B′|
such that there exist k edge-disjoint paths in G from vertices in A′ to vertices in B′. We provide
an O(

√
k log k) approximation ratio for the problem. We also show that we can compute a

solution of optimum value, while being able to route O(k/polylog n) flow, where n is the number
of vertices in G. The final special case of Cap-SN and Cap-MCF that we study is called the
Unbalanced-P2P problem. Besides its practical applications to shift design problems [9], it
generalizes many problems such as k-Steiner tree, Steiner Forest, and Point-to-Point Connection. We
give a combinatorial logarithmic approximation algorithm for this problem.

1998 ACM Subject Classification Dummy classification

Keywords and phrases network design, hard edge-capacities, group Steiner tree problem

Digital Object Identifier 10.4230/LIPIcs.xxx.yyy.p

1 Introduction

We study the following two fundamental capacitated network problems.
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2 Capacitated Network Design Problems

Capacitated Steiner Network (Cap-SN)
Instance: An undirected graph G = (V,E) with edge-capacities {ue | e ∈ E} and edge-
costs {ce | e ∈ E}, and requirements {rij | i, j ∈ V } (ce, ue, and rij are all non-negative
integers).
Objective: Find a minimum cost spanning subgraph H of G such that for every i, j ∈ V ,
the capacity of any ij-cut in H is at least rij (equivalently, H contains rij ij-paths such
that every edge e belongs to at most ue paths).

The second problems we consider is:

Capacitated Multi Commodity Flow (Cap-MCF)
Instance: An undirected graph G = (V,E) with edge-capacities {ue | e ∈ E} and edge-
costs {ce | e ∈ E}, and requirements {rij | i, j ∈ V } (ce, ue, and rij are all non-negative
integers).
Objective: Find a minimum cost subgraph H of G such that rij units of flow can be
simultaneously sent in H for every i, j ∈ V .

In the soft capacities case we may take me copies of e getting capacity me · ue and cost
me · ce.

The case when the requirements have one source and one sink is called the Fixed Cost
Flow problem in [13], and it is a special case of both Cap-SN and Cap-MCF. Even for the
Fixed cost flow problem, the best known approximation ratio is Ω(|E|).

1.1 A simplification

It is possible to slightly simplify Cap-SN and Cap-MCF, without loss of generality, as follows.
Each edge has either infinite (or sufficiently large) capacity and arbitrary cost, or zero cost and
arbitrary capacity (details omitted). We call an edge with infinite capacity a cost-edge and
an edge with zero cost a capacity-edge. From now on, we assume that our Cap-SN,Cap-MCF
instances satisfy this property. Let n denote the number of nodes in G. We show hardness
for these problems by a reduction from Group Steiner on trees.

Group Steiner on trees (Group Steiner on trees)
Instance: An undirected tree T = (V,E) rooted at some node r with edge-costs
{ce | e ∈ E}, and a collection g1, g2, . . . , gk of groups, so that every group is a subset of
the leaves (leaves may belong to many groups)
Objective: Find a minimum cost subtree H of T rooted at r that contains at least one
leaf from every group .

I Theorem 1. [19] Unless NP ⊆ ZTIME
(
nlogcn

)
for some constant c, for every constant

ε > 0, Group Steiner on trees admits no O(log2−ε k) approximation, with k the number of
groups.

We prove an Ω(log2−ε n) hardness for both Cap-SN and Cap-MCF for any universal constant
ε > 0 by giving an approximation ratio preserving reduction from Group Steiner on trees
problem to these problems. Halperin and Krauthgamer [19] prove an Ω(log2−ε k) lower
bound on the approximation factor for Group Steiner on trees where k is the number of groups.
However, the size of their construction is O(k). In particular, the number of nodes they have
in the tree is less than 2k. We present the lower bound in terms of the number n of nodes in
their tree, which is between k and 2k. Since the lower bound is polylogarithmic, k and n are
essentially the same for our purposes.
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We define a variant of our main problems that require that a certain part of the solution
is connected. We do not know if these variants are special cases of Cap-SN and Cap-MCF
as these problems do not allow to impose connectivity of a set. We give an approximation
algorithm that combines several techniques; One of them is a combinatorial algorithm for
Group Steiner on trees by [8] to show that this variant admit an O(log3+ε n) approximation.
This shows further relation between Group Steiner Tree, Cap-SN and Cap-MCF. The problem
is motivated by similarity to Connected Facility Location problem. where the open facilities
are required to be connected by a backbone network See definition in, e.g., [17].

Connected Capacitated Steiner Networks (Connected Cap-SN)
Instance: An undirected graph G = (V,E) with edge-capacities {ue | e ∈ E} and
edge-costs {ce | e ∈ E}, a single sink t and a collection s1, s2, . . . , sk of sources and
requirements {rtj | 1 ≤ j ≤ k} (ce, ue, and rij are all non-negative integers). Assume
that each edge e ∈ E has either ce = 0 or ue =∞.
Objective: Find a minimum cost subgraph H of G such that for every si, the capacity of
any sit-cut in H is at least rti and the subgraph of H consisting of edges e with ue =∞
is connected and contains t.

