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element ofDDD is equal to0 for n+1 � k � m. Consequently,ak = 0

w.p. 1 for n + 1 � k � m. Therefore, we conclude that^WWW s is block
diagonal. The upper leftn�n block is a diagonal matrix, with diagonal
elementsc=

p
dk; the lower right block is arbitrary, sincebk = ak = 0

regardless of the choice of this block. We, therefore, choose^
WWW s to be a

diagonal matrix with the firstn diagonal elements equal toc=
p
dk and

the remaining diagonal elements equal to0. Thus, ^WWW s = c(DDD1=2)y,
and

ŴWW s = cVVV (DDD1=2)yVVV � = c(CCC1=2
a )y: (36)

If we choose to minimize the MSE with respect toc as well, then it
is straightforward to show that the optimal value ofc is given by

�s =
1

n

n

k=1

dk:
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Deviation Bounds for Wavelet Shrinkage

Dawei Hong and Jean-Camille Birget

Abstract—We analyze the wavelet shrinkage algorithm of Donoho and
Johnstone in order to assess the quality of the reconstruction of a signal
obtained from noisy samples. We give a deviation estimate for the maximum
squared error (and, consequently, for the average squared error), under
the assumption that the signal comes from a Hölder class, and the noise
samples are independent, of zero mean, and bounded. Our main technique
is Talagrand’s isoperimetric theorem. Our result shows a better behavior
of the wavelet shrinkage.

Index Terms—Deviation bound, maximum squared error, wavelet
shrinkage.

I. INTRODUCTION

We address the classical problem of the reconstruction of signal sam-
ples from noisy samples. We consider an original signal of bounded du-
rationf : t2 [0; 1]! f(t)2R. We also have additive noisee: [0; 1]!
R. Thus, the observednoisy signalat timet is y(t)=f(t)+e(t).

We sample the noisy signal atn uniformly spaced instants and we
denote the sample values by

yi = fi + ei = f
i

n
+ e

i

n
(for1 � i � n):

Our goal is to recover a good approximation of the original signal sam-
ples (f1; . . . ; fn) from the noisy signal samples(y1; . . . ; yn). For
this to be possible we need some assumptions that distinguish the signal
from the noise.

• The original signalf has a certain degree of “smoothness,” i.e.,
f belongs to a Hölder class��(M) for some� > 0 andM > 0.

• The noise is “random,” i.e.,(e1; . . . ; en) consists ofn indepen-
dent random variables.

TheHölder classesare defined as follows:

For0 < � � 1; ��(M) = fh 2 R[0; 1] :

(8x1; x2 2 [0; 1]); jh(x1)� h(x2)j �M jx1 � x2j�g:
For1 < �; ��(M) = fh 2 R[0;1] : (8x 2 [0; 1])

jh0(x)j �M; hb�c exists, and(8x1; x2 2 [0; 1])

jhb�c(x1)� hb�c(x2)j �M jx1 � x2j��b�cg:

Let (~y1; . . . ; ~yn) be an approximation of(f1; . . . ; fn), obtained
from (y1; . . . ; yn). Most commonly, the closeness of this approx-
imation is measured by1

n

n

i=1
(~yi � fi)

2 or by the expectation
E[ 1

n

n

i=1
(~yi � fi)

2].
The wavelet shrinkage algorithm of Donoho and Johnstone [6], [7]

is a very efficient tool for finding good estimates~y. In outline, the al-
gorithm works as follows:
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(Step 0) Choose a wavelet system withN vanishing moments
(N � �); choose a level of coarsenessJ0 � 0 (J0 will depend
on �), and consider the multiresolution chain of Hilbert spaces
VJ � VJ +1 � � � � � Vj � � � �.

(Step 1) Apply thediscrete wavelet transform(DWT) to the noisy
signal samples(y1; . . . ; yn), wheren � 2J . This yields the “empir-
ical wavelet coefficients”(�1; . . . ; �n).

(Step 2) Fix a “threshold”�n(>0) and apply either “hard” or “soft
thresholding” to(�1; . . . ; �n).

Hard thresholdingconsists of replacing each�i by0whenj�ij � �n,
and keeping�i unchanged whenj�ij > �n.

Soft thresholdingconsists of transforming each�i as follows:�i is
replaced by0 if j�ij � �n; if �i > �n, �i is replaced by�i � �n; if
�i < ��n, �i is replaced by�i + �n.

(Step 3) Apply the inverse DWT to the result of (2). This yields the
estimate(~y1; . . . ; ~yn).

To what extent does wavelet shrinkage depend on the smoothness
conditions of the signalf and on the randomness conditions of the
noise samplesei, and how do the estimators~yi approximate the orig-
inal signalf? In [6], [7], it was assumed that theei are independent
and identically distribute (i.i.d.) Gaussian variables with distribution
N(0; �2), and the threshold was chosen to be

�n = � 2
logn

n
:

Assuming thatf 2 ��(M) (the Hölder class) with� > 0, it is proved
in [6], [7] that

E
1

n

n

i=1

(~yi � fi)
2 < C �

1

n
logn

whereC depends only onM and on the wavelet system used. It was
observed in [6], [7] (the proofs are due to Lepskii [9] and to Brown and
Low [3]) that this upper bound is optimal over all possible algorithms,
if the parameters� andM arenot known. For the optimality of the
wavelet shrinkage algorithm it is important that the threshold be of the

form c � logn

n
(wherec does not depend onn).

