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1 IntroductionA coloring (a.k.a. legal coloring) of a graph G(V;E) is an assignment of colors to the graphvertices, such that whenever two vertices are adjacent, they are colored di�erently. A k-coloringis one that uses k colors. A coloring is called complete (or achromatic), if for every pair ofdistinct colors, there exist two adjacent vertices which are assigned these two colors. Theachromatic number  �(G) of a graph G is the largest number k such that G has a completek-coloring. (For known results on  �(G) see the surveys of Edwards [Edw97] and of Hughes andMacGillivray [HM97]).Yannakakis and Gavril [YG80] proved that the problem of computing the achromatic numberof a graph, called the achromatic number problem, is NP-hard. We are therefore interested inalgorithms that �nd approximate solutions. An approximation algorithm with ratio � � 1 (calledin short an approximation ratio �) for the achromatic number problem is an algorithm that runsin polynomial time and �nds for an input graph G a complete coloring with at least  �(G)=�colors. Throughout, let n denote the number of vertices in the input graph G, let m denote thenumber of edges in it, and let  � =  �(G) be its achromatic number.1.1 Previous workYannakakis and Gavril [YG80] proved that the achromatic number problem is NP-hard. In [FHHM86],Farber et al. show that the problem is NP-hard on bipartite graphs. In [Bod89], Bodlaendershows that the problem is NP-hard on graphs that are simultaneously co-graphs and intervalgraphs. In [CE97], Cairnie and Edwards show that the problem is NP-hard on trees.Chaudhary and Vishwanathan [CV97] give the �rst sublinear approximation algorithm forthe achromatic problem, with an approximation ratio O(n=plog n). They conjecture that itcan be approximated within a much better ratio of O(p �), and give an algorithm with thisapproximation ratio of O(p �) = O(n7=20) for graphs with girth (length of the shortest simplecycle) at least 7. For trees they give an algorithm with approximation ratio 7.Krysta and Lory�s [KL99] give an algorithm with approximation ratio O(p �) = O(n3=8) forgraphs with girth at least 6, proving for these graphs the conjecture of [CV97]. For trees, theyimprove the approximation ratio to 2.1.2 Related problemsAn independent set in a graph is a subset of the vertices, every two of which are non-adjacent.The size of the largest independent set in G is denoted by �(G).A coloring of a graph is a partition of the vertex set into color classes, each of which is anindependent set. A possible \greedy" approach for obtaining a complete coloring is to iterativelyremove from the graph maximal independent sets of small size (maximality here is with respectto containment). However, the problem of �nding a minimum maximal independent set cannotbe approximated within ratio n1�� for any � > 0, unless P=NP [Hal93a].A related notion is the chromatic number �(G) of a graph G, which is the smallest number2



k such that G has a (complete) k-coloring. Clearly,  �(G) � �(G). The chromatic numberproblem, i.e. computing �(G), is also NP-hard.In many respects, the achromatic number problem di�ers from the chromatic number prob-lem. For example, when  �(G) = O(1), a complete coloring with  �(G) colors can be found inpolynomial time, e.g. by guessing � �(G)2 � \critical" edges (see [FHHM86] for a more e�cientalgorithm). In contrast, even when �(G) = 3, it is NP-hard to �nd a 3-coloring.In terms of approximability, the chromatic number �(G) appears to be understood relativelywell: an algorithm with approximation ratio of O �n (log log n)2(log n)3 � is given in [Hal93b], and an n1��hardness of approximation (for every �xed � > 0, assuming NP6�ZPP) is shown in [FK98]. Theachromatic number  �(G) is conjectured [CV97] to be approximable better than that of thechromatic number, namely O(p �).1.3 Our resultsOur results narrow, in three di�erent ways, the (currently huge) gap in the approximation ratioof the achromatic number problem. We improve the known approximation ratio for generalgraphs (upper bound); we give the �rst hardness of approximation result (lower bound); andwe extend the family of graphs for which the O(p �) approximation ratio (that is conjecturedin [CV97]) is known to hold.In Section 2 we give an algorithm with approximation ratio O(n log logn= log n) for generalgraphs, improving over the previous O(n=plogn) ratio of [CV97]. The algorithm actually pro-duces a complete 
(log �= log log �)-coloring. We remark that a similar result is not knownfor some related problems such as the maximum independent set and the chromatic number.Namely, it is not known whether an independent set of size roughly log�(G) can be found inpolynomial time, or whether G can be colored in polynomial time with 2O(�(G)) colors.Our approximation algorithm for general graphs uses a result of M�at�e [M�at81] for �nding acomplete 
