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element ofD is equal td) for n + 1 < k < m. Consequentlyj, = 0 Deviation Bounds for Wavelet Shrinkage
w.p.1forn +1 < k < m. Therefore, we conclude th# . is block

diagonal. The upper left x n block is a diagonal matrix, with diagonal
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elements:/\/d,; the lower right block is arbitrary, sinde = @, = 0

regardless of the choice of this block. We, therefore, ch¥Bséobea  Abstract—We analyze the wavelet shrinkage algorithm of Donoho and
diagonal matrix with the first. diagonal elements equal¢g+/d; and Johnstone in order to assess the quality of the reconstruction of a signal

the remaining diagonal elements equabtarhus,W. = c(D'/?)t,

and

obtained from noisy samples. We give a deviation estimate for the maximum

squared error (and, consequently, for the average squared error), under

the assumption that the signal comes from a Hdlder class, and the noise

samples are independent, of zero mean, and bounded. Our main technique

WS — cV(Dl/z)‘LV* — U(C}L/z)%- (36) is Talagrand’s isoperimetric theorem. Our result shows a better behavior
of the wavelet shrinkage.

If we choose to minimize the MSE with respectitas well, thenit ~ Index Terms—beviation bound, maximum squared error, wavelet

is straightforward to show that the optimal value-a$ given by
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(Step 0) Choose a wavelet system with vanishing moments  The main result of this correspondence is the following deviation
(N > a); choose a level of coarseneds > 0 (Jo will depend estimate. Let
on «), and consider the multiresolution chain of Hilbert spaces

VVJO C VJ0+1 Cc---C VJ C - )\n —C.b 142 /71—1—(5)1112 log'n
(Step 1) Apply thaliscrete wavelet transforfdWT) to the noisy ! v ( ( ) n
; . J i u i
signal samplesys , . .., y. ), wheren > 2°. This yields the “empir whereC, depends only on the wavelet system being used.
ical wavelet coefficients{&1, ..., &n).
(Step2) Fixa“thresholdX,, (>0) and apply either “hard” or “soft ~ Theorem 1.1: For wavelet shrinkage with threshaold,, s we have
thresholding” to(&y, ..., &.). foralln > no and allé > o
Hard thresholdingconsists of replacing eaghby 0 when|¢; | < A, . 25 0
and keeping; unchanged wheft;| > A... P Quar(n) < (e1 + c26) < og n) >1- -2
Soft thresholdingonsists of transforming each as follows:¢; is n n
replaced by if |&;] < A, if & > A, & is replaced by; — A,,; if
€ < —An, & is replaced by; + \,. wherec; ande; depend only o, M, and«. Consequently

(Step 3) Apply the inverse DWT to the result of (2). This yields the losn\ 55 9
estimate(ji, - .., Jn). P Qavg(n) < (e1 + 20) <:’7L) > 2l-

To what extent does wavelet shrinkage depend on the smoothness
conditions of the signaf and on the randomness conditions of the A theoretical lower bound for the minimum number of samplgs
noise samples;, and how do the estimatofs approximate the orig- is2° = 512 when0 < « < 1; whena > 1, ng = (4o + 2)**F2 .
inal signal £? In [6], [7], it was assumed that the are independent (log,(4a + 2))*. In most practical applications, it is the case where
and identically distribute (i.i.d.) Gaussian variables with distributionr < 1. Taking more than 512 samples from a signal is quite easy for