Since the publication of [6], [7] there has been further progress on
wavelet shrinkage ([13, Ch. 6] is an excellent reference up to 1999).
Most recently, Averkamp and Houdré [1], [2] expanded the scope of
wavelet shrinkage by allowing the noise samplesei to have different
distributionsFi, chosen from a wide class of distributions. They show
in [1, p. 32] that the error expectation of the wavelet shrinkage algo-
rithm for bounded noise is roughly the same as for Gaussian noise, if
the parameters� andM of the Hölder class of the signal are not known.
They also discuss various choices of thresholds.

All the results on wavelet shrinkage in the literature so far have eval-
uated the quality of the approximation by bounding the expectation
E[ 1

n

n

i=1
(~yi� fi)

2]. In this correspondence, we study the deviation
bound (rather than just the expectation) of the maximum squared error
maxf(~yi � fi)

2: 1 � i � ng.
Assumptions:We assume that the signalf belongs to a Hölder class

��(M), and that the noise samplesei are independent random vari-
ables (with possibly different distributions). The only restrictions on
the distributions are that they have bounded support (contained in the
interval [� b

2
; b

2
]), and zero mean.

Abbreviations: We denote byQavg(n) the average squared error
1
n

n

i=1
(~yi � fi)

2, and byQmax(n) the maximum squared error
maxf(~yi�fi)

2: 1 � i � ng. Notice that bothQavg(n) andQmax(n)
are random variables.

The main result of this correspondence is the following deviation
estimate. Let

�n; � = C'b 1 + 2 (1 + �) ln 2
logn

n

whereC' depends only on the wavelet system being used.

Theorem 1.1:For wavelet shrinkage with threshold�n; � we have
for all n � n0 and all� > o

P Qmax(n) � (c1 + c2�)
logn

n
� 1�

9

n1+�

wherec1 andc2 depend only onb,M , and�. Consequently

P Qavg(n) � (c1 + c2�)
logn

n
� 1�

9

n1+�
:

A theoretical lower bound for the minimum number of samplesn0
is 29 = 512 when0 < � � 1; when� > 1, n0 = (4� + 2)2�+2 �
(log2(4� + 2))2. In most practical applications, it is the case where
� � 1. Taking more than 512 samples from a signal is quite easy for
today’s computer.

Many applications of denoising are carried out in real-time en-
vironment. For example, recognizing a warship by its shape, ours
or enemy’s, in foggy sea. A signal is presented a few times. The
computer system must respond promptly. Suppose that the wavelet
shrinkage is employed for denoising. The sharper the deviation esti-
mate, the more we can trust the outputs from the wavelet shrinkage.
We prove a deviation bound on the maximum squared error that is
stronger than the usual expectation error bound given in analysis of
the wavelet shrinkage. Theorem 1.1 shows a better behavior for the
maximum squared error and thus from application viewpoint gives
more confidence in the wavelet shrinkage.

The main technique we use to prove Theorem 1.1 is Talagrand’s
isoperimetric theorem [12], which has been very successfully applied
to probabilistic analysis of combinatorial optimizations [11], but has
not been used in analysis of the wavelet shrinkage. We find that the
discrete wavelet transform can fit into the framework of Talagrand’s
convex distance (it is technically nontrivial), which gives a new ap-
proach to estimates for the wavelet shrinkage.

The remainder of this correspondence is organized as follows: In
the next section, we give preliminaries on wavelets and Talagrand’s
theorem. Then, in the last section, we prove Theorem 1.1.

II. PRELIMINARIES

A. Wavelets

We will usually follow the notation of [5] regarding wavelets, the
only exception being that we reverse the multiresolution indexes. More-
over, we only consider real-valued functions with domain[0; 1]. So we
have a sequence of real Hilbert spacesVJ � VJ +1 � � � � � Vj � . . .
such that the closure of

j
Vj is L2[0; 1]. We letVj+1 = Vj �Wj

(orthogonal complement). Since we are in the case of compactly sup-
ported functions eachVj is a finite-dimensional real vector space (of
dimension2j ), with orthonormal basisf'j; k: 0 � k � 2j � 1g,
derived from a scaling function'. Let be the wavelet function corre-
sponding to', and letf j; k: 0 � k � 2j � 1g be the corresponding
orthonormal basis ofWj .

For any functiong 2 L2[0; 1], we define the piecewise-constant
function g: [0; 1] ! R as follows:g(x) = g( k

n
)(=gk) if k�1

n
<

x � k

n
for somek = 1; . . . ; n; g(x) = 0 if x =2]0; 1]. The discrete

wavelet transform of a vector(g1; . . . ; gn) can be obtained by taking
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the wavelet coefficients of the piecewise-constant functiong. These
wavelet coefficientsare

c
(g)
j; k = hg; 'j; ki =

1

0

g(x)'j; k(x)dx

and

d
(g)
j; k = hg;  j; ki =

1

0

g(x) j; k(x)dx:

Then, for any integerJ � J0, we have almost everywhere

g(x) =

2 �1

k=0

c
(g)
J; k'J; k(x) +

+1

j=J

2 �1

k=0

d
(g)
j; k j; k(x):

In this correspondence, we will use two wavelet systems. The Haar
wavelets (because of their simplicity, especially for programming pur-
poses), and the interval wavelets with predefined vanishing moments,
based on Daubechies wavelets (Cohen, Daubechies, Jawerth, Vial [4]).