The multicommodity version is equivalent since the problem can be reduced to one source
and one sink.

The following problem was suggested to us by Deeparnab Chakrabarty in a personal
communication.

k-Bipartite Flow
Instance: A bipartite graph G = (A ∪B,E) with bipartition A and B and an integer
k > 0.
Objective: Find subsets A′ ⊆ A and B′ ⊆ B of minimum total size |A′|+ |B′| such that
G has k edge-disjoint paths from vertices in A′ to vertices in B′.

It may be that the minimization of the dense k-subgraph problem [11] is a special case
of k-Bipartite Flow. This usually is used to imply that the problem has no better than
polynomial approximation (details omitted). The next problem called the Unbalanced Point
to Point Connection, or Unbalanced-P2P. In [9] it is shown that Unbalanced-P2P is a
special case of the Fixed cost flow problem.

Unbalanced Point to Point Connection (Unbalanced-P2P)
Instance: An undirected graph G = (V,E) with edge-costs {ce | e ∈ E} and integer
charges {bv : v ∈ V } (which can be negative).
Objective: Find a minimum-cost subgraph H of G containing all vertices, such that for
every connected component H ′ b(H ′) :=

∑
v∈H′ bv ≥ 0.

It is easy to see that the problem has a feasible solution if, and only if, G is a feasible solution,
i.e., every connected component C of G satisfies b(C) ≥ 0, and that any inclusion-minimal
solution is a forest. Given an instance of Unbalanced-P2P, let V + = {v ∈ V | bv > 0} and
let V − = {v ∈ V | bv < 0}.

1.2 Our results

In Sections 3 and 4, we prove the following theorem.
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I Theorem 2. The Cap-SN, Cap-MCF and Connected Cap-SN problems and their
flow variants admit no better than Ω(log2−ε n) approximation for any constant ε > 0,
unless NP has a Las Vegas quasi-polynomial-time algorithm. In addition, there exists
a polynomial-time combinatorial O(log3+ε n)-approximation algorithm for Connected
Cap-SN (and for Connected Cap-MCF) for any ε > 0.

Other problems, connected hard-capacitated set-cover connected source location, and con-
nected non-metric facility location can be approximated in the same way.

I Theorem 3. The k-Bipartite Flow problem admits an O(
√

k log k) combinatorial
approximation algorithm.

I Theorem 4. The k-Bipartite Flow problem admits a bicriteria polylogarithmic ap-
proximation in the following sense. Given a k-Bipartite Flow problem instance, we
can find subsets A′ ⊆ A and B′ ⊆ B with |A′|+ |B′| at most the value of the optimum
solution such that G can support Ω(k/polylog n) flow from vertices in A′ to those in B′.

Due to lack of space the proofs of the last two theorems are deferred to an appendix.

I Theorem 5. There exists a polynomial-time combinatorial 2-approximation algorithm
for the special case of Unbalanced-P2P with b(V ) :=

∑
v∈V bv = 0. Furthermore, if

the charges {bv : v ∈ V } are polynomially bounded in |V |, Unbalanced-P2P admits an
exact algorithm on tree instances (i.e., G is a tree) and ratio O(log min{n′, 2 + b(V )})
on general graphs, where n′ = |V + ∪ V −| is the number of nodes with non-zero charge.

The Unbalanced-P2P problem generalizes k-Steiner tree and Steiner Forest problems [9].
Thus a constant approximation for Unbalanced-P2P would be a fascinating result that
approximates within a constant both Steiner forest and k-MST with one algorithm.

2 Previous work

The Cap-MCF problem is studied in [1]. It is given a polylogarithmic ratio under the
assumption of soft capacities.

The Cap-SN problem is a fundamental problems in combinatorial optimization. Even the
Fixed-Cost Flow problem (the case of a single source and single sink) already includes several
fundamental problems. The special case of directed Cap-SN namely, directed Fixed-Cost Flow
was shown to be Label-Cover hard by Even et al. [9] in 2002, which implies the same lower
bound for Cap-SN. Eight years later, the same hardness was rediscovered independently by
Chakrabarty et al. [6].