N (0, ¢?), and the threshold was chosen to be today’s computer.
Many applications of denoising are carried out in real-time en-
\ g 2logn vironment. For example, recognizing a warship by its shape, ours
T n or enemy’s, in foggy sea. A signal is presented a few times. The

computer system must respond promptly. Suppose that the wavelet
Assuming thaif € A*(M) (the Holder class) withe > 0, itis proved shrinkage is employed for denoising. The sharper the deviation esti-

in [6], [7] that mate, the more we can trust the outputs from the wavelet shrinkage.
We prove a deviation bound on the maximum squared error that is
1< ) 1 Sery stronger than the usual expectation error bound given in analysis of
E o Z('yi - fi)7| <C- <; log n> the wavelet shrinkage. Theorem 1.1 shows a better behavior for the
=l ) maximum squared error and thus from application viewpoint gives

more confidence in the wavelet shrinkage.
whereC' depends only o4 and on the wavelet system used. It was The main technique we use to prove Theorem 1.1 is Talagrand’s
observed in [6], [7] (the proofs are due to Lepskii [9] and to Brown andoperimetric theorem [12], which has been very successfully applied
Low [3]) that this upper bound is optimal over all possible algorithmsg propabilistic analysis of combinatorial optimizations [11], but has
if the parametem andM are r_10t_ known. For the optimality of the ot peen used in analysis of the wavelet shrinkage. We find that the
wavelet shrinkage algorithm it is important that the threshold be of thgscrete wavelet transform can fit into the framework of Talagrand’s
forme - ./10% (wherec does not depend am). convex distance (it is technically nontrivial), which gives a new ap-

Since the publication of [6], [7] there has been further progress @noach to estimates for the wavelet shrinkage.
wavelet shrinkage ([13, Ch. 6] is an excellent reference up to 1999).The remainder of this correspondence is organized as follows: In
Most recently, Averkamp and Houdré [1], [2] expanded the scope thfe next section, we give preliminaries on wavelets and Talagrand’s
wavelet shrinkage by allowing the noise sampleso have different theorem. Then, in the last section, we prove Theorem 1.1.
distributionsF;, chosen from a wide class of distributions. They show
in [1, p. 32] that the error expectation of the wavelet shrinkage algo- Il. PRELIMINARIES
rithm for bounded noise is roughly the same as for Gaussian noise, if
the parameters andM of the Holder class of the signal are not knownA' Wavelets
They also discuss various choices of thresholds. We will usually follow the notation of [5] regarding wavelets, the

All the results on wavelet shrinkage in the literature so far have evalnly exception being that we reverse the multiresolution indexes. More-
uated the quality of the approximation by bounding the expectatiawer, we only consider real-valued functions with donf@inl]. So we
E[L " | (5 — f:)°]. Inthis correspondence, we study the deviatiohave a sequence of real Hilbert spat@s C Vi1 C--- CV; C...
bound (rather than just the expectation) of the maximum squared ersach that the closure ¢f); V; is L?[0, 1]. We letV;41 = V; & W,
max{(§; — fi)%: 1 <i < n}. (orthogonal complement). Since we are in the case of compactly sup-

Assumptions: We assume that the signébelongs to a Hélder class ported functions each; is a finite-dimensional real vector space (of
A%(M), and that the noise samplesare independent random vari-dimension‘_)f), with orthonormal basi§e; r: 0 < k < 27 — 1},
ables (with possibly different distributions). The only restrictions oderived from a scaling functiop. Let+ be the wavelet function corre-
the distributions are that they have bounded support (contained in gmnding tap, and let{«; : 0 < k < 27 — 1} be the corresponding
interval [— 2, 2]), and zero mean. orthonormal basis ofV;.

Abbreviations: We denote byQ...(n) the average squared error For any functiong € L?[0, 1], we define the piecewise-constant
LS 5 = £)°, and byQu.ax(n) the maximum squared error functiong: [0, 1] — R as follows:g(z) = g(£)(=gx) if £ <
max{(§; — f;)*: 1 < i < n}. Notice that botiQavg () aNdQmax(n) @ < £ for somek = 1, ..., n; g(x) = 0 if « ¢]0, 1]. The discrete
are random variables. wavelet transform of a vectdy, ..., g.) can be obtained by taking
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the wavelet coefficients of the piecewise-constant funcioihese
wavelet coefficientare

9
Cik =

@j,k>=/(; g(x)p; x(x)dx

(.

and

49

7,k _<g

1
u’v,z«)z/o 9(@)j k(x) de

Then, for any integed > .Jo, we have almost everywhere

271 +oo 27 -1
glx) = Z (J kgz/ A(L)'i‘z Z d( )w] w(a).
k=0 j=J k=0
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The DWT is an orthogonal transformation (represented by an orthog-
onal matrixi¥).