For theHaar wavelets, the scaling function is'(x) = 1 when
0 < x � 1, and'(x) = 0 otherwise. Hence,'j; k(x) = 2j=2

whenk2�j < x � (k + 1)2�j, and'j; k(x) = 0 otherwise. The
Haar wavelet function is (x) = 1 if 0 < x � 1

2
,  (x) = �1 if

1
2
< x � 1, and (x) = 0 otherwise. Hence, j; k(x) = 2j=2 if

k2�j < x � (k + 1
2
)2�j ,  j; k(x) = �2j=2 if (k + 1

2
)2�j < x �

(k + 1)2�j, and j; k(x) = 0 otherwise.
For theinterval wavelet systemof [4], with N vanishing moments,

the scaling function' and the wavelet function are complicated.
However, all we need to know about them is the following.

• A multiresolution ofL2[0; 1] is obtained, with an orthonormal
basis forVj whenj > J0

f'j; k: 1 � k < 2j � 2Ng [ f'left
j; i ; '

right
j; i : 0 � i < Ng:

Each'j; k has support[k2�j ; (2N�1+k)2�j], each'left
j; i has support

[0; i2�j], and each'right
j; i has support[1 � i2�j; 1].

The decomposition levelJ0 is chosen so thatJ0 � 1 + log2(2N �
1). For signals in the Hölder class��(M) we require the number of
vanishing moments to beN � �.

• We also have an orthonormal basis forWj

f j; k: 1 � k < 2j � 2Ng [ f left
j; i ;  

right
j; i : 0 � i < Ng

with the same supports as the corresponding' functions.
• ' and are bounded on[0; 1] by a constantC > 0, independent

of x andN : 8x 2 [0; 1], j'(x)j, j (x)j � C.
For 0 � k < 2j � 2N (“inside the interval”),'j; k(x) =

2j=2'(2jx � k).
At the ends of the interval[0; 1] we have for0 � i < N , (see [4])

'
left
j; i (x) =

2N�1

h=1

(�h)i'(2jx+ h):

A similar formula holds on the right end of the interval[0; 1].
Assuming thatn is a power of2, n = 2J , we have for the function

y, relative to any wavelet system

y(x) =

2 �1

k=0

hy; 'J; ki'J; k(x):

Thus, for anyJ1 with 0 � J1 < J , the DWT transforms(y1; . . . ; yn)
to
p
n c

(y)
J ; 0; . . . ; c

(y)

J ; 2 �1
; d

(y)
J ; 0; . . . ;

d
(y)

J ; 2 �1
; . . . ; d

(y)
J�1; 0; . . . ; d

(y)

J�1; 2 �1
:

The DWT is an orthogonal transformation (represented by an orthog-
onal matrixW ).

We will always assume thatn is a power of2: n = 2J . Throughout
this correspondence,log will refer to log2, andln will denote the nat-
ural logarithm.

Let us now return to the analysis of a noisy signaly(t) = f(t)+e(t).

Proposition 2.1: With respect to the Haar wavelets, the wavelet co-
efficients of the functione have the following properties.

(H1) For allj 2 [0; 2J ] and allk 2 [0; 2j�1 � 1]

c
(e)
j; k = 2�J+j=2

2 �1

i=0

ei+1+k2 :

(H2) For allj andk as in (H1)

d
(e)
j; k = 2�J+j=2

2 �1

i=0

ei+1+k2 � ei+1+(k+ )2 :

For any functionf : [0; 1] ! R belonging to�(�)(M) with
0 < � � 1 we have the following.

(H3) For allj 2 [0; 2J ] and allk 2 [0; 2j�1 � 1]

d
(f)
j; k < M2�j( +�)

:

Proposition 2.2: With respect to the interval wavelet system [4], the
wavelet coefficients of the functione have the following properties.

(D1) For allj 2 [0; 2J ] and allk 2 [0; 2j�1 � 1]

c
(e)
j; k = 2�J+j=2

2 �1

i=0

�i; j; kei+1+k2

for some numbers�i; j; k that do not depend on the noise func-
tion e. Moreover,j�i; j; kj < C' for some constantC' � 1
depending only on the wavelet system.

(D2) For allj andk as in (D1)

d
(e)
j; k = 2�J+j=2

2 �1

i=0

�i; j; kei+1+k2

for some numbers�i; j; k that do not depend on the noise func-
tion e. Moreover,j�i; j; kj < C' whereC' � 1 depends only
on the wavelet system.
Supposef : [0; 1] ! R belongs to�(�)(M) with 1 < �, and
suppose the number of vanishing momentsN of the wavelet
system satisfiesN � �. Then we have the following.

(D3) For allj 2 [0; 2J ] and allk 2 [0; 2j�1 � 1]

d
(f)
j; k < C'M2�j( +�)

whereC' � 1 depends only on the wavelet system.

The two propositions in this subsection can be proved by straight-
forward calculations. We omit the proofs.

