
Neurocomputing 74 (2011) 3793–3799
Contents lists available at SciVerse ScienceDirect
Neurocomputing
0925-23

doi:10.1

n Corr

E-m
journal homepage: www.elsevier.com/locate/neucom
A computational model for signaling pathways in bounded small-world
networks corresponding to brain size
Shushuang Man a, Dawei Hong b, Michael A. Palis b, Joseph V. Martin b,n

a Department of Mathematics and Computer Science, Southwest Minnesota State University, Marshall, MN 56258, USA
b Center for Computational and Integrative Biology, Rutgers University, Camden, NJ 08102, USA
a r t i c l e i n f o

Article history:

Received 1 March 2011

Received in revised form

27 June 2011

Accepted 6 July 2011
Communicated by I. Bojak
pathway generated by a greedy algorithm between two nodes exhibited polylogarithmic behavior
Available online 22 August 2011

Keywords:

Small-world

Brain

Network

Neuro-inspired
12/$ - see front matter & 2011 Elsevier B.V. A

016/j.neucom.2011.07.022

esponding author.

ail address: jomartin@camden.rutgers.edu (J.V
a b s t r a c t

A computational model, the bounded composite inverse-d architecture (BCIA), was developed to

characterize signaling in small-world networks with large but bounded numbers of nodes, as in human

brains. The model is based upon an N-dimensional symmetrical grid with borders, with complete local

connections from each node and relatively fewer long-range connections. The length of the signaling

when the grid distance between the nodes was less than m, the maximal length of a long-range

connection for that network. The simulated length of signaling pathway became linear with internode

distance when the grid distance between the two nodes was greater than m. The intensity of long-range

connections among nodes was found to be negatively related to the simulated length of signaling

pathway. For a constant grid distance between nodes, the average length of a simulated signaling

pathway increased with dimension of the BCIA graph. Most strikingly, BCIA simulations of networks

with large but bounded numbers (109–1013) of nodes, approximating the number of neurons in the

human brain, found that the length of simulated signaling pathway can be substantially shorter than

that predicted by the best known asymptotic theoretical bound in small-world networks of infinite size.

& 2011 Elsevier B.V. All rights reserved.
1. Introduction

Small-world networks, characterized by relatively numerous
short-range interconnections along with a few long-range con-
tacts, have been shown to provide for remarkably efficient
transmission of signals [1,2]. Early observations in social networks
showed that two randomly selected people could be connected
through a chain of acquaintances of their acquaintances with
surprisingly few intervening links [1], typically around six. The
popular notion of ‘‘six degrees of separation’’ arises from the easily
observable small-world characteristics of social networks.

Nervous systems can be regarded as especially important exam-
ples of small-world networks [3–7]. Small-world characteristics have
been demonstrated in neuroanatomical maps of nervous systems
from Caenorhabditis elegans [2,8], macaques [9] and humans [10,11].
In humans, dynamic small-world properties within the brain are seen
in functional connectivity measured by magnetoencephalography
[12,13], electroencephalography [14,15], and functional magnetic
resonance imaging [16–19]. The significance of small-world connec-
tivity in brain function is demonstrated by studies of multiunit activity
during sensory processing in cats [20]. While the architecture of
ll rights reserved.
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functional networks is, of course, determined by the neuroanatomical
networks, the proportions of short-range and long-range functional
connections change dynamically with task being performed [13,21].
A growing body of research indicates that functional deficits in brain
disorders such as schizophrenia are related to alterations in the small-
world functional connectivity of the human brain [14,15,17]. These
results suggest that characteristics of the small-world network may be
critical in maintaining normal functions of the brain.

Traditional very-large-scale integration (VLSI) chips combined
with electronic analog circuits, often termed neuromorphic chips,
are used for building sensory systems that may to a certain extent
mimic biological sensory systems present in nature [22]. Although
a variety of neuromorphic chips have been proposed and some
built, it is largely unclear what architectures would be most
efficient for the chips. A grid architecture was proposed by Merolla
et al. [23], in a model that propagated signals by broadcast. This
architecture was shown to be flexible in terms of insertion and/or
deletion of neuromorphic chips in an existing network. As pointed
out in [22], in a d-dimensional grid network, a broadcast signal
travels a distance

ffiffiffi
nd
p

on average. Realistically, there are only three
choices for the dimension d: 1, 2, or 3. Three-dimensional systems
would therefore be thought to be most effective in signal broad-
casting, since the signals travel a relatively shorter distance.