We will always assume that s a power of2: n = 2”. Throughout
this correspondencig will refer to log,, andln will denote the nat-
ural logarithm.

Let us now return to the analysis of a noisy signal) =

(t)+e(t).

Proposition 2.1: With respect to the Haar wavelets, the wavelet co-
efficients of the functiore have the following properties.

(H1) Forallj € [0, 27]and allk € [0, 297" — 1]
2J =31
pg’t;‘ — 9= T+i/2 Z Cii1pai—i-
=0

In this correspondence, we will use two wavelet systems. The Haai(H2) For allj andk as in (H1)

wavelets (because of their simplicity, especially for programming pur-
poses), and the interval wavelets with predefined vanishing moments, ey _
based on Daubechies wavelets (Cohen, Daubechies, Jawerth, Vial [4]).7:* —

For the Haar wavelets the scaling function is>(z) = 1 when
0 < = < 1,andp(z) = 0 otherwise. Hencep; ,(x) = 2//2
whenk2™7 < = < (k4 1)277, andy, »(x) = 0 otherwise. The
Haar wavelet function ig)(x) = 1if 0 < « < 1, ¢(x) = -1 1if
L < 2 < 1,andy(x) = 0 otherwise. Hencey; »(x) = 2//% if
K27 < a < (B + 1270, gy a(x) = =277 (k+ 1)270 <2 <
(k+ 1)277, andy; r(x) = 0 otherwise.

For theinterval wavelet systemf [4], with N vanishing moments
the scaling function, and the wavelet functionr are complicated.
However, all we need to know about them is the following.

+ A multiresolution of L?[0, 1] is obtained, with an orthonormal
basis forV; whenj > Jy

(o 1<k <2 —2NPU{pT, 5" 0<i< N}
Eachy; x has supporft:2™/. (2N —14k)27/], eachy "} has support
[0, i277], and eack;,“”ht has supporfl — 277, 1].

The decomposmon level, is chosen so thaty > 1 + log, (2N —
1). For signals in the Holder class™ (M) we require the number of
vanishing moments to b& > «.

* We also have an orthonormal basis o7
{10 1< k<2 —2NYU{@}F, i 0 <i < N}

with the same supports as the correspondirfgnctions.

*  andy are bounded off), 1] by a constanf’ > 0, independent
of z andN:Vz € [0, 1], [¢(2)], [v(2)] < C.

For0 < k < 2/ — 2N (“|nS|de the interval”), o; r(z) =
22522 — k).

At the ends of the intervdD, 1] we have fol0 < i < N, (see [4])

2N —1

’left(.L)— Z (=h)'o(2a + h).

h=1

A similar formula holds on the right end of the interyal 1].
Assuming that is a power of2, n = 27 we have for the function
7, relative to any wavelet system

27 1

> T ea ks k().
k=0

Thus, for any/; with0 < .J; < J, the DWT transformsyy, ...
to

) =

s Un)

vn (L(fi) (y)QJ o dg,yl{
(¥) ()] )
IJ1 gT_yreees dy” 1,00 Ay s 1)

oJ—i—1_4

>

=0

—J+3/2
2 e,:+1+(k+%)2Jﬂ') .

(ei+1+k2J*j -
For any functionf: [0, 1] — R belonging toA(*) (Af) with
0 < a < 1 we have the following.

(H3) Forallj € [0, 2']and allk € [0, 297" — 1]

Ci(lia
)] < a2, O

Proposition 2.2: With respect to the interval wavelet system [4], the
wavelet coefficients of the functionhave the following properties.