(log �= log log �)-coloring in a restricted family of graphs called irreducible graphs.(see Section 2 for the de�nition of reducibility). For certain bipartite graphs (those that canbe signi�cantly reduced in a sense that is described in Section 2) we devise another algorithmwhose approximation ratio is signi�cantly better.In Section 3 we give an approximation algorithm with ratio O(minfp �; n1=3g) for graphsof girth at least 5. In terms of  �, our ratio of O(p �) proves the conjecture of [CV97] for thespecial case of graphs with girth at least 5, extending the previously known result of [KL99] for(the more restricted case of) graphs with girth at least 6. In terms of n, our ratio of O(n1=3) forgraphs with girth at least 5 improves over the previously known ratios for (the more restrictedcases of) graphs with girth at least 6 and 7, namely the O(n3=8) ratio of [KL99] and the O(n7=20)ratio of [CV97], respectively.Our proof also gives a lower bound  � � m=n in graphs of girth at least 5 (recall that m isthe number of edges in the graph), which may be of independent interest in the context of graphtheory. This lower bound does not hold for graphs of girth 4, as demonstrated by a completebipartite graph whose achromatic number is 2.3



In Section 4 we show that for any �xed � > 0, the achromatic number problem cannot beapproximated within ratio 2� �, unless P = NP . No hardness of approximation was previouslyknown for this problem.In particular, our reduction shows that it is NP-hard to decide whether a graph has acomplete coloring with all color classes of size exactly 2. In contrast, for a complete coloringwith all color classes of size exactly 1, the graph has to be a complete graph (i.e. a clique), andso the corresponding decision problem is in P.1.4 PreliminariesFor the algorithms, we may assume that  �(G) is known, e.g. by exhaustively searching overthe n possible values or by using binary search. Throughout, an algorithm is considered e�cientif it runs in polynomial time.For a subset U of the vertices, let G[U ] be the subgraph of G induced on U . We say that avertex v is adjacent to U if v is adjacent to at least one vertex in U . Otherwise, we say that vis independent of U . Two subsets of vertices U;W are said to be adjacent if they contain a pairof vertices u 2 U;w 2 W which are adjacent in G. We also say that U;W share an edge in G.In a complete coloring, every two color classes are adjacent to each other. The girth of a graphis the length of its shortest simple cycle.A partial complete coloring of G is a complete coloring of an induced subgraph G[U ], namelya coloring of a subset of the vertices such that each color class is adjacent to every other colorclass. The next straightforward lemma is well known [M�at81, Edw97, CV97, KL99].Lemma 1 A partial complete coloring can be extended greedily to a complete coloring of theentire graph.Proof. Consider a yet uncolored vertex. It can be added to one of the independent sets unlessit is adjacent to all color classes, in which case this vertex can form a new color class.Let G n v denote the graph resulting from removing a vertex v (and its incident edges) fromG. The next two lemmas follow from the de�nition of the achromatic number.Lemma 2  �(G)� 1 �  �(G n v) �  �(G) for any vertex v in the graph G.Lemma 3 � �2 � � m and hence  � � O(pm).Semi-independent matchingsA collection M of edges of a graph G is called a matching if no two edges in M have a commonendpoint. A matching M = f(x1; y1); : : : ; (xk; yk)g is called independent if no edge of G nMconnects two matched vertices, i.e. both X = fx1; : : : ; xkg and fy1; : : : ; ykg are independentsets, and for all i 6= j, it holds that xi is not adjacent to yj.A matching M = f(x1; y1); : : : ; (xk; yk)g is called semi-independent if both X = fx1; : : : ; xkgand fy1; : : : ; ykg are independent sets, and for all j > i, it holds that xi is not adjacent to yj.(Here we assume that the edges of M are ordered from 1 to k, and that the endpoints of eachedge are also ordered. Note that xi may be adjacent to yj for j < i, which makes the di�erencebetween an independent and a semi-independent matching).4



A semi-independent matching can be used to obtain a partial complete coloring, as demon-strated in the next lemma. This lemma is also used in [M�at81], and a weaker version, based onan independent matching, is used in [CV97].Lemma 4 Given a semi-independent matching of size �t2� in a graph, a partial complete t-coloring of the graph can be computed e�ciently.Proof. First color x1; : : : ; xt�1 with colors 2; : : : ; t, respectively, and color all their matchedvertices y1; : : : ; yt�1 with color 1. Next color xt; : : : ; x2t�3 with colors 3; 4; : : : ; t, respectively,and color all their matched vertices yt; : : : ; y2t�3 with color 2. Proceed similarly until for some i,xi is colored with color t and its matched vertex yi is colored with color t� 1. This happens fori = �t2�, as each pair of distinct colors appears in exactly one edge (xj ; yj). The lemma follows.2 Algorithm for general graphsOur main result in this section is an algorithm with approximation ratio O(n � log log n= log n)for the achromatic number problem on general graphs. For bipartite graphs we give anotheralgorithm whose approximation ratio is better in certain cases.2.1 The equivalence graphHell and Miller [HM76] de�ne the following equivalence relation (called the reducing congruence)on the vertex set of a graph G (see also [Edw97, HM97]). Two vertices in G are equivalent ifthey have the same set of neighbors in the graph.Let r1; : : : ; rq denote the di�erent equivalence classes of G, where q is the number of equiv-alence classes. Let S(ri) denote the vertices that belong to the class ri. Each vertex in S(ri) iscalled a copy of ri. Note that two equivalent vertices cannot be adjacent to each other in G, soS(ri) forms an independent set in G.The equivalence graph (also called the reduced graph) of G, denoted Q, is a graph whosevertices are the equivalence classes ri, and whose edges connect two vertices ri; rj whenever avertex of S(ri) is adjacent in G to a vertex in S(rj). Note that if ri; rj are adjacent in Q, thesubgraph induced by G on S(ri) [ S(rj) is a complete bipartite graph. The equivalence graphcan be used to obtain a complete coloring of G, as shown in the following lemma.Lemma 5 A partial complete t-coloring of the equivalence graph Q implies a partial completet-coloring of G (which can be computed e�ciently). Hence,  �(G) �  �(Q).Proof. Follows easily by replacing each vertex of Q with an arbitrary copy of it from G.2.2 Irreducible graphsA graph is called irreducible if all its equivalence classes are singletons, i.e. consist of a singlevertex.M�at�e [M�at81] shows that the achromatic number of an irreducible graph on n vertices is lowerbounded by 