Goemans et al. [16] are the first who consider approximation algorithms for Cap-SN with
multiple pairs. However they mainly consider “soft capacities”, where multiple copies of an
edge are allowed. Carr et al. [5] observed that the natural cut-based LP-relaxation has an
unbounded integrality gap even for the unicast case. Motivated by this observation they
strengthened the basic cut-based LP by adding so called Knapsack-Cover inequalities. Using
these inequalities, they obtained constant factor approximation algorithms for some special
graph topologies. However, in the general case, the integrality gap of the basic cut-based LP
enhanced by Knapsack-Cover inequalities is Θ(n2). Recently, In [6] various special cases of
Cap-SN are considered. For soft capacities, they give an O(log k) upper bound where k is
the number of pairs with positive requirement and O(log n) approximation ratio for the case
when rijs are equal for all i, j ∈ V . By our paper and [6] the hard capacity case of Cap-SN is
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provably harder to approximate than the soft capacity case. In [6], an Ω(log log n) hardness
result for the case of soft capacities is presented. They gave no hardness result for the hard
capacity case namely, the Cap-SN problem. Approximation ratios or hardness results for the
soft capacity case does not extend to Cap-SN.

Garg, Konjevod, and Ravi [14] present an O(log N · log k)-approximation algorithm for
Group Steiner on trees on tree where k is the number of groups, and N is the maximum size
of a group. A combinatorial O(log2+ε n) ratio for Group Steiner on trees is given in [9]. Zosin
and Khuller [24] give an alternative primal-dual approximation algorithm that solves an
exponential linear program, and has ratio O(log2 n). The first combinatorial polylogarithmic
algorithm is A combinatorial algorithm for Group Steiner on trees is given in [8]. Their paper
uses the recursive greedy technique (invented independently in [7, 21, 23]). It obtains ratio
O(log2+ε n) for the problem. All the above upper bounds are closed to the best possible as
Halperin and Krauthgamer [19] give a lower bound of Ω(log2−ε n) for any fixed ε, unless NP
has a quasi-polynomial-time Las Vegas algorithm.

3 Hardness of Cap-SN, Cap-MCF, Connected Cap-SN

The hardness applies to the case of a single source and a single sink, called the Fix cost
flow problem [13]. Hence both for Cap− SN and Cap−MCF . Given an instance (G =
(V,E), {ce ≥ 0 | e ∈ E}, r, {S1, . . . , Sk}) of Group Steiner on Trees, we construct an instance
of the Fixed cost flow problem. See Figure 1 for an illustration. For a positive integer
k, let [k] = {1, . . . , k}. Construct a graph G+ = (V+, E+) from G by adding some new
nodes and edges as follows. Let V+ = V ∪ {s} ∪ {gi | i ∈ [k]} and E+ = E ∪ F where
F = {{s, v} | v ∈ ∪i∈[k]Si} ∪ {{v, gi} | v ∈ Si, i ∈ [k]} ∪ {{gi, r} | i ∈ [k]}. Each edge e ∈ E

is assigned cost ce and capacity ue = ∞. Each edge e = {s, v} for v ∈ ∪iSi is assigned
cost ce = 0 and capacity ue = |{i | v ∈ Si, i ∈ [k]}|, i.e., number of groups v belongs to.
Each edge e = {v, gi} for v ∈ Si, i ∈ [k] is assigned cost ce = 0 and capacity ue = 1. Each
edge e = {gi, r} for i ∈ [k] is assigned cost ce = 0 and capacity ue = |Si| − 1, i.e., one
less than the number of nodes in group Si. Finally we set sink as t = r and demand as
d =

∑
i∈[k] |Si| =

∑
v∈V |{i | v ∈ Si, i ∈ [k]}|.

Now we show the following one-to-one correspondence between the feasible solutions of
the original Group Steiner on trees and that of the created Fixed cost flow instance.

I Lemma 6. There exists a solution for the Group Steiner on trees with cost at most C if, and
only if, there exists a solution for Fixed cost flow instance with cost at most C. Furthermore,
the solution to Group Steiner on trees can be computed in polynomial time from that to the
Fixed cost flow instance, and vice versa.

Let subtree T = (VT , ET ) be a solution of cost C to the Group Steiner on trees instance.
Let H = ET ∪F be a subgraph of G+. Since all edges in F have cost 0, the cost of H is also
C. We now argue that H forms a feasible solution to Fixed cost flow, i.e., a flow of d units can
be routed from s to t in H. We start by routing flow of u{s,v} = |{i | v ∈ Si, i ∈ [k]}| units
from s to each v ∈ ∪iSi. Consider a node v ∈ VT ∩ (∪iSi). Such a node forwards its entire
flow to t = r over the unique path from it to r in the tree T . This flow can be supported
since the edges in T have infinite capacity. Now consider a node v ∈ (∪iSi) \ VT . Such a
node forwards 1 unit of its received flow to each gi for which v ∈ Si along the unit-capacity
edge {v, gi}. Note that any node gi receives at most |Si| − 1 units of flow from all the nodes
v ∈ Si. This is because at most |Si| − 1 nodes in Si do not belong to T , which in turn holds
because T contains at least one node from Si. Lastly each node gi forwards its received flow
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g2g1

t = r

s

G=(V,E)

(0,|S1|-1) (0,|S2|-1)

(ce,∞)

(0,1)

(0,1)

(0,1)

(0,2)

(cost, capacity)

Figure 1 The instance of Connected Cap-SN created in the reduction from Group Steiner on
trees. The labels on the edges denote (cost, capacity). Not all labels are shown in the figure.

to t = r along edge {gi, r} of capacity |Si| − 1. Thus indeed H forms a feasible solution to
the Fixed cost flow instance.