(D1) Forallj € [0, 2"] and allk € [0, 297" — 1]

27 —7_1

(&) _ 9=J+i/2 § : .
C]-’ = 2 Qg kei+1+k2‘]*j
i=0

for some numbers;  ;, « that do not depend on the noise func-
tion e. Moreover,|«; ;x| < C, for some constant’, > 1
depending only on the wavelet system.

(D2) For allj andk as in (D1)

27=i_y

—J+j/2 p
2 & Z ﬁi-,v7-,l-"6i+1+k2J*J

=0

a7 =

for some numbers; ;, . that do not depend on the noise func-
tion e. Moreover,|3; ; | < C, whereC, > 1 depends only
on the wavelet system.

Supposef: [0, 1] — R belongs toA ™) (A1) with 1 < «, and
suppose the number of vanishing momehtsof the wavelet
system satisfie®/ > «. Then we have the following.

(D3) Forallj € [0, 2] and allk € [0, 2/7* = 1]

0| < coarp

whereC', > 1 depends only on the wavelet system. g

The two propositions in this subsection can be proved by straight-
forward calculations. We omit the proofs.

B. Talagrand’s Isoperimetric Theorem

We shall use the following result of [12]. LetQ2, =, u;)
(i = 1,...,n) be probability spaces, and Ief" be the product
space with product measufé = p X --- x u,. ForA C Q" and
w= (w1, ..., wn) € Q". Wedenotd 3, ..., 3,) byj3. Talagrand’s
convex distance is defined by

drp(w, A) = sup {:(ﬂ): (B, ...,

B.) €R", Y BE = 1}
=1
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where <bJ2"?V/2"TIm2 and
2(f3) = inf {Z Bi I(w; # ai): (a1, ..., an) € A} J2f—1
i=1 Z Cr2lI4it1 (W) * Bi, 7—tog 7=tk
andI(w; # a;) = 1 if w; # a;; zero, otherwise. i=0
Theorem 2.3 (Talagrand, [12, Theorem 4.1.1Jor anyA C Q" .
with P(4) > 0 < bJ2Y3/2-T1n 2
1 9 1
L exp <1 dr(w, A) > dP(w) < P The following lemma shows that has positive probability measure,
Consequentl} a desirgq property. To prove this lemma we need a classical result from
1 2 probability theory.
P(dp(w, A) > 1) < " exp (—4> o . . . .
P(A) Theorem 3.1 (Hoeffding’s inequality)tet X1, ..., X,. be inde-
pendent random variables with < X; < b, (i =1, ..., m). Then
forallt > 0
Ill. DEVIATION BOUND FOR THE MAXIMUM 1 02
SQUARED ERROR Qmax (1) PID(Xi—E[Xi)| >t <exp <—72> . O
X . . = 7n(b2 — b1)
Recall that the input for wavelet shrinkage(is , ..., y.), where =
yi = fi+ei (i = 1,...,n) the f; are samples from the original ~Lemma 3.2: Foralln > 1, P(4) > 1 — -*— + L for the Haar
signalf, and thez; are additive noise. The; are independent random yayelets, and’(A) > 1 — IL + 2 for the interval wavelet system.