(log n= log logn). The proof of [M�at81] essentially gives an e�cient algorithm for5



�nding such a coloring, as stated in the next theorem. For completeness, we review the algorithmin Appendix A. We remark that Erd}os constructed a family of graphs that nearly match this
(log n= log log n) lower bound, as their achromatic number is O(log n), see [M�at81, Section 2]for more details.Theorem 1 (M�ate [M�at81]) There exists a polynomial time algorithm that computes for anirreducible graph on n vertices a partial complete 
(logn= log log n)-coloring.Corollary 6 There exists a polynomial time algorithm that computes for a graph with q equiv-alence classes a partial complete 
(log q= log log q)-coloring.Proof. Note that the equivalence graph Q is always irreducible, and hence Theorem 1 yieldsan algorithm that �nds a partial complete 
(log q= log log q)-coloring of Q. By Lemma 5 thiscoloring implies a partial complete 
(log q= log log q)-coloring of G.For q � n
(1), this corollary clearly yields an approximation ratio O(n � log log n= log n). Toobtain such an approximation ratio for general graphs we next deal with the case that q is small.Note that in general, q might be as small as log2  �.2.3 Algorithm for general graphsThe next theorem is the main result of this section.Theorem 2 A complete 
(log �= log log �)-coloring can be computed e�ciently.To prove the theorem, it su�ces to assume that q < ( �)� for a constant 0 < � < 1,as otherwise the theorem follows from Corollary 6 since log q= log log q = 
(log �= log log �).(This assumption on q will be used only at the �nal step of the algorithm).The �rst step of the algorithm is to remove from G the vertices whose equivalence class isof size smaller than  �=2q. Let V̂ denote these vertices, and then jV̂ j � q � ( �=2q) =  �=2. LetG0 = G n V̂ denote the resulting graph, let Q0 be the equivalence graph of G0, and let q0 be thenumber of vertices in Q0.It su�ces to �nd a partial complete 
(log �= log log �)-coloring of G0, since G0 is an inducedsubgraph of G. By considering G0 instead of G, we only lose a constant factor in the achromaticnumber because by Lemma 2,  �(G0) �  �(G)� jV̂ j �  �=2. The advantage of G0 is that all itsequivalence classes are relatively large. Indeed, when V̂ is removed from G, some equivalenceclasses of G are removed, and the rest either remain intact or merge with each other. Hence anyequivalence class of G0 is of size at least  �=2q.The next goal of the algorithm will be to �nd as many as possible independent sets of Q0(not necessarily disjoint, i.e. a vertex in Q0 may belong to more than one independent set) suchthat there is an edge (in the graph Q0) between every two of these sets. The reason is that wecan later replace the vertices from Q0 with their copies from G0. We can actually replace each ofthese vertices with a distinct copy from G0 (and obtain a coloring of G0), since for each vertexof Q0 there are su�ciently many copies in G0.For a set A of vertices of Q0, let NQ0(A) denote the neighbors of A in the equivalence graphQ0, i.e. all the vertices of Q0 that are adjacent to A in the graph Q0. Call two (not necessarilydisjoint) subsets A;B of vertices in Q0 equivalent if NQ0(A) = NQ0(B).6



The algorithm iteratively constructs a collection Si of (not necessarily disjoint) independentsets in Q0, with the property that no two sets in Si are equivalent, i.e. NQ0(A) 6= NQ0(B) for allA 6= B 2 Si. The initial collection S1 consists of all the vertex subsets of size one in Q0, i.e. S1consists of all the sets fug where u is a vertex in Q0. Clearly, each set in S1 is an independent setand no two sets are equivalent. The next collection Si+1 is constructed from Si as follows. Startwith Si+1 = Si and go over all A 2 Si and all vertices u of Q0 which are independent of A. Forevery combination of A and u, insert the set A[ fug to Si+1, unless Si+1 already contains a setthat is equivalent to it. It follows that no two sets in Si+1 are equivalent, i.e. NQ0(A) 6= NQ0(B)for all A 6= B 2 Si+1.We next claim that Si contains an equivalent for every independent set in Q0 whose size isat most i.Lemma 7 For any independent set A in Q0 with jAj � i, there exists a set B 2 Si such thatNQ0(A) = NQ0(B).Proof. Proceed by induction on i. For i = 1 the lemma follows from the fact that S1 containsall the subsets of one vertex of Q0.Assuming that the lemma holds for i � 1, we show that it holds for i + 1. Let A be anindependent set of size i + 1 in Q0. Then A = Â [ fug for some Â and u with jÂj = i. By theinduction hypothesis, there exists a set B0 2 Si which is equivalent to Â, i.e. NQ0(Â) = NQ0(B0).The set B0 [ fug is then equivalent to A because NQ0(B0 [ fug) = NQ0(Â [ fug) = NQ0(A).Since B0 2 