As pointed out in [22], it is a challenge to build large arrays of
interconnected neurons on a silicon chip, since the transistors in
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a silicon chip must be positioned in a two-dimensional substrate
with a few layers of wiring. However, in very general terms, the
highly effective cortex of the human brain can be considered to
be two-dimensional. The current study investigated whether a
neuro-inspired architecture with small-world properties can
operate optimally in two dimensions.

A small-world network can be generated by adding links to a
ring (2-dimensional) as originally proposed in [2] or to a d-

dimensional grid (dZ2) as later proposed in [24]. The number
of added links is linearly proportional to the number of the nodes
in a ring or grid. That is, if the number of the nodes in a ring or
grid is n, then the number of added links is in the order of n.

A small-world network with n nodes generated as described
above has a total of k�n links, which is in the order of n. This
order is small, since the minimum number of links needed to
make a graph with n nodes connected is n�1.

A feature of a small-world network is that such a network has
a small diameter. It was proved [25] that the diameter of a small-
world graph generated from a ring or from a 2-dimensional grid is
asymptotically in the same order when the number of the nodes
gets large. Moreover, as presented in [23], a grid is a promising
network structure for design of neuromorphic chips. In this
article, we primarily consider small-world networks generated
from 2- or 3-dimensional grids. Although by definition small-
world networks are random, they are different from classical
random networks [2]. A characteristic of a small-world network,
which may facilitate signal propagation is that the length of
pathway from a node to another node in a small-world network is
almost surely short, as compared to such a pathway in a lattice
network. This can be expressed as follows. Let N denote the
number of nodes in a network. For a small-world network, there
are a, k40 such that for any pair of nodes (u, v) there exists a
pathway between the nodes with length L less than a(log N)k with
a probability close to 1. Here, the length of pathway (L) is defined
as follows. We consider a directed network, i.e., the underlying
graph is directed (see [26]), as is the case for brain networks.
A path from a node u to another node v is a sequence {vk: k¼0, y, L}
of nodes with v0¼u and vL¼v such that there is a directed edge
from vk�1 to vk, for every 1rkrL, where L is the length of this
path. There may be several paths from one node to another. The
Manhattan distance between nodes is referred to as the grid
distance in the graph. Notations and terms introduced in this
paragraph will be used throughout the rest of the present paper.

There are a couple of potential sources of confusion about
signaling pathways in small-world networks.

One possible misconception is that, by definition, signaling
pathways in a small-world network should be short, i.e., poly-
logarithmic of the network size. Indeed, a path of poly-logarithmic
length does exist between any two nodes in a small-world net-
work. However, Kleinberg [24] proved that there are no computer
algorithms, which can find poly-logarithmic signaling pathways in
a small-world network, which does not have a central controller,
unless the network belongs to a specific family (i.e., is generated
in a specific way). Furthermore, Kleinberg [24] showed that for
a small-world network in that specific family, a simple greedy
algorithm (i.e., at each step a signal goes to the node closest to the
destination) will find signaling pathways with length of (log n)2.
Later, Barriére et al. [25] proved that this solution is asymptotically
optimal, i.e., when the network size n gets infinitely large, signaling
pathways with length of (log n)2 are the shortest.

Another potential misconception is that, by the results of
Kleinberg [24] and Barriére et al. [25], the signaling pathways in
the brain’s functional networks should in theory have length of
(log n)2. Here, it should be noted that the asymptotic opti-
mality of (log n)2 should not exclude (log n)c with co2 for large
but bounded n, i.e., nrN. The current study will examine the
effect(s) of systematically varying N and modeling the effect on c

in a simulation of a small-world network.
While the asymptotic bounds of length of signaling pathway as

n-1 are (log n)2, it is possible that for some large n, some small-
world network architectures can outperform (log n)2.

The goal of the current study is to create and analyze the
results of a model of a small-world network, which, while still
general, is inspired by key features of a human brain network
structure. One important attribute of mammalian brain is that
large but bounded numbers of neurons are present within small
regions [27], such that the total number of neurons in the human
brain is on the order of 1011 (see [28]). Secondly, the interconnec-
tions are many and complex [29]. We propose a small-world
architecture named the bounded composite inverse d-power
architecture (BCIA), which creates a bounded directed graph
GABCIA(d, N, C, m). The parameter d corresponds to the dimen-
sion of the graph. By systematically varying parameter N in the
model, we will evaluate the effect of a bound in number of
neurons, or nodes in a network. Changes in parameter C (compo-
site degree) will model the effect of altering the numbers of long-
range projections of a typical neuron. The parameter m represents
the bound in length of a long-range connection (see Fig. 1).