B. Talagrand’s Isoperimetric Theorem

We shall use the following result of [12]. Let(
; �; �i)
(i = 1; . . . ; n) be probability spaces, and let
n be the product
space with product measureP = �1 � � � � � �n. ForA � 
n and
! = (!1; . . . ; !n) 2 
n. We denote(�1; . . . ; �n) by�. Talagrand’s
convex distance is defined by

dT (!; A) = sup z(�): (�1; . . . ; �n) 2 Rn
;

n

i=1

�
2
i = 1
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where

z(�) = inf

n

i=1

�i � I(!i 6= ai): (a1; . . . ; an) 2 A

andI(!i 6= ai) = 1 if !i 6= ai; zero, otherwise.

Theorem 2.3 (Talagrand, [12, Theorem 4.1.1]):For anyA � 
n

with P (A) > 0




exp
1

4
dT (!; A)2 dP (!) � 1

P (A)
:

Consequently

P (dT (!; A) � t) � 1

P (A)
� exp � t2

4
:

III. D EVIATION BOUND FOR THE MAXIMUM

SQUARED ERRORQmax(n)

Recall that the input for wavelet shrinkage is(y1; . . . ; yn), where
yi = fi + ei (i = 1; . . . ; n), thefi are samples from the original
signalf , and theei are additive noise. Theei are independent random
variables. We assume that the noise is bounded (withjeij � b

2
), so each

random variableei is a measurable function

ei: !i 2 
 7! ei(!i) 2 � b

2
;
b

2
:

Accordingly, we view(e1; . . . ; en) as a function

! = (!1; . . . ; !n) 2 
n 7! e(!)

= (e1(!1); . . . ; en(!n)) 2 � b

2
;
b

2

n

:

To simplify the notation we often writeei(!) for ei(!i).
In what follows, the proofs are technical. But there is a clear guide-

line. To apply Talagrand’s theorem we need a subsetA of
n which has
positive probability. Moreover, the maximum squared error for noise
e(!), ! 2 A, is small. A technical difficulty is how to construct such
a subsetA. We do this in Section III-A. AfterA is obtained, in Section
III-B, we expandA by Talagrand’s convex distance. We achieve this by
relating the discrete wavelet transform to Talagrand’s convex distance.

A. The SubsetA

Recall that we assumen = 2J . For any! 2 
n we decompose the
noise sample sequencee(!) into blocks of lengthJ , as follows:

e(!) = . . . ; ekJ+1(!); . . . ; e(k+1)J (!); . . .

wherek = 0; . . . ; 1
J
2J � 1. Here, for simplicity, we regard1

J
2J =

2J�log J as an integer (i.e., we assume thatJ is a power of2).
For the Haar wavelets we define the subsetA � 
n as follows:

A = ! 2 
n: (8 ` 2 [�1; J � log J])

� 8 k 2 0; 2J�log J�` � 1 ;

�
J2 �1

i=0

ek2 J+i+1(!) � bJ2`=2
p
2�1 ln 2 :

For the interval wavelet system we define

A = ! 2 
n: (8 ` 2 [�1; J � log J ])

� 8 k 2 0; 2J�log J�` � 1 ;

J2 �1

i=0

ek2 J+i+1(!) � �i; J�log J�`; k

� bJ2`=2
p
2�1 ln 2 and

J2 �1

i=0

ek2 J+i+1(!) � �i; J�log J�`; k

� bJ2`=2
p
2�1 ln 2 :

The following lemma shows thatA has positive probability measure,
a desired property. To prove this lemma we need a classical result from
probability theory.

Theorem 3.1 (Hoeffding’s inequality):Let X1, . . ., Xm be inde-
pendent random variables withb1 � Xi � b2 (i = 1; . . . ; m). Then
for all t > 0

P

m

i=1

(Xi �E[Xi]) � t � exp � 2t2

m(b2 � b1)2
:

Lemma 3.2: For all n > 1, P (A) � 1 � 4
logn

+ 1
n

for the Haar
wavelets, andP (A) � 1� 8

logn
+ 2

n
for the interval wavelet system.

In either case, ifn � 256 thenP (A) � 1
128

. If n � 29 then
P (A) > 1

9
. Moreover,P (A) tends to1 whenn ! 1.

Proof: We first give the proof for the Haar wavelets. For any
` 2 [�1; J � log J ] andk 2 [0; 2J�log J�` � 1], the noise sam-
plesek2 J+1; . . . ; e(k+1)2 J are independent random variables, each
with values in[� b

2
; b
2
]. So Hoeffding’s inequality applies, and since

E[ei] = 0 for all i, we obtain for allt > 0

P

2 J�1

i=0

ek2 J+i+1 � t � 1� exp � 2t2

2`Jb2
:

Letting t = b2`=2J
p
2�1 ln 2 we obtain

P

2 J�1

i=0

ek2 J+i+1 � b2`=2J
p
2�1 ln 2 � 1� 1

n
: (1)

For ` 2 [�1; J � log J ] andk 2 [0; 2J�log J�` � 1], let

A`; k = ! 2 
n:

2 J�1

i=0

ek2 J+i+1(!) � b2`=2J
p
2�1 ln 2

and letA` = 2 �1
k=0 A`; k.