Si we conclude that Si+1 contains a set that is equivalent to B0 [ fug and thus to A,as desired.The algorithm iteratively computes the collection Si for i = 1; 2; : : : until the �rst time thatjSij �  �=2. The following lemma guarantees that this happens within q0 iterations, whereclearly q0 � n.Lemma 8 jSq0 j �  �(G0) �  �=2.Proof. An optimal complete coloring of G0 uses at least  �=2 colors. Each color class in thiscoloring is an independent set of G0, and hence de�nes an independent set in Q0. No two of theseindependent sets of Q0 are equivalent because their corresponding color classes in G0 share atleast one edge. Each of these independent sets is of size at most q0 because there are q0 verticesin the graph Q0 and there is no need to take a vertex of Q0 more than once. So by Lemma 7, Sq0contains an equivalent for each of these independent sets. It follows that jSq0 j �  �(G0) �  �=2.Given the collection Si with jSij �  �=2, de�ne the following graph Gi whose vertex set isSi (i.e., each vertex in Gi is an independent set in Q0). Two vertices are joined by an edge inthe graph Gi if the two corresponding independent sets share an edge in Q0. It is not di�cultto see that the graph Gi is irreducible. Indeed, every two of its vertices correspond to two setsA;B 2 Si that are not equivalent in Q0. Thus, there exists a vertex uj of Q0 which is independentof A but adjacent to B or vice-versa. Since the set fujg (or a set equivalent to it) belongs to Si,it corresponds to a vertex of Gi which is adjacent to exactly one of A and B.7



Finally, apply Theorem 1 on Gi, and compute for it a partial complete coloring with 
(log jSij= log log jSij)colors. Since jSij �  �=2, the number of colors is 
(log �= log log �). Each color classis an independent set in Gi and thus corresponds to an independent set of Q0. Every twocolor classes in Gi share an edge (in Gi), and thus their corresponding independent sets inQ0 share an edge (in Q0). Now replace each vertex of these 
(log �= log log �) independentsets of Q0 with a distinct copy of it from G0. Recall that each vertex of Q0 has at least �=2q > ( �)1��=2 � log �= log log � copies in G0. By replacing each vertex of Q0 with adistinct copy of it from G0 we therefore obtain a partial complete 
(log �= log log �)-coloringof G0, which concludes the proof of Theorem 2.Theorem 3 The achromatic number problem can be approximated within ratio of O(n�log logn= log n).Proof. Follows from the O( � � log log �= log �) approximation ratio of Theorem 2 since  � �n.2.4 Algorithm for bipartite graphsWe give an algorithm for bipartite graphs that is based on the algorithm for general graphs,but does not use the result of M�at�e. This algorithm obtains an improved approximation ratiocompared to Corollary 6 when q, the number of equivalence classes of G, is not too large.Theorem 4 The achromatic number of a bipartite graph can be approximated within ratio ofO(maxfq;p �g).Proof. As in the algorithm of Theorem 2 for general graphs, we �rst �nd a collection Si withjSij �  �=2 (note that no restriction on q is needed for this part). Instead of the �nal stepwhich constructs the graph Gi and applies on it Theorem 1, we exploit the bipartiteness of G,as follows.G is bipartite, and hence G0 is bipartite. Q0 is also bipartite, since each equivalence class ofG0 is a subset of vertices all of which are from the same side of G0.Let W 1;W 2 denote the two sides of Q0, and \project" Si on each side W j, as follows. Startwith T j = ; and go over all A 2 Si. For every such A, insert A \W j to T j, unless T j alreadycontains a set that is equivalent to it. It follows that no two sets in T j are equivalent.By de�nition, Si is closed, up to equivalence, under taking non-empty subsets, i.e. if Sicontains a set A then for every non-empty B � A, there is some set equivalent to B in Si.Therefore, every set in Si is equivalent to either a set in T 1, or a set in T 2, or the union ofa set from T 1 and a set from T 2. Since no two sets in Si are equivalent, we conclude thatjSij � jT 1j+ jT 2j+ jT 1j � jT 2j, and hence either jT 1j or jT 2j is at least 
(pjSij).Let A be the larger of the two sets T 1;T 2, and thus jAj = 
(pjSij) = 
(p �). Withoutloss of generality, we assume A = T 1. Observe that every set in A is an independent set in Q0.We will now apply on A a divide-and-conquer technique so that every two sets in it will sharean edge.Similarly to the well-known Quicksort algorithm, choose a vertex p 2 W 2 to be a pivotelement, and separate the collection A into non-empty A+ and A�, where A+ consists of thesets that are adjacent to p (in Q0), and A� consists of the sets that are independent of p (in8