The present paper is organized as follows. In the next section,
we introduce the inverse d-power architecture and discuss how it
is related to signal propagation and then we define our proposed
computational model. In the section after that, we present results
of our computer simulation on the proposed model and an
analysis of these results.
2. Proposed computational model

This section consists of two subsections. In the first one, we
introduce the inverse d-power architecture and discuss how this
architecture may be related to signal propagation; and in the
second, we present the proposed computational model.
2.1. The inverse d-power architecture

The inverse d-power architecture is a special type of small-
world network in which, without central controller and executive,
the expected length of signaling pathways can be exponentially
smaller than the number of the nodes in a network. This
architecture was proposed and analyzed by Kleinberg [24].

We begin with a d-dimensional grid (dZ2). The term ‘‘grid’’ is
understood as a directed graph such that there is a symmetric
binary relationship, termed ‘‘neighbor’’, between the nodes. There
is a directed edge from a node u to every single one of its 2d

neighbors. An edge between two neighbors is called a local
contact. Any edge other than a local contact is called a long-range
contact. A d-dimensional grid is conventionally pictured via an
integral grid in the d-dimensional Euclidean space

fðx1,. . .,xdÞ : xi are integers in ½ai,bi�, 1r irdg ð1Þ

Notice that we use such an integral grid only in topological
terms rather than in geometric terms; that is, we only claim that
brain small-world networks share some topological properties
with integral grids in Euclidean spaces, not implying that these
networks physically look like any of those grids. In accordance
with (1), in a d-dimensional grid, the Manhattan distance d(v1, v2)
between two nodes v1¼(v1

(1), y, (v1
(d))) and v2¼(v2

(1), y, (v2
(d))) is

defined by

dðv1,v2Þdef
Xd

i ¼ 1

9vðiÞ1 �vðiÞ2 9 ð2Þ



Fig. 1. Schematic illustration of terminology employed in the model. A BCIA(d, N,

C, m) network is based on a d-dimensional grid. Panel A illustrates that the

maximal grid distance from an initial node u (filled circle) to a destination node v

(open circle) in a network of N¼100 and d¼2 is d� ð
ffiffiffiffi
Nd
p
�1Þ ¼ 18. For a given

small-world network graph GABCIA(d, N, C, m), the ‘‘percent coverage’’ of long

contacts by length is defined as ðm=ðd� ð
ffiffiffiffi
Nd
p
�1ÞÞÞ � 100%. In the case of m¼9 for a

network of N¼100 and d¼2 (Panel B), the possible contacts (open circles) from u

in the corner of the grid (filled circle) include roughly half of the nodes in the

network and the percent coverage is 50%. Panel C shows two examples of

initiation nodes (filled circles) for m¼3 in a network of N¼100 and d¼2. While

the possible contacts (open circles) from u in the corner of the grid include fewer

nodes than those from u0 in the interior of the grid, both examples are defined as

16.67% coverage.
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We can see that d(v1, v2) equals the shortest length of a path
from v1 to v2 in which only local contacts are used.

We consider a case more general than the inverse d-power:

Definition 1. Let rZ0. A small-world network of the inverse
r-power architecture is a random network generated as follows.
First, take a d-dimensional grid with N nodes. Then, to each node
v1 in this grid, add exactly one long-range contact, which links
this node to another node v2 chosen with probability proportional
to the inverse of the r power of the grid distance d(v1, v2).

When r¼d, we have the inverse d-power architecture.
In a generalized view of signal propagation, a signal can be

defined as a temporal sequence of spatial patterns of activation
appearing in an initial region of the network. The signal then
triggers activity in intermediate regions of the network, which in
turn yields a temporal sequence of spatial patterns of activation in
the destination region. Accordingly, a signaling pathway is
defined as a path in the network, which starts at a node in the
initial region, crossing the intermediate regions to end at a node
in the destination region. Such a path conveys a signal from its
initial region to its destination. Any small-world network would
seem to be adequate to efficiently propagate the signal, since by
definition it is straightforward to mathematically prove that the
shortest length of a path from a node to another node is almost
surely exponentially smaller than the number N of the nodes in
the network. Unfortunately, in a small-world network without
central controller or executive, the expected length of a signaling
pathway may be much longer. To see this, we need to clarify the
meaning of ‘‘without central controller or executive’’ as follows.
A signaling pathway from a node u in the initial region to a node v

in the destination is constructed, using existing links in the
network, only based upon:
(a)
 knowing the locations of u and v;