variables. We assume that the noise is bounded (with< ), soeach |, either case, ifr > 256 "then"p(A) > L lfn > 2 then
random variable; is a measurable function P(A) > L. Moreover,P(A) tends tol whenn = oo,
eitwi € Q> ei(wi) € [_‘9’ ﬁ} ) Proof: We first give the proof for the Haar wavelets. For any
22 ( € [-1,J —logJ] andk € [0, 277's/=* — 1], the noise sam-
Accordingly, we view(ei, ..., e,) as a function plese o s -+ v €(ry1y2¢ s are independent random variables, each
W= (Wi, oo, wn) €Q" > e(w) with values in[— £, 2]. So Hoeffding’s inequality applies, and since
p b1"  Eles] = 0forall i, we obtain for alt > 0
:(el(wl)j"'y en(’*’n))e |:_§a §:| —1
2=ty 942
To simplify the notation we often write; (w) for e; (w;). P > enstrpipi| St >1—exp <_W) .
In what follows, the proofs are technical. But there is a clear guide- i=0 ‘
line. To apply Talagrand’s theorem we need a sudsat2" which has 0/
- ! e - ] ; _ ol/2 7 5T ;
positive probability. Moreover, the maximum squared error for noidetting? = b2°/~Jv2~" In 2 we obtain
e(w), w € A, is small. A technical difficulty is how to construct such 2t=1y 1
a subsetd. We do this in Section II-A. Afterd is obtained, in Section P ST epsespia | <0R27PIV2TTIn2 | > 1- =0 (1)
11I-B, we expandA by Talagrand’s convex distance. We achieve this by i=0 "
relating the discrete wavelet transform to Talagrand’s convex distance.
g g For( € [=1, J —log J] andk € [0, 27" 7=C _ 1], let
A. The Subsett 9l—17_4
Recall that we assume = 2’ . For anyw € Q" we decompose the A,k = 4w € Q" | 3" eppespip ()| <82727V27TTn2
noise sample sequenegv) into blocks of length7, as follows: =0
e('w) = ( Cey 6U+1(w), ey 6(k+1)J(w), .. ) and letd, = niiglog J=t_q Aé,k-
wherek = 0, ..., +27 — 1. Here, for simplicity, we regarg- 27 = Then by (1),P(A¢,x) > 1 — L. For the complements of these sets
277127 a5 an integer (i.e., we assume thias a power o). we have
For the Haar wavelets we define the subset Q" as follows: YT —log J—t_|
A=weQ" (VLe[-1,J —logJ]) Ac= kg) At
and hence,
5J—log J—£
(ke o270 - 1]) prtes =y
J2l=1_1 P(A) < n
Z ot ypiv(w)] < bJ2%/2=TIn2 % . k=0
i=0 Sincen = 27 we obtain
For the interval wavelet system we define . 5—t
P(4,) < —.
n logn
A=(qweQ”: (Vle[-1,J —1logJ])
Sinced = /=t A, we have
— —r J—log J J—log J _r
-(vz«, € [0. 97—los =t —1]) — 2
/ ' A)>1- Ay >1- .
P(A)>1- > PMAH21- > ogn
e =—1 (=—1
J25—1
Z Cpat yripr (@) - Qi T tog -0 k Hence,P(4) > 1 — 5 + ;.. This proves the Lemma for the Haar