Q0). (We show below that there always exists such a pivot p 2 W 2, which can be found usingexhaustive search). Add p to every set B 2 A�, i.e. those sets that are not adjacent to p.Possibly, a set B already contains p in which case the operation has no e�ect. Observe that nowevery set B 2 A� shares an edge with every set C 2 A+, because p 2 B and C is adjacent to p.For each of A+;A� apply the same procedure recursively, unless every two subsets in it alreadyshare an edge.The resulting sets are independent sets, since a vertex p is added to a set B only if B isindependent p, and initially every set in T 1 � Si is an independent set. In addition, every twoof the resulting sets share an edge, since either (i) the two sets are separated at some point inthe recursion, and then the pivot guarantees that they share an edge; or (ii) the two sets arenever separated in the recursion, and then the stopping condition for the recursion guaranteesthat they share an edge.We now show that if a collection Â contains two sets B̂ and Ĉ which share no edge, thenthere exists a pivot p 2W 2 that separates Â into two non-empty parts. In the beginning of therecursive process the two sets B̂ and Ĉ were B 2 T 1 and C 2 T 1, respectively. The recursiveprocess may only add vertices to a set, and so B � B̂ and C � Ĉ. Since B and C are twodi�erent sets in T 1, they are not equivalent (in Q0), and hence there is a vertex p (in Q0) that isadjacent to exactly one of B;C. But Q0 is bipartite and both B;C 2 T 1 contain only verticesfromW 1, so p 2W 2. We claim that p is also adjacent to exactly one of B; C, and is hence a pivotthat separates Â into two non-empty parts. Indeed, the vertices of B̂ nB and of Ĉ nC are addedas pivots at some point in the recursion. They must be from W 2 and are thus independent ofp 2W 2. We conclude p is adjacent to exactly one of B̂; Ĉ, as claimed.We thus �nd 
(p �) independent sets in Q0, every two of which share an edge. Now replaceeach vertex of these independent sets with a distinct copy of it from G0. Recall that each vertexof Q0 has at least  �=2q copies in G0, so we can obtain a partial complete minf �=2q;
(p �)g-coloring of G0, which concludes the proof of Theorem 4.3 Algorithms for graphs with girth at least 5In this section we give an algorithm with approximation ratio O(minfn1=3;p �g) for the achro-matic number problem on graphs with girth at least 5. We note in passing that for every suchgraph,  � � m=n.A star is a graph in which one of its vertices, called the head of the star, is connected to allother vertices, called the leaves of the star. Usually, it is also required that the leaves of the starare not connected to each other, but for graphs of girth larger than 3, this follows immediately.3.1 Partial complete m=n-coloringTheorem 5 For any graph of girth at least 5, a partial complete m=n-coloring can be computedin polynomial time, and in particular,  �(G) � m=n.9



Proof. Iteratively remove from the graph any vertex whose degree is smaller than m=n. Thegraph does not turn empty as less than m edges are removed. In the remaining graph G0, alldegrees are at least m=n.Consider in G0 an arbitrary vertex v, its neighbors N(v) and the set of vertices of distance2 from v, denoted N2(v). Let N(v) = fx1; : : : ; xkg with k � m=n. Let Ri denote the starconnecting xi to its neighbors in N2(v). Note that the stars Ri are vertex disjoint, or otherwisea cycle of length 4 (or less) is formed. In particular, for any i 6= j there is no edge betweenthe head of Ri and a leaf of Rj. Since all degrees in G0 are at least m=n, each Ri has at leastm=n� 1 leaves.We now use the stars R1; : : : ; Rdm=ne to obtain a partial complete dm=ne-coloring (we ignorevertices outside these stars). Iteratively, for i = 1; : : : ; dm=ne, color with color i the head of thestar Ri and one leaf from each of the stars Rj with i < j � dm=ne, so that a total of dm=ne�i+1vertices are colored with color i. The one leaf from each star Rj is chosen by going iterativelyover j = i + 1; i + 2; : : : ; dm=ne, each time choosing (and coloring with color i) an arbitraryleaf of Rj which was not colored yet and is independent of all the vertices that were previouslycolored with color i. To see that such a leaf of Rj always exists, observe that (i) Rj contains atleast (dm=ne�1)� (i�1) uncolored leaves; (ii) the head of Ri is independent of all the leaves ofRj ; and (iii) a leaf of Rj0 for i < j0 < j is adjacent to at most one leaf of Rj , or otherwise a cycleof length 4 is formed. Hence, at least (dm=ne � 1) � (i � 1)� (j � i� 1) = dm=ne � j + 1 � 1leaves of Rj can be chosen.It follows that the vertices that are colored with each color i form an independent set.Moreover, each color class i contains a leaf from Rj for i < j � dm=ne. This leaf is adjacentto the head of Rj , which is colored by j, and thus color class i is adjacent to every color classj > i. Hence, this coloring is a partial complete dm=ne-coloring. By Lemma 1 this coloring canbe extended to a complete coloring of the entire graph G.Theorem 5 implies a relatively simple O(pn) approximation ratio. We further improve thisratio in the next subsections.Theorem 6 There is an approximation algorithm with ratio O(pn) for the achromatic problemon graph with girth at least 5.Proof.  � � O(pm) by Lemma 3. If m < n then  � = O(pn), and any greedy completecoloring will have at least one color and hence ratio O(pn). Ifm � n, the algorithm of Theorem 5�nds a complete coloring with at least m=n colors, and its ratio is thus O(n=pm) = O(pn).3.2 An O(p �) approximation algorithmTheorem 7 For every graph of girth at least 5, a partial complete 
(p �)-coloring can becomputed in polynomial time, and hence the achromatic number can be approximated within aratio of O(p �).Proof. In the sequel, we describe the algorithm together with its analysis. The algorithm isalso depicted more schematically in Fig. 1. 10



Algorithm Girth.(1). Let � bp �c(2). Vh  fv 2 V : deg(v) � �g(3). If jVhj � �then return partial complete �-coloring of Vh [N(Vh) using Lemma 9(4). G00  G n Vh;R  ;; r  0(5). While G00 contains edges(a) Pick a non-isolated vertex u in G00(b) Remove from G00 the vertex u and all its neighbors, and insertthem to R(c) r r + 1(6). If jRj � �3=16then return a partial complete 