(b)
 knowing the locations of the neighbors of every node, i.e. the

local structure of the network;

(c)
 starting from u, forwarding one node at a time, only the

locations of the nodes and long-range contacts of all nodes
have been passed become known.
Moreover, because of (a), (b) and (c), the construction of a
signaling pathway relies on a so-called greedy strategy, i.e., at each
node along a signaling pathway, the next node is chosen so that in
terms of grid distance it is the closest to v. Notice that the greedy
strategy is consistent with how a signaling pathway is constructed
in literature on signal propagation. For example, Vogels and Abbott
[30,31] constructed a signaling pathway using existing links in a
classic random network; and the nodes along the signaling pathway
were then considered to cross through six layers strictly in a linear
order, where each layer is equivalent to an intermediate region. This
leads us to consider a class of networks in which there are no central
controllers or executives. We call each member of this class
‘‘feasible’’, which is defined as follows.

Definition 2. A network is said to be feasible if given two nodes u

and v in the network, a signaling pathway from u to v can be
found by the greedy strategy described above.

Recall that we denote by n the number of the nodes in a
network. Let Hr(n) denote the expected length of signaling pathway
constructed by the greedy strategy in a small-world network of the
inverse r-power architecture. The main result of Kleinberg [24] can
be stated as follows.

Theorem 1. For rZ0, there are constants ar, kr40 which depend

only on r such that for all nZ1
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for r¼d, Hd(n)radðlognÞkd ;

(ii)
 for rad, any algorithm that uses links in a small-world network

of the inverse r-power architecture, only based upon (a), (b) and

(c), will produce a signaling pathway with expected lengthZ

arn
(2�r)/3 for 0rro2, orZarnðr�2Þ=ðr�1Þ for r42.
Barriére et al. [25] showed that for d¼2, (i) is asymptotically
tight. From this theorem, we can see that as far as the expected
length of signaling pathway is concerned, a small-world network
of the inverse r-power architecture is optimal when r takes the
value d, the dimension of the grid. In what follows, we will
consider only the inverse d-power architecture.

2.2. The bounded composite inverse d-power architecture (BCIA) as

the proposed model

We assume that the brain structural and functional networks are
feasible, i.e., a signaling pathway can be found by the greedy strategy.
A small-world network of the composite inverse d-power architecture
is a random network, which can be generated as follows:

Step 1. Take a d-dimensional grid with N nodes. Then, to each
node v1 in this grid, add exactly one long-range contact to
another node v2 such that (i) with exponentially high prob-
ability in terms of N, the grid distance d(v1, v2)rðd� ð

ffiffiffiffi
Nd
p
�1ÞÞ

and (ii) v2 is chosen with a probability proportional to the
inverse of (d(v1, v2))d.
2. Length of simulated propagation pathway as a function of distance from

ce to target node for various degrees of composite. Simulations of signal

agation in BCIA(d, N, C, m) networks were performed as described in Section 2,

etworks with d¼2 (Panel A) and d¼3 (Panel B). For each of the simulations,

etwork consisted of N¼109 nodes with a percent coverage of 25%. Each point

esents the average of the path lengths resulting from 1000 replicate simula-

at a selected distance d(u, v)¼D. The dotted lines plot the least-squares fits of

unction y¼a(log D)k to the values less than the selected maximal length (m) of

-range connection (Region I). At values of D greater than m (Region II), the

age simulated path length appears to increase linearly with D. The plots for

us numbers of long range connections per node (composite degree C) are

pared in each panel.
Step 2. For the same d-dimensional grid, repeat Step 1 inde-
pendently for total C times to have C random networks. Then,
topologically glue the C networks: keep the N nodes, and for
any ordered pair of the N nodes, there is a link from one node
in the pair to the other if and only if in one of the C networks
there is such a link.

Step 1 is inspired by recent results: in studies on the brain,
both structural and functional networks are small-world in which
the degree distribution exhibits an exponential tail rather not
polynomial as in scale-free networks [5,7,8]; and in studies on
small-world network, the inverse d-power architecture is optimal
[24,25,32]. We assume that more links are added via the same
mechanism behind Step 1.