Now let H be a solution of cost C to the Fixed cost flow instance. Since all edges in F

have zero cost, we can assume that F ⊆ H, without loss of generality. It is enough to prove
that H ∩E contains a path from some node in Si to r for each i ∈ [k]. Suppose this is not
true for some group Sj for j ∈ [k]. We extract an s-t-cut in graph H with capacity strictly
less than d contradicting the existence of flow of value d from s to t in H. Let U ⊆ V denote
the set of nodes connected to some node in Sj in H ∩ E and let U = {s, gj} ∪ U . Note that
s ∈ U while from our assumption t 6∈ U . We now prove the following claim.

I Claim 7. The total capacity of edges in H that leave U is strictly less than d.

Proof. It is easy to note that all the edges in H that leave U are (1) {gj , r} with capacity
|Sj | − 1, (2) {v, gi} with capacity 1, for all i 6= j and v ∈ Si ∩U , and (3) {s, v} with capacity
|{i | v ∈ Si, i ∈ [k]}| for all v ∈ V \ U . Thus the total capacity of these edges is

|Sj | − 1 +
∑
i 6=j

∑
v∈Si∩U

1 +
∑

v∈V \U

|{i | v ∈ Si, i ∈ [k]}|

= |Sj | − 1 +
∑
v∈U

|{i | v ∈ Si, i ∈ [k], i 6= j}|+
∑

v∈V \U

|{i | v ∈ Si, i ∈ [k]}|

= −1 +
∑
v∈U

|{i | v ∈ Si, i ∈ [k]}|+
∑

v∈V \U

|{i | v ∈ Si, i ∈ [k]}|

= −1 +
∑
v∈V

|{i | v ∈ Si, i ∈ [k]}|

= d− 1.

It is immediate from the proof of Theorem 2 that Connected Cap-SN is also a special case of
Group Steiner on trees because the the set of edges induce by the reduction induce a connected
subgraph. The hardness follows from [19]. J
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4 Approximating Connected Cap-SN

4.1 Submodular cover problems

Submodular cover problems are defined as follows. Let U be a collection of items and
f : 2U 7→ R+ a non negative and non-decreasing submodular function. Namely a function so
that f(A)+ f(B) ≥ f(A∩B)+ f(A∪B). We assume f(U) is bounded by a polynomial in n.
The goal is to find a minimum cost S so that f(S) = f(U). The following is proved in [22].

I Theorem 8. The problem of finding min-cost S so that f(S) = f(U) admits a maxu∈U{ln(f({u}))+
1}-approximation algorithm.

An example that fall in this scheme is the Set Cover problem [22] in which we are given a
universe W and a collection U of subsets of W of cost cs for s ∈ U . The goal is to find a
subcollection S of U of minimum cost, so that every element belongs to at least one set in
s ∈ S.

To pose this as submodular cover problem [22] we may define f(S) = |
⋃

s∈S s| namely,
f(S) is the total number of elements S covers. This function is non decreasing and submodular
[22]. Clearly f(U) = W because every element of W belongs to at least one set in U . Thus
the goal is to find a minimum cost S so that f(S) = f(U). This is equivalent to the minimum
cost Set-Cover.

Another example is the Hard capacities Set-Cover problem [22]. The input is as in the
Set-Cover problem except that every set s has a load bound ds. After finding a feasible
Set-Cover S it is required to assign every element u ∈ U to one of the sets in S, so that
u ∈ s, under the rule that no more than ds elements are assigned to s, for every s.

Given some subcollection S of sets, a simple flow computation can be used to find the
maximum number of elements S can cover, without violating the capacity constrains. Let
f(S) be this number. This flow function is non decreasing and submodular [22]. Clearly
f(U) = W . Thus the goal is to find a minimum cost S so that f(S) = f(U) according to
the flow function defined above.

4.2 Submodular cover with tree costs

In [4], the Submodular Cover with Tree Cots problem is studied. The difference between
this problem and submodular cover is in the objective function. In Submodular Cover
problem is the objective function is c(S). In submodular cover with tree costs, U are leaves
in a tree T rooted at a root r. After a feasible set S is found, namely, f(S) = f(U), S

induces a subtree TS with all paths leading from the root r to S. The cost of S is defined as
the cost of TS . Submodular cover is just the special case that the tree is a star.