(pr)-coloring of G[R] usingLemma 10.(7). Return a partial complete mR=nR-coloring of G[R] using Theorem 5,where mR and nR are the number of edges and vertices in G[R].Figure 1: Algorithm for graphs of girth at least 5Let � = bp �c (recall we assumed that  � is known). Let Vh be the set of vertices whosedegree in G is at least �, and let N(Vh) be the set of the neighbors of Vh in G. If Vh contains atleast � vertices, then we use Lemma 9 (below) to compute a partial complete �-coloring of (thesubgraph induced on) Vh [N(Vh) and the desired 
(p �)-coloring follows.So from now on we assume that jVhj � � � 1, and let G0  G n Vh. By Lemma 2 we knowthat  �(G0) �  � � �+ 1 �  �=2 + 1. G0 is an induced subgraph of G, so it su�ces to computea partial complete 
(p �)-coloring of G0.We partition the vertices of G0 into two disjoint sets R and I, as follows. Initially, letG00  G0;R  ;, and while G00 contains edges iteratively perform the following 2 operations:(a) pick a non-isolated vertex u in G00; (b) remove from G00 the vertex u and all its neighborsand insert them to R. Note that when removing this star, some vertices of G00 which are notremoved may become isolated vertices and remain in G00 in all the iterations. Let I be the(possibly empty) set of vertices that remain in G00 at the end of this process (i.e. when G00 hasno edges). If I is not empty then it is an independent set in G. Indeed, G00 is obtained from Gby operations of removing vertices, so G and G00 have exactly the same edges inside I.Let r be the number of iterations in the above process. Note that in each iteration, we insertto R a star (consisting of a vertex u and its neighbors in the corresponding iteration), and henceR can be partitioned to r disjoint subsets, each corresponding to a star in G.11



Consider the case that jRj � �3=16. Since all vertices in G0 have degree less than � (in G andhence also in G0), each of the r stars (of R) is of size at most �, and hence r � jRj=� � �2=16.Each of these r stars contains at least one leaf. We can thus use Lemma 10 (below) to computea partial complete 
(pr)-coloring of G[R], the subgraph of G that is induced on these r stars.Since 
(pr) = 
(�) = 
(p �), this coloring is as desired.In the case that jRj < �3=16, we apply the algorithm of Theorem 5 on the graph G[R] =G0 n I. Let nR and mR be the number of vertices and edges, respectively, in G[R]. Clearly,nR = jRj < �3=16 = O(( �)3=2), so let us give a lower bound on mR. The number of edges in G0is at least � �=2+12 � � ( �)2=8 by Lemma 3. Since I is an independent set also in G0, all the edgesin G0 which are adjacent to I are also adjacent to R. By the upper bound � on the degrees inG0, we get that the number of these edges is at most jRj � � � �4=16 � ( �)2=16. It follows thatthe number of edges in G0 n I is mR �  �2=8 �  �2=16 = 
( �2). Hence, mR=nR = 
(p �),and Theorem 5 produces a partial complete 
(p �)-coloring.To �nish the proof of Theorem 7, we need to prove Lemma 9 and Lemma 10.Lemma 9 If jVhj � �, a partial complete �-coloring of (the subgraph of G induced on) Vh[N(Vh)can be computed in polynomial time.Proof. Consider the stars that each vertex of Vh de�nes (together with its neighbors) in G,denoted Q1; : : : ; QjVhj. Each star Qi contains at least � leaves, since the degree of each vertexof Vh is at least �. Note that the stars Q1; : : : ; Qk need not be disjoint. However, the heads ofthe stars are distinct, since they are distinct vertices in Vh.We now proceed with coloring the stars Q1; : : : ; Q� similarly to the coloring of the starsR1; : : : ; Rm=n in the proof of Theorem 5. Iteratively, for i = 1; : : : ; �, color with the ith colorthe head of the star Qi and one leaf from each of the stars Qj with i < j � �, so a total of� � i + 1 vertices are colored with color i. The � � i leaves of the stars Qj for i < j � � arechosen iteratively for j = i+1; i+2; : : : ; �, each iteration coloring with color i a leaf of Qj whichwas not colored yet and is independent of all the vertices that were previously colored with colori. To see that such a leaf of Qj always exists, observe that (i) Qj contains at least � � (i � 1)uncolored leaves; (ii) each vertex which was previously colored with color i is adjacent to atmost one leaf of Qj, or otherwise a cycle of length 4 is formed. Since the number of verticeswhich were previously colored with color i is j � i, at least �� (i� 1)� (j � i) = �� j + 1 � 1leaves of Qj can be chosen.It follows that the vertices that are colored with each color i form an independent set.Moreover, each color class i contains a leaf from Qj for i < j � �. This leaf is adjacent to thehead of Qj, which is colored by j, and thus the color class i is adjacent to every color class j > i.Hence, this coloring is a partial complete �-coloring.Lemma 10 If r � �2=16 then a partial complete 
(pr)-coloring of the subgraph of G inducedon the r stars of R can be computed in polynomial time.Proof. Let x1; : : : ; xr be the heads of the r stars, and choose arbitrarily one edge (xi; yi) fromeach star. This gives a matching with r edges. (Observe that each star contains at least oneleaf, since the vertex u chosen is not an isolated vertex.)12