2.3. Computer simulation

The signal propagation in BCIA(d, N, C, m) networks was
modeled using a program written in Java. Initially, a graph was
defined as a d-dimensional grid network of N nodes with a
topological structure as a d-dimensional cube. For each small-world
network GABCIA(d, N, C, m), C random d-dimensional networks
(with each node having directed connections to all nearest neigh-
bors and exactly one long-range connection within a defined
maximal grid distance m) were topologically glued. Then in each
network we picked two nodes (u, v) at a selected grid distance, and,
by the greedy strategy, computed the number of steps L in the
Fig. 3. Effects of composite degree on the curve parameters determined from

Fig. 2, for networks with 25% coverage. The coefficients a (Panel A), and the

exponents k (Panel B) were determined from least-squares fits of the function

y¼a(log D)k to the values less than the selected maximal length (m) of long-range

connections (Region I) in Fig. 2. Error bars represent the 95% confidence levels of

the least-squares fits. The filled circles connected with solid line segments show

the results from simulations with d¼2, while open circles connected by dotted

line segments represent the findings from simulations with d¼3.
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signaling pathway from u to v. Finally, we took the average length L

of 1000 replicate signaling pathways at a selected grid distance as
the reported results. It is obvious that the grid diameter of BCIA(d,
N, C, m) is d� ð

ffiffiffiffi
Nd
p
�1Þ. For a given small-world network graph

GABCIA(d, N, C, m), the percent coverage (see Fig. 1) of long contacts
by length was therefore defined as ðm=ðd� ð

ffiffiffiffi
Nd
p
�1ÞÞÞ � 100%:

Least-square fits of the results were performed using Graph-
Pad Prism version 5.03 for Windows, GraphPad Software, San
Diego California USA, www.graphpad.com.
3. Results of simulation of proposed computational model

A simulation of signal propagation in BCIA(d, N, C, m) networks
was performed according to the method outlined in the previous
section. In initial simulations, it was discovered that the curve
representing the total steps in the signaling pathway between
two nodes as a function of distance between the nodes has two
distinct phases, which can be explained as follows (see Fig. 2).

Let GABCIA(d, N, C m), with N nodes and dimension dZ1.
Let m be the maximum (grid) length of a long-range contact
Fig. 4. Length of simulated propagation pathway as a function of distance from

source to target node for various degrees of composite in simulations with 100%

coverage. Simulations of signal propagation in BCIA(d, N, C, m) networks were

performed as described in Section 2, for networks with d¼2 (Panel A) and d¼3

(Panel B). For each of the simulations, the network consisted of N¼109 nodes and

a percent coverage of 100%. Each point represents the average of the path lengths

resulting from 1000 replicate simulations at a selected distance d(u, v). The points

are superimposed on dotted lines showing the least-squares fits of the function

y¼a(log D)k. The plots for various numbers of long range connections per node, or

composite degree (C), are compared in each panel as labeled on the right.
between any two nodes in G. As depicted in Fig. 2, panels A and B
(for the cases d¼2 and 3, respectively), the number of hops in
the signaling pathway L between two nodes in G exhibits
poly-logarithmic behavior when the grid distance between the
nodes is at most m (region I) but becomes linear when the grid
distance is greater than m (region II).

The poly-logarithmic behavior in region I follows from Klein-
berg’s result for unrestricted small-world networks, in which
there is no upper bound on the (grid) length of a long-range
contact (i.e., a long-range contact can be at any distance from the
given node).

In contrast, the growth rate in region II ‘‘blows up’’ to a linear
function when the grid distance becomes greater than m. This is
easily proved as follows. Let u and v be any two nodes in G and let
D be the grid distance between u and v. The greedy algorithm
constructs a signaling pathway from u to v consisting of LZ1
hops starting at u and ending at v.