In [4] 1 a log2+ε n ratio approximation is given for this problem.
Group Steiner on trees is an example of Submodular Cover with Tree Cots. Let f be

the Set-Cover submodular function defined above, namely, f(S) = | ∪s∈S s|. Then it is easy
to see that the resulting Submodular Cover with Tree Cots problem is exactly Group
Steiner on trees.

4.3 Proof of the approximation ratio for Connected Cap-SN

We provide an O(log3+ε n) approximation to Connected Cap-SN.

1 Being unaware of this result, we derived it independently in an earlier draft of this paper [18].
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Le G denote the flow graph. We first perform a structural modification whose reason will
become clear later. Let U be all the vertices that can reach t with edges of infinite capacity.
By definition this is a connected subgraph. Vertices in U are called connectors. The reason
for that is that if some flow f reaches s ∈ U then s can deliver the flow to t because of the
path of infinite capacity edges between s and t.

Let G∞ be the graph induced by U (this includes t). Transform G∞ into a random tree
T using [10]. This incurs a loss of O(log n) in the approximation ratio. The capacities of the
tree edges are still infinite but all edges have nonnegative cost.

Recall that we have sources si that need to send rti units of flow to t and it is enough
that the flow reaches S. Given a subset S of U , we define f(S) as follows. Consider the
graph Gfinite = (G−G∞) + U . For every i, add a sink ti and an edge si, ti of capacity rti.
Make every s ∈ S be a sink. Define f(S) to be the total amount of flow that S can deliver
to

⋃
i{ti}.

The first observation is that if S can deliver
∑

i rti flow units to the ti then S can be
used to derive a feasible solution for Connected Cap-SN. Indeed, we can reverse the flow
direction and send the flow from the si to S. This is possible as the graph in undirected.
Given that

∑
i dti flow can reach the connectors S, the flow can be forwarded to t over G∞.

We now explain why the graph G∞ is replaced by a tree. Indeed, with the f defined
above we showed that Connected Cap-SN is a special case of Submodular Cover with
Tree Cots because the flow function defined by f was shown to be submodular and non
decreasing in [2]. Indeed, we need to find a minimum cost tree so that S can deliver enough
flow to every ti and this solves the problem.

Hence, the ratio derived is as follows. This gives O(log1+ε n · log(
∑

j rtj)) = O(log2+ε n)
approximation algorithm due to the use of [4]. We further loose an O(log n) factor in the
due to the use of [10].

5 Approximating Unbalanced-P2P

In [9] it is shown that Unbalanced-P2P is a special case of Cap-SN and that Steiner forest
and k-Steiner tree are special cases of the problem. Thus a constant approximation for
Unbalanced-P2P will be a uniform constant approximation for both k-Steiner tree and for
Steiner forest. A fascinating open problem.

5.1 An exact algorithm for Unbalanced-P2P on trees

See the appendix.

5.2 A 2-approximation algorithm for the case b(V ) = 0

Our 2-approximation algorithm generalizes the algorithm of [16] which is the case bv ∈
{−1, 0, 1}. We say an edge e covers a set S if e has exactly one endnode in S; we say that
an edge-set/graph covers a set family F if for every S ∈ F there is an edge in H covering S.
Given a set-family F and an edge-set H the residual set-family FH consists of the members
of F not covered by H. Recall that a set-family F is uncrossable if for any X, Y ∈ F at least
one of the following holds: X ∩ Y, X ∪ Y ∈ F or X \ Y, Y \X ∈ F . It is known and easy to
see that if F is uncrossable, so is FH , for any edge-set H.

Goemans et al. [15] give a primal-dual 2-approximation algorithm for the problem of
finding a minimum-cost edge-cover of an uncrossable set-family F . A polynomial time
implementation of this algorithm requires only that for any edge-set H, the minimal members



Hajiaghayi et al. 9

of the residual set-family FH can be computed in polynomial time (but F itself may not be
given explicitly). Now the 2-approximation algorithm follows from the following lemma.

I Lemma 9. Given an instance of Unbalanced-P2P with b(V ) = 0, let F = {S ⊆ V | b(S) 6=
0}. Then the following holds. An edge-set H ⊆ E is a feasible solution to Unbalanced-P2P
if, and only if, H covers F . For any edge set H ⊆ E, S is an inclusion-minimal members
of FH if, and only if S is a connected component of the graph (V,H) and b(S) 6= 0. F is
uncrossable.