We now proceed with a partialpr=8-coloring for the vertices of the matching (x1; y1); : : : ; (xr; yr),as follows. (In a sense, this extends the coloring from Lemma 4.) Iteratively, for j = 1; 2; : : : ;pr=8,perform the following four operations: (a) �nd candidates to be colored by color j, which are thevertices yi that are yet uncolored and are independent of the vertices that were already coloredby j; (b) �nd in the induced subgraph (of G) on these candidates yi an independent set Ij ofsize pr=8� j; (c) color all the vertices of Ij with color j; (d) color each of the vertices xi whichare matched to Ij with a distinct color from the set fj + 1; j + 2; : : : ;pr=8g.To see that operation (b) is always feasible, consider an iteration j. Less than r=64 of the yivertices are colored, because each previous iteration colors less than pr=8 of them. In addition,j � 1 � pr=8 vertices were already colored with j (these are xi vertices), and each of them hasless than � � 4pr neighbors in G, so the number of yi candidates to be colored by color j is atleast r� r=64� 4pr � pr=8 > r=3. By Lemma 11 (below) we know that one can e�ciently �ndan independent set of size pr=3=3 � pr=8 in the subgraph induced on these candidates.Lemma 11 Let G be a graph of girth 5 on n vertices. Then an independent set of G of sizepn=3 can be found in polynomial time.Proof. The average degree �d is at most 2pn as a graph with girth 5 has at most npn edges,cf. [Bol78]. Turan's theorem implies that G has an independent set of size n=( �d + 1) � pn=3.Furthermore, a simple greedy algorithm �nds such an independent set, see for example [HR97].3.3 An O(n1=3) approximation algorithmIn terms of n we have the following ratio.Theorem 8 The achromatic number problem can be approximated within ratio of O(n1=3) ingraphs with girth at least 5.Proof. If m > n4=3 then Theorem 5 gives ratio of O(n=pm) = O(n1=3), as desired. If m � n4=3,then  � � O(pm) = O(n2=3) and the required ratio follows from Theorem 7.4 Hardness of approximationIn this section we prove NP-hardness for the problem approximating the achromatic numberwithin ratio of 2 � �. The same reduction shows that it is NP-hard to decide whether a graphhas a complete coloring with all color classes of size exactly 2 (or, alternatively, at most 3).Our reduction uses a graphs operation called the (disjoint) union of graphs. We remark thatHell and Miller [HM92] give a tight analysis of the e�ect of this operation on the achromaticnumber from an extremal point of view.Theorem 9 For every �xed � > 0, it is NP-hard to approximate the achromatic number withinratio of 2� �.Proof. Our starting point is a reduction that creates a gap in the chromatic number, in thefollowing way. Given an input x for an NP-complete language L, one can e�ciently produce agraph G(V;E) which satis�es (let n = jV j): 13



(1) if x 2 L, then for a certain �̂, the graph G can be (legally) colored with �̂ colors, i.e.�(G) � �̂, so that all color classes will be of equal size n=�̂.(2) if x 62 L, then every independent set in G is of size at most �̂, i.e. �(G) � �̂, for a certain�̂ < n=�̂. (Hence �(G) � n=�̂).This reduction creates a gap of n=�̂�̂ > 1 in the chromatic number of G. Lund and Yan-nakakis [LY94] have shown such reductions (see also [FK98]). The gap that is created in thesereductions is an arbitrarily large constant. (We remark that for every �xed � > 0, a larger gapof n1�� can be obtained using randomized reductions).Lemma 12 For every �xed � > 0, there exists a reduction as above with gap n=�̂�̂ � 1=�.To produce a gap for the achromatic number problem, start with the graph G from thereduction of Lemma 12, and construct from it a graph H on n(�̂+ 1) vertices, as follows. H isthe union of �G, the edge complement of G, and a complete �̂-partite graph on the vertex set Wwhich consists of �̂ parts W1; � � � ;W�̂, each of size n=�̂. In other words, the vertex set of H isV [W1 [ � � � [W�̂; its edges inside V form the graph �G; a vertex from a set Wi is connected byan edge to a vertex of a set Wj if and only if i 6= j; and there are no other edges (e.g. betweenV and W ).We �rst show that if x 2 L then  �(H) � n. If x 2 L then there is a coloring of Gwith �̂ colors, so that all color classes are of equal size n=�̂. Let Vi denote the ith color classin this coloring, for i = 1; : : : ; �̂. Each color class Vi is an independent set in G and thus aclique in �G and in H. Let us pair each vertex of Vi with a distinct vertex of Wi (observe thatjVij = n=�̂ = jWij), so there would be exactly n pairs, one for each vertex of V .We claim that considering each of the n pairs as a distinct color class gives a complete n-coloring of H, and hence  �(H) � n. Indeed, each pair is an independent set because it containsone vertex from each of V;W and there are no edge between these two sets. To see that thereis an edge between every two pairs, consider two arbitrary pairs. Suppose that one pair has avertex from Vi and a vertex from Wi, and the other pair has a vertex from Vj and a vertex fromWj. If i = j, then the two vertices from Vi are connected, because Vi forms a clique in �G andthus in H. If i 6= j, then the vertex from Wi and the vertex from Wj are connected. Each ofthe 2n vertices of H belongs to some pair, and hence the n pairs form a complete n-coloring ofH, as claimed.Consider now the case that x 62 L. Let l =  �(H) and let C1; : : : ; Cl be the correspondingcolor classes. Observe that a color class Ck is an independent set, and thus contains verticesfrom at most one set Wj. So every class can be identi�ed by a particular Wj from which itcontains vertices, or it may contain no vertices from W = [jWj.Consider �rst the classes Ck which contain no vertices from V , and let l0 denote the numberof such classes. By the above observation, each of these l0 classes is entirely contained in oneset Wj . Furthermore, each of these l0 color classes is contained in a di�erent Wj , since each Wjis an independent set, and every two color classes share an edge. Therefore, l0 � �̂.Consider next the color classes Ck which contain exactly one vertex from V and possiblysome vertices from W , and let l1 denote the number of these classes. We group these classes14