Then by (1),P (A`; k) � 1� 1
n

. For the complements of these sets
we have

A` =

2 �1

k=0

A`; k;

and hence,

P (A`) �
2 �1

k=0

1

n
:

Sincen = 2J we obtain

P (A`) � 2�`

logn
:

SinceA = J�log J
`=�1 A`, we have

P (A) � 1�
J�log J

`=�1

P (A`) � 1�
J�log J

`=�1

2�`

logn
:

Hence,P (A) � 1 � 4
logn

+ 1
n

. This proves the Lemma for the Haar
case.
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For the interval wavelet system we let

A
� = ! 2 
n:

(8 ` 2 [�1; J � log J ]) 8 k 2 0; 2J�log J�` � 1

�
J2 �1

i=0

ek2 J+i+1(!) � �i; J�log J�`; k

� bJ2`=2
p
2�1 ln 2

and

A
� = ! 2 
n:

(8 ` 2 [�1; J � log J ]) 8 k 2 0; 2J�log J�` � 1

�
J2 �1

i=0

ek2 J+i+1(!) � �i; J�log J�`; k

� bJ2`=2
p
2�1 ln 2 :

ThenA = A� \ A� .
We also let

A
�
`; k = ! 2 
n:j

J2 �1

i=0

ek2 J+i+1(!) � �i; J�log J�`; k

� bJ2`=2
p
2�1 ln 2

and

A
�
`; k = ! 2 
n:

J2 �1

i=0

ek2 J+i+1(!) � �i; J�log J�`; k

� bJ2`=2
p
2�1 ln 2 :

Moreover, we let

A
�
` =

k

A
�
`; k and A

�
` =

k

A
�
`; k:

ThenA` = A�
` \ A

�
` , hence,A` = A �

` [ A
�
` .

By the same proof as for Haar wavelets above:P (A �
` ) and

P (A �
` ) � 2

logn
. Hence,

P (A`) � 2�`+1

logn
:

SinceA = J�log J
`=�1 A`, we obtain by a similar calculation as in

the Haar case

P (A) � 1� 8

logn
+

2

n
:

Lemma 3.3: For all! 2 A, all j 2 ]J0; J [, and allk 2 [0; 2j � 1],
we have (for some constantC' � 1, depending only on the wavelet
system)

d
(e(!))
j; k � bC'

logn

n

and for allk 2 [0; 2J � 1]

c
(e(!))
J ; k � bC'

logn

n
:

Proof: We consider two cases forj.
Case 1.: J0 � j � J � log J + 1. We writej asJ � log J � `,

where�1 � ` � J � log J � J0. Let us first consider Haar wavelets.
By (H2) (in Proposition 2.1) we have

d
(e(!))
j; k = 2�J+j=2

2 J�1

i=0

ek2 J+i+1(!)

�
2 J�1

i=0

e(k+1=2)2 J+i+1(!) :

Since! 2 A we can apply the defining property ofA to

J2 �1

i=0

ei+1+k2 J =

J2 �1

i=0

ei+1+2k2 J :

Since2k is in the correct range[0; 2j+1 � 2] = [0; 1
J
2J�(`�1) � 2],

we have

J2 �1

i=0

ei+1+k2 J � bJ2(`�1)=2
p
2�1 ln 2:

Similarly

J2 �1

i=0

ei+1+(k+ )2 J =

J2 �1

i=0

ei+1+(2k+1)2 J

� bJ2(`�1)=2
p
2�1 ln 2

we used the defining property ofA, since the range of2k + 1 is

[0; 2j+1 � 2 + 1] = [0; 1
J
2J�(`�1) � 1]:

By combining these two bounds we obtain

d
(e(!))
j; k � 2�J+j=2 � 2 � bJ2(`�1)=2

p
2�1 ln 2

<b
p
ln 2

logn

n
� b

logn

n
:

Let us now consider Case 1 for the interval wavelet system. By (D2)
in (Proposition 2.2)

d
(e(!))
j; k = 2�J+j=2 �

2 J�1

i=0

ek2 J+i+1(!) � �i; j; k:

Since! 2 A

d
(e(!))
j; k � 2�J+j=2 � bJ2(`�1)=2

p
2�1 ln 2

= b2(�J+log J)=2
p
2�1 ln 2

= b
logn

n

p
2�1 ln 2 � b

logn

n
:
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Case 2 : J � log J +2 � j < J . For the Haar wavelets we use the
boundedness of the noisejei � ej j � b. Hence, by (H2)

d
(e(!))
j; k � 2�J+j=2b(J2`�1 � 1) � b

logn

n
:

For the interval wavelet system, (D2) yields

d
(e(!))
j; k � 2�J+j=2

2 �1

i=0

ek2 J+i+1(!) � j�i; j; kj

=2�J+j=2 2J�j
b

2
C'

� b

2
C' 2�j=2 � bC'

logn

n

by usingj � J � log J + 2 for the last inequality.
By an argument similar to the above we obtain the bound for

jc(e(!))J ; k j.
To implement wavelet shrinkage we need two parameters: a decom-

position levelJ0 and a threshold�n; � . We define

J1 =
1

1 + 2�
(J � log J)

and we chooseJ0 so thatJ0 � J1.
For the Haar wavelets (when0<��1) we can simply pickJ0=0,

but for the interval wavelet system (when1<� and we haveN=d�e
vanishing moments), we also require (see [4]) thatJ0�1+log(2N�1).
When�> 1 we choose