i=0 case.
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For the interval wavelet system we let

A= we Q™
(Ve [-1, ] —logJ]) (Vk € [(), 9/ a7t _ 1])
J2t—1
Z €Lt it (vu’) QG J—log J—L, k
=0
< b72%/2"TIn2
and
A7 ={wenm

(Ve e [-1, ] —log.J]) (Vk € [(), 9 log /¢

J2t—1

Z Crat ryivt (W)« Bi 1 tog -tk

=0
< bJ2%/2-T1n 2

Thend = A% N A”.

We also let
J2t1
A7 = Qw € Q™| Z Cratypip1 (W) Qi stog i—t,k
1=0
< bJ2%V/2-T1n2
and
J2t—a
Af,k = qweQ™ Z €rat pigr (@) Bi, Tmtog 0.k
:=0

< bJ22 /27112

Moreover, we let

17 =()Alx and A] =()A47,.
k k

Then4, = A N A, hence A, = A UAY.
By the same proof as for Haar wavelets abov(4 ¢) and

- B —t
P(A4})) < P Hence,
_ 9+l
P(A,) < = .
(4e) < logn
SinceA = (/-'°%’ A,, we obtain by a similar calculation as in
the Haar case
Py >1- > 42 O

logn n’

1855

Lemma 3.3:Forallw € A4, allj €]Jo, J[,and allk € [0, 27 — 1],
we have (for some constaft, > 1, depending only on the wavelet

system)
0] < b [FoB

and for allk € [0, 270 — 1]

logn

(e(w))
Clo. k

<bC
‘ - ® n
Proof: We consider two cases fgr
Casel...Jy < j < J—1logJ+ 1. Wewritej as.J — log.J — ¢,
where—1 < ¢ < J —log J — Jo. Let us first consider Haar wavelets.
By (H2) (in Proposition 2.1) we have

20-15 1
(e(w)) _ o9—T+j/2
dj,lc =2 / Z Chat jpirr (W)
1=0
26—l
- Z €(k+1/2)2£]+i+1(w)
i=0

Sincew € A we can apply the defining property df to

J2t=1_1 J2t=1_1
Z Citi4k2tr| = Z Citi42k20-17] -
1=0 =0
Since2k is in the correct rangf, 2" — 2] = [0, L 27771 — 2],
we have
J2t-1_1 -
S eipigrees| <OV T2,
=0
Similarly
J2t=1_1 Jol=1_4
Z Citi4(htLy2er| = Z Cit14(2k+1)20-17
=0 =0

<bpJ27V/2/2=T1n 2
we used the defining property gf, since the range &% + 1 is
[0, 27 —241] =0, L2771 ).
By combining these two bounds we obtain

| <277 22 I

<b’\/1112\/10ﬂ < by 08"
n n

Let us now consider Case 1 for the interval wavelet system. By (D2)

in (Proposition 2.2)

2l 71

e(w —J+3
dﬂi D= gm i Z Cratypirr(W) - Bij k-

1=0
Sincew € A
‘Cl(;sfw)) ) < 9 THI/2 gt D2 o-T1y 9

—p2(—/Hlee N2 /5T 2

=[O T < by [ 08
n n
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Case2:.J—1logJ+2 < j < .J.Forthe Haar wavelets we use the The second step of wavelet shrinkage is thresholding. We shall prove

boundedness of the noige — ¢;| < b. Hence, by (H2) our result for soft thresholding. But in our proofs it will be easy to
logn see that our results will hold for hard thresholding as well. For soft
‘l( (”))‘ <2 — 1) < by [ 2RE thresholding, we have
n
For the interval wavelet system, (D2) yields A = s, iYL > s
o J—i _1 J] r=10, if |d5?2| <Ans

e(w —J+35/2
dgyg‘ ))) SQ s Z |ek7[J+7+1("u)’ 1 7 k|
=0

1(’/) + M\ s, if clg':’,)c < =Ans

o= THi/2 9T b c The last step of wavelet shrinkage is the inverse of DWT which yields

27 7= (1, ..., 9n). Ifwe let
b e . [logn . 2701 J—1 2i—1
SR i) = X s+ 3 dtialn @)
by usingj > J — logJ + 2 for the last inequality. = j=Jo k=0
By an argument similar to the above we obtain the bound féhen we obtainj; = () fori =1,.... n.

el O :
’ B. Expanding the Subseit
To implement wavelet shrinkage we need two parameters: a decom-
Let W be the orthogonal matrix that represents the DWT. L&

osition level.J, and a threshold,, s. We define
P 0 a Q" be as above. For arfy> 0, we define the following subset 61" :

1
gy = J —logJ
’71+2 (- & )—‘ Bs = {,u Q" (VLEL n]), 1nf ZW@L (w‘)_(fy(w))‘

and we choosdy so that/, < J;.

For the Haar wavelets (whéh< o < 1) we can simply pick/o =0,
but for the interval wavelet system (whér « and we haveV = [« < 2by/(1468)In n} .
vanishing moments), we also require (see [4]) that 1+log(2N—-1).
Whena > 1 we choose We shall show thaBB; contains a subset that is an expansion of the
Jo =1+ [log (2[a] — 1)]. subset4 within Talagrand’s convex distance, and thus has probability

) , measure quite close to one (Lemma 3.5). Furthermore, for every
Thus, for.J to exist (wheny > 1) we needh = 2” to be such that B, the wavelet shrinkage works as well as it works.fdn A (Lemma