Proof. Parts (i) and (ii) are straightforward, so we prove only part (iii). Let X, Y ∈ F , so
b(X), b(Y ) 6= ∅. We will show that if X ∩ Y /∈ F or if X ∪ Y /∈ F , then X \ Y, Y \X ∈ F .
Suppose that X ∩ Y /∈ F , so b(X ∩ Y ) = 0. Then b(X \ Y ) = b(X)− b(X ∩ Y ) = b(X) 6= 0
and b(Y \ X) = b(Y ) − b(Y ∩ X) = b(Y ) 6= 0; hence X \ Y, Y \ X ∈ F . Suppose that
X ∪ Y /∈ F , so b(X ∪ Y ) = 0. Then b(X \ Y ) = b(X ∪ Y ) − b(Y ) = −b(Y ) 6= 0 and
b(Y \X) = b(X ∪ Y )− b(X) = −b(X) 6= 0; hence X \ Y, Y \X ∈ F . J

5.3 An O(log |V + ∪ V −|)-approximation algorithm

In an appendix, we prove that the Unbalanced-P2P problem can be solved optimally on
tree instances. We next reduce the general problem to the case when the input graph is
a tree with a loss of O(log n′) factor in the approximation ratio, where n′ = |V + ∪ V −|.
This is achieved as follows. Consider the shortest-path metric on V ′ = V + ∪ V − w.r.t. the
edge-costs ce. We probabilistically embed this metric into a tree metric T, c′ with O(log n′)
distortion using the results of Bartal [3] and Fakcharoenphol, Rao and Talwar [10]. There is
a one-to-one correspondence between V ′ and the set L of leaves of T . The resulting instance
of Unbalanced-P2P on T inherits the charges on the leaves of T from the original charges on
nodes of V ′, while the charge of internal nodes of T is 0. We compute an optimal solution to
the obtained tree instance, and return the corresponding subgraph H of G. Note that any
feasible solution with cost C for the original instance induces a solution with cost O(C log n′)
for the new instance on tree T . Similarly any feasible solution with cost C for the new
instance induces a solution with cost C for the original instance. Hence the approximation
ratio is bounded by the distortion of the reduction, which is O(log n′).

Now consider the augmentation version of the problem, when we are give an edge subset
E′ ⊆ E of cost 0. Then we can contract every connected component F of (V,E′) into a single
node vF with charge b(vF ) = b(F ). Thus the approximation ratio in this case is O(log n′),
where n′ is the number of connected components with non-zero charge in the graph (V,E′).

5.4 An O(log(2 + b(V )))-approximation algorithm

The main novelty in this result is that the ratio becomes smaller as b(V ) becomes smaller.
In general, b(V ) may be very small as compared to |V − ∪ V +|.

I Lemma 10. There exists a polynomial time algorithm that given an instance of Unbalanced-
P2P computes an edge set E′ ⊆ E of cost ≤ 4τ∗, where τ∗ denotes the optimal solution value,
such that the number n′ of connected components with non-zero charge in the graph (V,E′)
is at most 4b(V ).

Proof. Fix a parameter τ , which is an estimate for τ∗. Create an instance of Unbalanced-P2P
with total charge zero by adding a new node s with charge −b(V ) and connecting s to each
node in V + by an edge of cost τ/b(V ). Then apply the 2-approximation algorithm for the case
b(V ) = 0. The new instance admits a solution of cost at most τ∗+b(V )·(τ/b(V )) = τ∗+τ , by
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taking an optimal solution to the original instance with edges that connect s to at most b(V )
nodes in V +. Thus the procedure returns an edge-set of cost at most 2(τ∗+τ). Consequently,
if τ ≥ τ∗ then the procedure returns an edge-set of cost at most 4τ , and the number of edges
incident to s is at most 4τ/(τ/b(V )) = 4b(V ). Using binary search, we find the minimum
integer τ for which the procedure returns an edge-set E′′ of cost 4τ . Then c(E′′) ≤ 4τ ≤ 4τ∗

and the number of edges in E′′ incident to s is at most 4b(V ). Let E′ be obtained from
E′′ by removing the edges incident to s. Then c(E′) ≤ c(E) ≤ 4τ∗, and the number n′ of
connected components in (V,E′) with non-zero-charge is at most the degree of s w.r.t. E′′,
hence at most 4b(V ), as claimed. J

The entire algorithm has two steps. At step 1 we compute an edge set E′ as in the above
lemma. Step 2 applies the O(log n′))-approximation algorithm from the previous section to
compute an augmenting edge-set F ⊆ E \ E′ such that E′ ∪ F is a feasible solution. The
solution cost is bounded by c(E′) + c(F ) = O(τ∗) + O(log n′) · τ∗ = O(log(2 + b(V ))) · τ∗.
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A Proof of Theorem 3: a greedy algorithm for k-Bipartite Flow

We analyze the most basic greedy algorithm for the problem. The algorithm maintains sets
A′ ⊆ A,B′ ⊂ B that cannot yet deliver k units of flow. Then it examines all pairs of vertices
a ∈ A \A′ and b ∈ B \B′ and adds to A′, B′ the pair that increases the flow by the largest
amount. In the algorithm, let Flow(A′, B′) be the flow from source set A′ to sink set B′.
Algorithm Greedy (A,B, E, k):
1. A′ ← ∅, B′ ← ∅
2. While Flow(A′, B′) < k, add to A′ ∪B′ the pair (a′, b′) ∈ A \ A′)× (B \ B′) for which

Flow(A′ + a,B′ + b)− Flow(A′, B′) is maximum.
3. Return A′, B′

A.1 Analysis

Let U be a universe and f be a non-decreasing function f : 2U 7→ R+. Let c : 2U 7→ R+ be a
subadditive function defined on subsets of U . Let AddT (S) = min{f(T +S)−f(S), k−f(S)}.
Let the density of T with respect to S be AddT (S)/c(T ). Let OPT be the minimum cost
solution and let opt be its cost. The optimum density with respect to S is defined as
AddOPT (S)/opt. For the proof of the following theorem see [12].