J0 = 1 + dlog (2d�e � 1)e :
Thus, forJ0 to exist (when� > 1) we needn = 2J to be such that

1 + log(2d�e � 1) � J1:

A sufficient condition for this is that

J � log J � (1 + log(2�+ 1))(1+ 2�)

or equivalently

n

logn
� (4�+ 2)2�+1:

By using the fact that n
logn

is an increasing function ofn and that
the relation y

log y
� x is implied byy � x � log x � log log x, we have

the following sufficient condition onn.
When� > 1 we assume that

n � (4�+ 2)2�+2 � (log(4�+ 2))2 :

We use the threshold

�n; � = C'b 1 + 2 (1 + �) ln 2
logn

n
:

The first step of the wavelet shrinkage algorithm is DWT, which
maps(y1; . . . ; yn) to
p
n (c

(y)
J ; 0; . . . ; c

(y)

J ; 2 �1
; d

(y)
J ; 0; . . . ;

d
(y)

J ; 2 �1
; . . . ; d

(y)
J�1; 0; . . . ; d

(y)

J�1; 2 �1
)

wheren = 2J .
Sinceyi = fi + ei and the DWT is linear we have

c
(y)
J ; k = c

(f)
J ; k + c

(e)
J ; k; 0 � k < 2J

and

d
(y)
j; k = d

(f)
j; k + d

(e)
j; k; J0 � j < J; 0 � k < 2j

where c(f)J ; k, d(f)j; k and c(e)J ; k, d(e)j; k are the wavelet coefficients for
(f1; . . . ; fn) and(e1; . . . ; en), respectively.

The second step of wavelet shrinkage is thresholding. We shall prove
our result for soft thresholding. But in our proofs it will be easy to
see that our results will hold for hard thresholding as well. For soft
thresholding, we have

~dj; k =

d
(y)
j; k � �n; �; if d(y)j; k > �n; �

0; if jd(y)j; kj � �n; �

d
(y)
j; k + �n; �; if d(y)j; k < ��n; �.

The last step of wavelet shrinkage is the inverse of DWT which yields
~y = (~y1; . . . ; ~yn). If we let

~y(x) =

2 �1

k=0

c
(y)
J ; k'J ; k(x) +

J�1

j=J

2

k=0

~dj; k j; k(x) (2)

then we obtain~yi = ~y( i
n
) for i = 1; . . . ; n.

B. Expanding the SubsetA

LetW be the orthogonal matrix that represents the DWT. LetA �

n be as above. For any� > 0, we define the following subset of
n:

B� = !
0 2 
n: (8 ` 2 [1; n]) ; inf

!2A

n

i=1

W`; i ei(!
0)� ei(!)

< 2b (1 + �) lnn :

We shall show thatB� contains a subset that is an expansion of the
subsetA within Talagrand’s convex distance, and thus has probability
measure quite close to one (Lemma 3.5). Furthermore, for every!0 in
B� , the wavelet shrinkage works as well as it works for! inA (Lemma
3.6).

Lemma 3.4: For all !0 2 B� and all k 2 [0; 2J � 1]:
jc(e(! ))
J ; k j � �n; � .

For all j 2 [J0; J � 1] andk 2 [0; 2j � 1]: jd(e(! ))
j; k j � �n; � .

Proof: By the definition ofB� , for every!0 2 B� there exists
! 2 A such that

p
n c

(e(!))
J ; k � c

(e(! ))
J ; k � b2 (1 + �) lnn

and p
n d

(e(!))
j; k � d

(e(! ))
j; k � b2 (1 + �) lnn:

The lemma then follows from Lemma 3.3.

For the following lemma we use the threshold�n; � as above; we let
n0 = 29 when0 < � � 1, andn0 = (4�+ 2)2�+2 � (log(4�+ 2))2

when� > 1.

Lemma 3.5: Whenn � n0, P (B�) > 1� 9
n

.
Proof: We first prove that

!
0 2 
n: dT (!

0
; A) < 2 (1 + �) lnn � B�:

Recall the definition

dT (!
0
; A) = sup z(�): (�1; . . . ; �n) 2 Rn

;

n

i=1

�
2
i = 1

where

z(�) = inf

n

i=1

�i � I(!0i 6= ai): (a1; . . . ; an) 2 A :

We choose the followingn vectors for� = (�1; . . . ; �n) in the above
formula:

(jW1; `j; . . . ; jWn; `j) ; for ` = 1; . . . ; n:
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SinceW is orthogonal, all its row vectors have unit length. For all
!0 2 
n, ! = (!1; . . . ; !n) 2 A, and1 � ` � n we have

n

i=1

Wi; ` ei(!
0)� ei(!)

� b

n

i=1

jWi; `j � I ei(!
0) 6= ei(!)

� b

n

i=1

jWi; `j � I(!0 6= !):

(The last inequality follows from the fact thatI(ei(!0) 6= ei(!)) �
I(!0 6= !), becauseei(!0) 6= ei(!) implies!0 6= !.)