14+Tlog(2[a] = 1) < Ji. 3.6).
A sufficient condition for this is that (L(en;)ma 34:For allw’ € Bsandallk € [0,27° — 1]
| o | < >\‘IL b

J —logJ > (1+log(2a + 1))(1+ 2 , L
ogJ 2 (1+log(2a +1))(1+2a) Forauje[JO,J—l]andke[0,21—1]:|d§f§,“”|gAM.

or equivalently Proof: By the definition ofBs, for everyw' € Bs there exists
w € A such that
n > (4 +2)2u‘+l. ) ,
logn NS (e (w ) _ (Jeo(ka))‘ <b2 /(1 +8)nn
By using the fact thayL is an increasing function of and that and
the relation;2— > x is |mp||ed byy > x -logx - loglog x, we have vn dg.ﬂﬁg"‘” _ dﬁ-eif’”\ <02/ (1 +06)lun.
the following sufficient condition om. ’ '
Whena > 1 we assume that The lemma then follows from Lemma 3.3. O
n > (4a+2)°"T* . (log(4a + 2))°. For the following lemma we use the threshald s as above; we let
no = 2° when0 < a < 1, andno = (4a + 2)?**2 . (log(4a + 2))*

We use the threshold whena > 1.

logn
Anys = Cpb (1 +2¢/(1+96) 1117) \ o Lemma 3.5:Whenn > ng, P(Bs) > 1 — —2—.

The first step of the wavelet shrinkage algorlthm is DWT, which Proof: We first prove that

maps(yi. ... yu) 10 {w €O dr(w', A) < 2/(1+0) lnn} C Bs.

V(e o Y AP Recall the definition
d(:y) s I(U) ). d(é’) n )
T, 27017 » =10 J-1,2771 - ) dy(w'y Ay =sup< 2(8): (B1s ..., Bn) € R”, Z 3 =1
wheren = 27, =1
Sincey; = f; + e¢; and the DWT is linear we have where

W _ D L oo n

ook = Chgok T Cag, 00 O<sh<2 z(3) = inf Zj3i~I(wfgéai):(a1,...,(L,JEA .
and i=1

d¥) =d) +d,  J<j<J0<k<? We choose the following vectors for3 = (3,1, ..., 3.) in the above

. - formula:
where ((]f) s d(f,z, and LS) s dpk are the wavelet coefficients for

(fis.on, j,,) and(m, ..., ey), respectively. Wi el, ooy [Wa,el), fore=1,...,n.
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SinceW is orthogonal, all its row vectors have unit length. For alln the second caselgf’;ll > A, 5, and

W eQ", w= (w1, ..., wn) €A, andl < ¢ < n we have

n

> Wi (ew') = ei(w))

=1

Viiel -1 (ei(w') # ei(w))

<D Wil - I(w' # w).

=1

(The last inequality follows from the fact thate; (w') #£ e;(w)) <

I(w' # w), because;(w') # e;(w) impliesw’ # w.)
Hence, for ally’ € 52” and1 <(<n
TwE A}

inf{
=1
w)b:w € A}

> Wiele
<mf{z [Wi, o] - I(w
= binf {Z Wi el - I(w #w)we -1} .

=1

LA <2y/(1+é)Innthenforalll < ¢ < n
Z Wi e (ci(w’)—(zi(w))

n
inf
=1

This means that’ € Bs, and this proves that

{w'ESZ dr(w', A) <2\/1+51nn}CB,s

(W) = ei(w))

Therefore, ifdr (w

Hence,

P(Bs)> P ({ﬂ € udr(W, A

)<2\/(1—|—(5)lnn}).

By Talagrand's theorem this means

P(Bs)>1— cexp(—(14+6)In2)>1

1 —
P(A) nite’
Lemma 3.6: For allw’ € Bs we have
) WhenJ; <j<J,0<k<2

4yl = ] < |4 < coar -2,

i) WhenJ, < j < Ji,0< k<2

(irk(;u') — (l'ifi‘ < 2An,5.