I Theorem 11. Say that we greedily add sets T to S until f(S) = f(U) so that at every
iteration AddT (S)/c(T ) is at least AddOPT (S)/(ρ · opt). Then the approximation ratio is at
most ρ(ln(f(U)) + 1).

Let D ⊆ A + B be the vertices that generate flow in the optimum. Thus the cost of the
solution is opt = |D|.

I Claim 12. We can start with the flow on A′ ∪ B′, use only pairs of vertices in D and
increase the flow by at least AddOPT (A′ ∪B′).

Proof. Let oldF be the old flow between A′ ∪ B′. Find a path P in OPT that does not
exist in oldF . Such a path must exist as long as the flow delivered is less than k. Also,
observe that we may analyze different paths separately, since by definition these paths are
edge disjoint. Now use P either to change the flow or to augment the flow by 1. Add a unit
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flow along P . For edges in P of flow zero, the flow is changed to 1. For edges of flow 1 the
flow remains 1. After adding flow along P the flow may not be feasible. If two flow units
leave some v, reduce to 0 the flow of the edge not in P , and if two flow units enter some
v reduce to 0 the flow of the edge not in P . In addition some flow units may now become
irrelevant as they are not delivering flow from A to B and are discarded. This operation is
not equivalent to finding a path in the residual graph. In fact the flow may decrease due
to this operation. Since the total flow between pairs in D is at least k, at the end we can
deliver an extra of AddOPT (A′ ∪B′) flow units, all between pairs in D. J

I Claim 13. There exists a pair with density at least AddOPT (A′ + B′)/opt2.

Proof. Let N be the set of pairs used by OPT . Note that
∑

(a,b)∈N Add{a,b}(A′ ∪ B′) ≥
AddOPT (A′ ∪ B′). We have |N | ≤ opt2, thus there is a pair a′, b′ that delivers at least
AddOPT (A′ + B′)/opt2 flow between the two vertices. Its density is at least AddOPT (A′ ∪
B′)/(2 · opt2) because the cost of every vertex is 1. J

I Claim 14. The greedy algorithm has O(
√

k log k) approximation ratio.

Proof. By the density claim with ρ = 2opt we get a bound of 2opt · (ln(k) + 1) · opt on
the cost, and hence the approximation ratio of O(opt ·

√
k). We now consider two cases.

If opt = |D| ≤
√

k/ log k then the O(
√

k log k) ratio follows. Otherwise, assume that
opt >

√
k/ log k. Note that the overall cost of our solution is at most 2k, since in each

iteration we increase the flow by at least 1 and increase the cost by 2. Thus we get an
approximation ratio of O(k/

√
k/ log k) = O(

√
k log k). J

B Proof of Theorem 4

In this section, we sketch the proof of Theorem 4. We first reduce the problem to the tree
instances using the theorem of Harrelson, Hildrum, and Rao [20]. Let us state the result
of Harrelson, Hildrum, and Rao [20] more formally. A tree decomposition T of a graph
G = (V,E) is described by a series of hierarchical partitions of the vertex set V of G. The
nodes of T correspond to the subsets of V . Consider a series of partitions Π0, . . . ,Πd where
partition Πi+1 is a refinement of partition Πi. The partition Π0 corresponds to a single set V

while the partition Πd corresponds to the set of singletons {v} where v ∈ V . These partitions
give rise to a tree T naturally. The root node of T is V itself. The nodes in layer i are the sets
in Πi and the leaves correspond to the sets in Πd, i.e., the vertices in V . The edges of the tree
go between the consecutive layers and are given by set inclusion. The weights of the edges of
the tree are given as follows. For a setpair (S, T ), where S ⊆ T , S ∈ Πi+1, and T ∈ Πi, the
weight w(S, T ) = wG(δ(S)) is defined to be the weight of the cut (S, S) in the graph G. Now
consider an instance of the multi-commodity flow demands M = {dij ≥ 0 | i, j ∈ V } between
pairs of vertices. Let cG(M) (resp., cT (M)) denote the minimum maximum edge-congestion
under which M can be routed in G (resp., T ). Harrelson et al. [20] proved the following
theorem.