according to the observation above, as follows. Let Ij denote the classes which contain exactlyone vertex from V and one or more vertices from Wj , and let I0 denote the classes which consistof a single vertex of V and no vertices of W . Then l1 = jI0 [ I1 [ � � � I�̂j.The classes in Ij, for j � 1, cannot be connected to each other using theirWj vertices, becauseWj is an independent set. Since these color classes share an edge, they must be connected usingtheir vertices from V . But each of these classes has exactly one vertex from V , so these verticesfrom V form a clique in �G. A clique in �G is of size at most �̂ (since x 62 L), and hence jIjj � �̂for every j � 1. A similar argument applies for I0 and also for I0 [ I1 (i.e. their correspondingvertices in V must form a clique), and hence also jI0 [ I1j � �̂. We conclude thatl1 = jI0 [ I1 [ � � � [ I�̂j � �̂ � �̂Consider �nally the remaining color classes Ck, i.e. those that contain two or more verticesfrom V and possibly some vertices from W , and let l2 denote the number of such classes. Thesel2 classes contain together the remaining n � l1 vertices of V , and hence the number of suchclasses is l2 � (n� l1)=2.The total number of classes Ck in a complete coloring is thusl = l0 + l1 + l2 � l0 + l1 + n� l12 � �̂+ n+ �̂ � �̂2Since �̂ � 1, we can have in Lemma 12 �̂ � �̂ � �̂ � �n, and hence �(H) = l � n(1 + 3�)2We conclude that for any �xed � > 0 there is a gap of 2=(1 + 3�) between the achromaticnumber of H in the cases x 2 L and x 62 L. Since � > 0 is arbitrarily small, we can obtain anygap of 2� �, as desired.Theorem 10 It is NP-hard to decide whether an input graph has a complete coloring with allcolor classes of size exactly 2, or whether every complete coloring of the graph has a color classof size at least 4.Proof. Consider the reduction from the proof of Theorem 9. If x 2 L, then there is a completecoloring of H with every color class of size exactly 2. If x 62 L, then a complete coloring of Hcan use at most n(1 + 3�)=2 colors; since H has 2n vertices, there must be a color class of sizeat least 2nn(1+3�)=2 > 3.AcknowledgementsThe second author thanks Michael Langberg for helpful discussions.References[Bod89] H. L. Bodlaender. Achromatic number is NP-complete for cographs and intervalgraphs. Inform. Process. Lett., 31(3):135{138, 1989.15
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A An algorithm for irreducible graphsIn this appendix we describe the algorithm of M�at�e [M�at81] for �nding a partial complete
(log n= log log n)-coloring of an irreducible graph G.1. Find greedily a (legal) coloring of G, by iteratively removing from the graph a maximalindependent set. Let I1; : : : ; Ip be the color classes, i.e. the independent sets that areremoved in the iterations.2. If the greedy coloring uses more than log n colors then return this coloring. (Note that thegreedy coloring is complete).3. Assume without loss of generality that I = I1 is the largest of the independent sets. (Notethat jIj � n= log n).4. Fix an arbitrary total order � on the vertices of I.5. For each unordered pair x; y 2 I �x a distinguisher dx;y, which is a vertex that is adjacentto exactly one of x; y. Let f(fx; yg) be the color of dx;y in the greedy coloring of step 1.(Note that dx;y 62 I and thus f(x; y) 2 f2; : : : ; kg).6. For each unordered triple x; y; z 2 I let g(fx; y; zg) be the following boolean value. Assum-ing that x � y � z, let g(fx; y; zg) be 0 if dx;y and z are adjacent in G, and 1 otherwise.7. Iteratively construct I = S0 � S1 � � � � � Sl, and a set Z = fz0; : : : ; z2l�1g, as follows.Start with S0  I and let M  log�2 jIj. While jSij � 50M�3, construct Si+1:(a) let z2i  min� Si and z2i+1  min� Si n fz2ig;(b) partition Si n fz2i; z2i+1g into S0i+1 and S1i+1, where Sri+1 consists of the verticesx 2 Si n fz2i; z2i+1g with g(fz2i; z2i+1; xg) = r;(c) let Si+1 be one of S0i+1 and S1i+1, as follows:if jS0i+1j > Me�M=2jSij then Si+1  S0i+1;otherwise (it must hold that jS1i+1j > e�M jSij) let Si  S1i+1.(Note that z0 � z1 � : : : � z2l�1).8. For r = 0; 1(a) let Qr be the set of iterations i in which Si+1  Sri+1 is taken in (7c);(b) let Ur  f(z2i; z2i+1) : i 2 Qrg.9. If jQ0j � 
(log jIj= log log jIj)Return the following partial complete jQ0j-coloring. For each pair of vertices (z2i; z2i+1) 2U0 color with a fresh color its distinguisher dz2i;z2i+1 and one of the pair z2i; z2i+1 which isnot adjacent to the distinguisher dz2i;z2i+1 .17



10. Otherwise (it must hold that jQ1j � 
(log3 jIj) )Find the f value that is most frequent among the pairs z2i; z2i+1 2 U1, and let U 01 consistof the pairs with this f value. (Since f accepts at most log n values, jU 01j � jU1j= log n =
(log2 n)).11. Select from each pair of vertices (z2i; z2i+1) 2 U 01 the one which is adjacent to its distin-guisher dz2i;z2i+1 . These selected vertices form a matching to their corresponding distin-guishers dz2i;z2i+1 . This matching of size 
(log2 n) can be shown to be semi-independent.We can thus use Lemma 4 to return a partial complete 
(log n)-coloring of G.
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