TwE A}Sb? (1+6)1nn.

|d(f) ,7,r»,|=|d‘(]f)k—)\n‘5| < An,s+ Anse
This proves ii). g
We are ready to giva proof of Theorem 1.1 as follows.

_ Proof: Atthe beginning of Section II-A we defined the function
f, and its wavelet coefficients. We have

270 -1 Ji—1 271
Foy=>" D eur@+ > 3 dv, ()
k=0 j=Jo k=0
J—1 291
+ 30 > A,
j=J1 k=0

andfi = f(L)forl <i < n.

In connection with the thresholding gfwe define the function

270 —1 Ji—1 294
i)=Y W ena@)+ Y Y dywya(a)
k=0 j=Jo k=0

rrM‘

i ]k"/]k

By Lemma 3.4, we have for all’ € Bs

— pJo

cgi)’ () ‘ = )c(fo(i))‘ < Ay se 3)
By Lemma 3.6, we have forall’ € Bs,forJ, < j < J,0< k < 27

< C M -277GT (4)

dj.1. = dffz)t‘ < \dﬁfi

andforJo < j < .J1,0< k<2

(i,]’7 E— (]_(]fl)\’ < 2)\”,5. (5)

Let us first deal with the case of Haar wavelets (wheq 1). For a
giveny, the supports of different Haar wavelets do not overlap. There-
fore, for allz €10, 1] there existk’; and K'(j) such that

i . Jo/2
[F@) = 3] < [, = D), | 277
Ji—1
() /2
+ Z i w Gy = dj K(5) "2
j=Jo
(f) 93/2
+Z 3K T JA(J) "20
J=J1

This and (3)—(5) imply for all: €]0, 1]

. . ~ log 14;12&
Proof: To prove i), we note first that by (H3), (D3) we have ’f(u) —g(a)| <(C1+C2+Cs) - (M)
)| < oM 2770 /2, n
To prove the inequalit;}'d(f) —dj | < |l(f)| one considers six ., logn '\ 2=
:(01+02\/1+6)~ —
cases, according to the possible relative positioris dt ande k- n
F0<d, < d(f) or if d(f) < dj, , < 0, the inequality is obvious | oy tings = * (1 < i < n) we obtain for alls’ € B,

from the order plcture The other four cases are not possible, since they

would imply that|d
earlier. This proves |)

For the proof of ii) we consider two cases.(ﬂj, k
Av, s, hence,

5% = di el = 1473 = 17 = da]

| > A, s, contradicting what we saw a little

=0,]d%)] <

()0
< (+¢m)<1g)*_

In the Haar case, the theorem follows from this and the fact that
P(Bs) > 1 — —= (Whenn > ny).
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For wavelets on the interval (when > 1 and the number of van- A New Metric for Probability Distributions
ishing moments iV = [«]), there are never more thaiV wavelets o o
that overlap (for a givep). Indeed, in the above sums we have for each Dominik M. Endres and Johannes E. Schindelin

jandeach: 0 < 22—k < 2N — 1. (Other values of: would place

the argumen?’ s — k of the wavelet functions outside of the support

Abstract—We introduce a metric for probability distributions, which is

and would hence only produce zero-terms in the sums.) Hénwely  hounded, information-theoretically motivated, and has a natural Bayesian

needs to range frorﬁﬁj x| —2N+1 through(2j x], which corresponds interpretation. The square root of the well-known x2 distance is an asymp-
to 2N values ofk. totic approximation to it. Moreover, it is a close relative of the capacitory

dis?rimination and Jensen—Shannon divergence.

Therefore, the same calculation as for Haar wavelets applies, excep ) T .
thatthe constants,, C, Cs, ¢, andc, need to be multiplied by V.CJ Index Terms—Capacitory discrimination, x* distance, Jensen—Shannon

D.

divergence, metric, triangle inequality.
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N 2 2
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