Let hi be the (grid) length of the ith hop. Clearly, Dr
PL

i ¼ 1 hi.
Since the grid length of any long-range contact is at most m,

hirm. It follows that DrLm. Therefore, LZD/m, which for any
fixed m, implies L¼O(D).
Fig. 5. Effects of composite degree on the curve parameters determined from

Fig. 4, for networks with 100% coverage. The coefficients a (Panel A), and the

exponents k (Panel B) were determined from least-squares fits of the function

y¼a(log D)k to the values from Fig. 4, which summarizes results from simulations

with 100% coverage. The error bars represent the 95% confidence levels of the

least-squares fits of the function y¼a(log D)k to the values. The filled circles

connected with solid line segments show the results from simulations with d¼2,

while open circles connected by dotted line segments represent the findings from

simulations with d¼3.
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Fig. 7. Effects of size of the simulated network on parameters determined from

least-squares fits of the function y¼a(log D)k to plots of average simulated total

steps by distance D. The coefficient a was fixed at 15 and the exponents k were

determined from least-squares fits of the function y¼a(log D)k to the plots from

simulations conducted as in Panel A of Fig. 4. The value of N was systematically

varied between 109 and 1013 for simulations with 100% coverage with d¼2 and

1000 replicates at each point. The error bars represent the 95% confidence levels of

the least-squares fits.
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The intensity of interconnection among neurons was repre-
sented by C, and was found to be negatively related to the
simulated length of signaling pathway in a quantitative way
(see Fig. 2). That is, a higher local connectivity enhanced the
efficiency of BCIA(d, N, C, m) networks. The efficiency of the signal
propagation was examined more directly by fitting the plots of
Fig. 2 to the function y¼a(log D)k for Region I. Both the coefficient
a and the exponent k systematically decreased with increasing
composite degree (Fig. 3). In fact, as Fig. 3 indicates, the value of
the exponent for region I is substantially lower than Kleinberg’s
O(log2 D) asymptotic bound, where D is the grid distance. Unfor-
tunately, a mathematical proof that is always indeed the case has
so far eluded us.

Consistent with the above, when the coverage was 100% (see
Fig. 4), there was only one phase of the plot, corresponding to the
poly-logarithmic behavior in region I of Fig. 2. Also, for 100%
coverage, the simulated signal propagation L was substantially
shorter than Kleinberg’s asymptotic bound. As seen in Fig. 5, the
plots of Fig. 4 were best fit by curves with exponents k as low as
0.9. Again, the value of k decreased with increasing composite
degree and appeared to be lower with d¼2 than d¼3.
Fig. 6. Length of simulated propagation pathway as a function of degrees of

composite for various values of d in simulations with 25% coverage. Simulations of

signal propagation in BCIA(d, N, C, m) networks were performed as described in

Section 2, for networks with coverages of 25% (Panel A) and 100% (Panel B). For

each of the simulations, the network consisted of N¼109. Each point represents

the average of the path lengths for 1000 replicate simulations at a selected value

of composite degree (C) and a corresponding D equal to the diameter of the graph

for that dimension. In each panel, separate plots show the results of simulations

performed at d of 2, 3, 4, 5, or 6, as labeled on the right.
When the effect of d was systematically investigated (Fig. 6), a
two-dimensional network was found to be more efficient than
higher-dimensional networks. This finding is of interest in the
context of the arguably 2-dimensional structure of the cerebral
cortex. While the highly convoluted human cerebral cortex is on
the order of 2.5 mm thick, if unfolded, it would have an area of a
square meter or more [33].

When the total size (N) of the network was systematically
varied in 2-dimensional networks of 109–1013 nodes, the expo-
nent k was found to be lower than the theoretical asymptotic
value of k¼2 (see Fig. 7), ranging from 1.75–1.86. The k deter-
mined from a least-squares fit to the function y¼a(log N)k was
found to increase monotonically as N increased from 109 to1013,
consistent with the eventual approach to 2 as N-1.
4. Conclusions

Nervous systems contain large but bounded numbers of
neurons, ranging up to 1011 neurons in a human brain. The
BCIA(d, N, C, m) model is proposed as a general abstract model
of signal propagation in small-world networks with bounded
numbers of elements. Following an inverse d-power small-world
architecture as proposed by Kleinberg [24] and using a greedy
algorithm consistent with signal propagation studies in brain
[30,31], we found that the efficiency of signal propagation in
networks of large, but bounded, numbers of elements was much
better than the asymptotic prediction of (log N)d. While the
structure of the brain is, of course, 3-dimensional, the organization
of the highly folded cerebral cortex is 2-dimensional. Interestingly,
our simulations showed that the 2-dimensional networks were
more efficient than higher-order networks.
References

[1] J. Travers, S. Milgram, An experimental study of the small world problem,
Sociometry 32 (1969) 425–443.

[2] D.J. Watts, S.H. Strogatz, Collective dynamics of ‘small-world’ networks,
Nature 393 (1998) 440–442.
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