Hence, for all!0 2 
n and1 � ` � n

inf

n

i=1

Wi; ` ei(!
0)� ei(!) : ! 2 A

� inf

n

i=1

jWi; `j � I(!0 6= !)b: ! 2 A

= b inf

n

i=1

jWi; `j � I(!0 6= !): ! 2 A :

Therefore, ifdT (!0; A) � 2 (1 + �) lnn then for all1 � ` � n

inf

n

i=1

Wi; ` ei(!
0)�ei(!) : ! 2 A �b2 (1+�) lnn:

This means that!0 2 B� , and this proves that

!
0 2 
n: dT (!

0

; A) < 2 (1 + �) lnn � B�:

Hence,

P (B�) � P !
0 2 
n:; dT (!

0

; A) < 2 (1 + �) lnn :

By Talagrand’s theorem this means

P (B�) � 1� 1

P (A)
� exp (�(1 + �) ln 2) > 1� 9

n1+�
:

Lemma 3.6: For all!0 2 B� we have

i) WhenJ1 � j < J , 0 � k < 2j

~dj; k(!
0)� d

(f)
j; k � d

(f)
j; k � C'M � 2�j( +�)

:

ii) WhenJ0 � j < J1, 0 � k < 2j

~dj; k(!
0)� d

(f)
j; k � 2�n; �:

Proof: To prove i), we note first that by (H3), (D3) we have
jd(f)j; kj � C'M 2�j(1=2+�).

To prove the inequalityjd(f)j; k � ~dj; kj � jd(f)j; kj one considers six

cases, according to the possible relative positions of0, d(f)j; k, and ~dj; k.

If 0 � ~dj; k � d
(f)
j; k, or if d(f)j; k � ~dj; k � 0, the inequality is obvious

from the order picture. The other four cases are not possible, since they
would imply thatjd(e(!))j; k j > �n; � , contradicting what we saw a little
earlier. This proves i).

For the proof of ii) we consider two cases. If~dj; k = 0, jd(y)j; kj �
�n; � , hence,

jd(f)j; k � ~dj; kj = jd(f)j; kj = jd(y)j; k � d
(e)
j; kj

� jd(y)j; kj+ jd(e)j; kj � �n; � + �n; �:

In the second case,jd(y)j; kj > �n; � , and

jd(f)j; k � ~dj; kj = jd(e)j; k � �n; �j � �n; � + �n; �:

This proves ii).

We are ready to givea proof ofTheorem 1.1 as follows.

Proof: At the beginning of Section II-A we defined the function
f , and its wavelet coefficients. We have

f(x) =

2 �1

k=0

c
(f)
J ; k'J ; k(x) +

J �1

j=J

2 �1

k=0

d
(f)
j; k j; k(x)

+

J�1

j=J

2 �1

k=0

d
(f)
j; k j; k(x);

andfi = f ( i
n
) for 1 � i � n.

In connection with the thresholding ofy we define the function

~y(x) =

2 �1

k=0

c
(y)
J ; k'J ; k(x) +

J �1

j=J

2 �1

k=0

~dj; k j; k(x)

+

J�1

j=J

2 �1

k=0

~dj; k j; k(x):

By Lemma 3.4, we have for all!0 2 B�

c
(y)
J ; k � c

(f)
J ; k = c

(e(! ))
J ; k � �n; �: (3)

By Lemma 3.6, we have for all!0 2 B� , for J1 � j < J , 0 � k < 2j

~dj; k � d
(f)
j; k � d

(f)
j; k � C'M � 2�j( +�) (4)

and forJ0 � j < J1, 0 � k < 2j

~dj; k � d
(f)
j; k � 2�n; �: (5)

Let us first deal with the case of Haar wavelets (when� � 1). For a
givenj, the supports of different Haar wavelets do not overlap. There-
fore, for allx 2 ]0; 1] there existK1 andK(j) such that

~f(x)� ~y(x) � c
(y)
J ;K � c

(f)
J ;K � 2J =2

+

J �1

j=J

~dj;K(j) � d
(f)
j;K(j) � 2j=2

+

J�1

j=J

~dj;K(j) � d
(f)
j;K(j) � 2j=2:

This and (3)–(5) imply for allx 2 ]0; 1]

~f(x)� ~y(x) � (C1 + C2 + C3) � logn

n

= c
0

1 + c
0

2

p
1 + � � logn

n
:

Lettingx = i
n
(1 � i � n) we obtain for all!0 2 B�

fi � ~yi(!
0) = ~f

i

n
� ~y

i

n

� c
0

1 + c
0

2

p
1 + � � logn

n
:

In the Haar case, the theorem follows from this and the fact that
P (B�) > 1 � 9

n
(whenn � n0).
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For wavelets on the interval (when� > 1 and the number of van-
ishing moments isN = d�e), there are never more than2N wavelets
that overlap (for a givenj). Indeed, in the above sums we have for each
j and eachx: 0 � 2jx� k � 2N � 1. (Other values ofk would place
the argument2jx � k of the wavelet functions outside of the support
and would hence only produce zero-terms in the sums.) Hence,k only
needs to range fromd2jxe�2N+1 throughd2jxe, which corresponds
to 2N values ofk.

Therefore, the same calculation as for Haar wavelets applies, except
that the constantsC1,C2,C3, c01, andc02 need to be multiplied by2N .