I Theorem 15 (Harrelson et al. [20]). In time polynomial in n = |V |, one can compute a tree
decomposition T with depth d = O(log n) such that for any multi-commodity flow instance
M , we have

cT (M) ≤ cG(M), and
given a routing of M with maximum edge-congestion cT (M) in T , we can compute in
polynomial time, a routing of M with maximum edge-congestion O(log2 n log log n)·cT (M)
in G.
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We use the above theorem to compute a tree decomposition T for the given bipartite
graph G = (A,B, E). It is easy to see that the optimum solution of the k-Bipartite Flow
instance in G induces a solution A∗, B∗ in the tree T with same value and so that we can
route at least k units of flow between A∗ and B∗ in T . We next give an exact algorithm to
find sets A′ ⊆ A,B′ ⊆ B in T with minimum |A′|+ |B′| so that we can route k units of flow
between them. The optimum solution A′, B′ in T , in turn, induces a solution A′, B′ in G of
value at most that of the optimum such that we can route Ω(k/ log2 n log log n) flow.

The algorithm on the tree instances uses dynamic programming. For each node u ∈ T
and values 0 ≤ F, F+, F− ≤ k, we use S+(u, F, F+) (resp., S−(u, F, F−)) to denote the
minimum value |A′|+ |B′| such that there exists subsets A′ ⊆ A and B′ ⊆ B in the subtree
Tu of T hanging below u so that we can route a flow of F units between A′ and B′ and send
out (resp., bring in) a flow of F+ (resp., F−) units from vertices in A′ (resp., from u) to u

(resp., to vertices in B′), using only the edges in Tu and without violating the capacity of any
edge. It is easy to compute S+ and S− values for leaf nodes u ∈ T . Furthermore, given a
non-leaf node v ∈ T and its children u1, . . . , up, it is easy to compute S+ and S− values for
v from the corresponding values for its children. Finally, we read off the value of S+(r, k, 0)
(or, equivalently S−(r, k, 0)) (where r is the root of T ) to compute the optimum solution.

C An exact algorithm for Unbalanced-P2P on trees

We now focus on the case when the charges bv are polynomially bounded, but the total
charge b(V ) may not be zero. We show how to solve the problem on trees optimally, using
dynamic programming.

Root the tree T at some node s. By adding zero-cost edges to T if necessary, we can
assume that T is a binary tree without loss of generality. In particular, if a node v has p

children, we add a binary tree with p leaves at v and connect p leaves one-to-one to the p

leaves. We give a cost of zero to each of the tree edges. It is easy to see that the instance
essentially remains unchanged by this modification. For a node v ∈ T , let Tv denote the
subtree hanging below v. The dynamic program computes quantities T (v,B) for all nodes
v ∈ T and integer B in the range [

∑
u:bu<0 bu,

∑
u:bu>0 bu]. Since each bu is polynomially

bounded, the number of such quantities is polynomial. The quantity T (v,B) is defined as
the minimum-cost of a subgraph H of Tv satisfying the following:

the connected component in H containing v has the total charge B, and
every other connected component in H has non-negative total charge.

If there is no subgraph H satisfying the above conditions, we define T (v,B) as −∞. We
assume that the minimum-cost subgraph H is also stored in the dynamic program table.

The quantities T (v,B) can be computed as follows. For leaf nodes v, it is trivial to
compute T (v,B) and the corresponding optimum subgraphs. For an internal node v, we
compute T (v,B) as follows. Let u1 and u2 be the two children of v. Depending on whether
we pick edges (v, u1) or (v, u2) in the solution, we get four possibilities.
1. If we pick none of these edges in the solution, we get a solution of cost min{T (u1, B1) +

T (u2, B2) | B1, B2 ≥ 0} corresponding to charge of the connected component containing
v of bv.

2. If we pick edge (v, u1) but do not pick edge (v, u2) in the solution, we get a solution
of cost min{c(v,u1) + T (u1, B1) + T (u2, B2) | B2 ≥ 0} corresponding to charge of the
connected component containing v of bv + B1.

3. If we pick edge (v, u2) but do not pick edge (v, u1) in the solution, we get a solution
of cost min{c(v,u2) + T (u2, B2) + T (u1, B1) | B1 ≥ 0} corresponding to charge of the
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connected component containing v of bv + B2.
4. If we pick both the edges (v, u1) and (v, u2) in the solution, we get a solution of cost

min{c(v,u1) + T (u1, B1) + c(v,u2) + T (u2, B2)} corresponding to charge of the connected
component containing v of bv + B1 + B2.

We consider all these possibilities and pick the minimum-cost solution corresponding to each
value of the charge of the connected component containing v.

Finally, we output the solution corresponding to min{T (s,B) | B ≥ 0}. It is easy to see
that the above dynamic programming based algorithm computes the optimum solution our
problem.
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