ACKNOWLEDGMENT

D. Hong wishes to thank Ronald DeVore for his advice and
Shushuang Man for helpful discussions while writing this correspon-
dence.

REFERENCES

[1] R. Averkamp and Ch. Houdré, “Wavelet thresholding for non (nec-
essarily) Gaussian noise: Idealism,” preprint, [Online]. Available:
http://www.math.gatech.edu/houdre/.

[2] , “Wavelet thresholding for non (necessarily) Gaussian noise:
Functionality,” preprint, [Online]. Available: http://www.math.gatech.
edu/houdre/.

[3] L. D. Brown and M. G. Low, “Superefficiency and lack of adaptability
in functional estimation,” manuscript.

[4] A. Cohen, I. Daubechies, B. Jawerth, and P. Vial, “Multiresolution anal-
ysis, wavelets and fast algorithms on an interval,”C. R. l’Acad. Sci. de
Paris, ser. I, vol. 316, pp. 417–421, 1993.

[5] I. Daubechies,Ten Lectures on Wavelets. Philadelphia, PA: SIAM,
1992.

[6] D. Donoho and I. Johnstone, “Ideal spatial adaptation by wavelet
shrinkage,”Biometrika, vol. 81, no. 3, pp. 425–455, 1994.

[7] D. Donoho, I. Johnstone, G. Kerkyacharian, and D. Picard, “Wavelet
shrinkage: Asymptopia?,”J. Roy. Statist. Soc., ser. B, vol. 57, no. 2, pp.
301–369, 1995.

[8] W. Hoeffding, “Probability inequalities for sums of bounded random
variables,”J. Amer. Statist. Assoc., vol. 58, pp. 13–30, 1965.

[9] O. V. Lepskii, “On one problem of adaptive estimation on white
Gaussian noise” (in Russian),Teor. Veoryatnost. i Premenen., vol. 35,
pp. 459–470, 1990. English translation:Theory Probab. Applic., vol.
35, pp. 454–466, 1990.

[10] Y. Meyer, Wavelets and Operators. Cambridge, U.K.: Cambridge
Univ. Press, 1992.

[11] J. M. Steele, Probability Theory and Combinatorial Optimiza-
tion. Philadelphia, PA: SIAM, 1997.

[12] M. Talagrand, “Concentration of measure and isoperimetric inequalities
in product spaces,”Publications Mathématiques de l’Institut des Hautes
Etudes Scientifiques, vol. 81, pp. 73–205, 1995.

[13] B. Vidakovic, Statistical Modeling by Wavelets. New York: Wiley,
1999.

A New Metric for Probability Distributions

Dominik M. Endres and Johannes E. Schindelin

Abstract—We introduce a metric for probability distributions, which is
bounded, information-theoretically motivated, and has a natural Bayesian
interpretation. The square root of the well-known distance is an asymp-
totic approximation to it. Moreover, it is a close relative of the capacitory
discrimination and Jensen–Shannon divergence.

Index Terms—Capacitory discrimination, distance, Jensen–Shannon
divergence, metric, triangle inequality.

I. INTRODUCTION

This correspondence is the result of the authors’ search for a proba-
bility metric that is bounded and can be easily interpreted in terms of
both information-theoretical and probabilistic concepts. Metric prop-
erties are the prerequisites for several important convergence theorems
for iterative algorithms, i.e., Banach’s fixed point theorem [2], which
is the basis of several pattern-matching algorithms. Boundedness is a
valuable property, too, when numerical applications are considered.

We will limit the following discussion to discrete probability
distributions, but the result can be generalized to probability density
functions.

II. M OTIVATION

The motivation we are presenting in this section is aimed at pro-
viding the reader with an idea of the meaning of the metric. As such,
it is not to be understood as a derivation in a strict mathematical sense.
However, we will observe mathematical rigor in the following section,
which contains the actual proof of the metric properties.

LetX be a discrete random variable which can take onN different
values2 
N = f!1; . . . ; !Ng. We now draw an independent and
identically distributed (i.i.d.) sample~X, where each observation is
drawn from one of two known distributions,P andQ. Each of those
is used with equal probability. However, we do not know which one
is used when. Now we wish to find the coding strategy that gives the
shortest average code length for the representation of the data. In other
words, we are looking for the mostefficientdistributionR.

Let us call this code�. The code lengths are�i = � log ri, where
i 2 f1; . . . ; Ng and ri is the probability ofX = !i underR.
Denoting the expectation of� with respect to (w.r.t.)P by E(�; P ),
the average code lengthh�i is then 1

2
E(�; P ) + 1

2
E(�; Q). By the

very definition of the entropy, theminimumh�i is obtained by setting
R = 1

2
(P + Q), i.e.,h�i = H(R).

An ideal observer, i.e., one who knows which distribution is used
to generate the individual data, could reach an even shorter average
code length 1

2
H(P ) + 1

2
H(Q). Hence, the redundancy of� is

H(R) � 1

2
H(P ) � 1

2
H(Q). The distance measure we studied is

twice that redundancy

D
2

PQ =2H(R)�H(P )�H(Q)

=D (PkR) +D (QkR)

=

N

i=1

pi log
2pi

pi + qi
+ qi log

2qi
pi + qi

: (1)
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